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The method of interaction of microwaves in gaseous discharge plasmas has been applied to a determina- 
tion of the variation of the effective collision cross section for momentum transfer, gm, of helium atoms with 
electrons having energies from 0.04 to 0.4 ev. Under our experimental conditions with electron densities 
210" electrons/cc, appropriate charge interactions have been considered. The mean fraction of excess 
energy loss of slow electrons upon collision, G, was found to be ~2.7X10~, the expected 2m/M value. 





INTRODUCTION 


HE phenomenon of interaction of guided micro- 

waves in gaseous discharge plasmas, previously 
reported,' enables a determination of the “effective” 
electron collision cross section for momentum transfer 
in the collision of free electrons with other heavier 
constituents of the plasma. A preceding article? (re- 
ferred to here after as I) reported a determination of the 
“effective” collision cross section of helium atoms and 
singly charged positive ions for slow electrons having 
a mean energy of 0.039 ev, corresponding to room 
temperature (~300°K). It was shown in I that the 
“effective” electron-molecule collision frequency, vm, for 
room temperature electrons with helium atoms was 
found to be 3.12 108/sec mm Hg, giving an effective 
collision cross section, gm, equal to 6.8X10~'* cm? or a 
probability of collision for momentum transfer, Pm, 
equal to 24 cm?/cm® at 0°C and 1 mm Hg. In the 
present discussion a controlled variation of the mean 
energy of the electrons in a decaying, initially room 
temperature, isothermal, discharge plasma established 
in helium permits the determination of the variation of 
gm Or P» with electron energy. The geometries and 
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assemblage of apparatus of the experiment are identical 
to those described in I. The momentum scattering of 
electrons by positive ions of the plasma was minimized 
in this case, however, by appropriate experimental 
conditions of relatively high gas pressures. 

Briefly the conduct of the experiment is as follows: 
the discharge plasma, contained in a thin-wall Pyrex 
discharge tube located coaxially in square wave guide, 
is produced by application of a repetitious two-micro- 
second high-voltage dc pulse to a cathode and anode 
external to the guide. At appropriate times in the after- 
glow thus formed, two or more low-level microwaves 
are propagated. The higher power-level (<0.5 watt) 
“disturbing” microwave is a 1- to 100-microsecond 
duration square pulse of microwave energy at a fre- 
quency of 8600 Mc/sec. The “wanted” wave, lower in 
power level by >30 db, is a continuous wave at 9400 
Mc/sec. Some fraction of the “disturbing” wave 
energy is absorbed by the plasma medium. The electro- 
magnetic energy extracted increases the mean agita- 
tional energy of the free electrons of the plasma. This 
increase in electron energy alters the effective electron 
collision frequency with other heavier constituents of 
the plasma. The second “wanted” microwave is utilized 
to detect these small changes in collision frequency, its 
absorption being proportional to the product of electron 
collision frequency and electron number density. 

Recent measurement of the microwave conductivity 
in the afterglow of a pulsed discharge in helium has 
been reported by Gould and Brown.’ They utilize 
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cavity techniques‘ in a similar method of microwave 
interaction. The variation of the probability of collision 
for momentum transfer, P,,, with electron energy re- 
ported by Gould and Brown, is dissimilar to other 
earlier determinations in that it does not contain small 
variations in P,, for energies <1 ev as measured by 
Ramsauer and Kollath® and by Normand.‘ It, there- 
fore, appears advisable to re-examine the variation of 
the helium cross section for electrons in this energy 
range utilizing the technique of cross modulation of 
propagating microwaves, in order to take advantage of 
the high degree of relative accuracy possible by this 
technique for small variations of electron energy. 


PRELIMINARY CONSIDERATIONS 


A determination of the variation of P,, as a function 
of electron energy follows immediately from an experi- 
mental determination of the variation of effective elec- 
tron collision frequency, v,»,, as a function of mean elec- 
tron energy. In an evaluation of »,, the following 
difficulties arise : 


(1) Microwave energy is absorbed nonuniformly in 
the plasma, because of nonuniform applied microwave 
electric field strength and nonhomogeneous electrical 
conductivity of the plasma. 

(2) Heat may propagate through the plasma because 
of gradients of temperature and charge density. 

(3) The electron gas loses energy in collisional con- 
tact with gas molecules and ions. The relaxation time 
for electron-molecule energy exchange is ~1/G,m, 
where G,, is the mean fraction of excess electron-energy 
lost in each collision and is +2m/M, where m/M is the 
ratio of electronic to atomic mass. The similar factor, 
G,, for electron-ion collisions has not as yet been satis- 
factorily determined ; based, however, on experimental 
results, shown in I, it will be neglected hereafter. 

(4) The variation of microwave conductivity of the 
plasma as a function of mean electron energy is not 
known (precisely the quantity to be determined). 

In the following it will be assumed that no change in 
electron density distribution occurs during periods of 
elevated electron temperature, T., in the presence of 
the disturbing wave (<20 microseconds). That is to 
say, it is expected that a steady state in electron tem- 
perature may establish in such short time intervals, 
but that the slower redistribution of electron density 
(as a result of 7, gradients) has not had time to take 
place. Such a “quasi” steady state is experimentally 
observed by negligible variation of the phase constant 
associated with wave propagation in the plasma-filled 
wave guide during the “heating” process. Indeed, the 
phase constant measured is sensitive to distribution as 
well as total electron density. Further, in any macro- 
scopic volume, the Maxwellian distribution of ve- 

*L. Gould and S. C. Brown, J. Appl. Phys. 24, 1053 (1953). 
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locities of the electrons is assumed to exist at all times. 
This appears to be justified, due primarily to electron- 
electron interactions at the electron densities here 
considered. 

In each macroscopic volume of the plasma medium, 
the balance of mean agitational energy for each electron 
may be shown to be 


E'\? K 
ort+—V"T,, (1) 


Ne Ne 


eon (Q. ie: Qm) 25 
dt 


where ¢, is the real part of the complex high-frequency 
conductivity of the plasma and is assumed to be of 
the form 


r= (nee?/me*) Vm ; (2) 


Q, and Q,, are the mean agitational energies of the 
electrons and atoms, respectively; E’~e‘*' is the 
microwave electric field in the plasma medium; e and 
m are electronic charge and mass, respectively; nm, is 
the electron density, and K is the heat transfer co- 
efficient. Since Q,=$k7., where k is Boltzmann’s con- 
stant, and in the “quasi” steady state, described above, 
dT,/dt=0, the T, may be written as 


é| E’|? 2K 
T.= Tat +— TT. (3) 
3mkGu® = 3kn Gm 

The usually considered processes of heat propagation 
through the plasma medium, such as those due to ambi- 
polar diffusion, emission and absorption of radiation, 
diffusion of hot electrons through the gas of neutral 
atoms, etc., and which do not take into account elec- 
tron-electron interaction, may be shown to be negligible 
for the short time intervals of measurement and rela- 
tively small gradients of temperature in our experiment. 
A heat transfer coefficient for the completely ionized 
gas which does include the influence of electron- 
electron interaction has been given by Spitzer and 
Harm.’ The evaluation of this coefficient for the charge 
densities of our experiment predicts appreciable heat 
transfer through the electron gas of the plasma, and the 
time constant associated with this heat transfer 
(~10-* second) is calculated to be so small that 
some amount of temperature equalization may take 
place in the short time interval of measurement in the 
experiment. However, it is doubtful that the coefficient 
given by Spitzer and Hirm is applicable in our case 
of relatively low percent ionization (~0.001%), since 
even if electron-electron interaction is taken into 
account, the presence of a large density of effective 
scattering centers (here the neutral atoms) would reduce 
heat transfer with respect to that of the completely 
ionized gas. Regardless of this latter statement, the 
total microwave energy dissipation in the plasma, with 
inclusion of this rapid heat propagation as given by 


7 L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 
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the coefficient for a completely ionized gas, was calcu- 
lated by an approximate procedure. A comparison with 
the experimentally determined microwave energy dis- 
sipation shows considerable discrepancy, as will be 
discussed later. A further qualitative, but we believe 
significant, experimental observation by the phenomena 
of afterglow quenching® is also an argument in favor 
of a much smaller and probably negligible heat transfer 
coefficient. Viewing the emitted light of the afterglow 
with a photomultiplier free to move along the discharge 
tube, the quenching of the afterglow is observed to 
vary within experimental error as the expected ex- 
ponential loss of microwave energy in propagation 
along the plasma-filled wave guide. Rapid heat propaga- 
tion through the plasma with consequent temperature 
equalization would tend to destroy this agreement. The 
electron temperature distribution is, therefore, in what 
follows assumed to be little influenced by propagation 
of heat in the plasma. 


PROBABILITY OF COLLISION AND ITS 
VARIATION WITH ELECTRON ENERGY 


The calculation of the expected total microwave in- 
sertion loss in the plasma-filled portion of the wave guide 
is reasonably simple of solution if it is assumed initially 
that negligible heat propagates in the plasma and that 
the probability of collision for momentum transfer, 
Pm, is independent of electron energy. A procedure for 
calculation of this total microwave energy loss uv der 
these assumptions is given in Appendix I. When the 
results of this calculation are compared with the ex- 
perimentally determined loss, and discrepancy is noted, 
such deviation could perhaps be due to a variation of 
P» with electron energy. With this supposition and 
admitting the difficulty of a complete solution for the 
effective electron collision frequency, vm, as a function 
of electron temperature, and, what is the same thing, 
P, as a function of electron velocity, it is further 
assumed that the discrepancy between theory and 
experiment is to a first approximation linearly related 
to a change in v», away from that value predicted by 
constant P,,. For the condition of little total microwave 
loss, some average value of the electric field in the 
plasma medium is assigned for each amplitude of the 
incident disturbing wave in order to determine the 
corresponding electron temperature. If the variation of 
Ym is not appreciably different from vm~T7,' the error 
in this procedure is probably not great. Finally, the 
measured v,, will be expressed as a series of powers of T,: 


Vm= D_baT .i"*4 (4) 


from which the coefficients of a series expansion of P,, 
in terms of electron velocity, », follow immediately, 


Pa=>,Gn%", (5) 


8 Goldstein, Anderson, and Clark, Phys. Rev. 90, 486 (1953). 


where 


8 /2k\ i+} p@ 
bn=Anpo (-) ff wt exp(—w)dn, 
3y/a\m 0 


pois the pressure normalized to 0°C, and u= (m/2kT,)'v. 


EXCESS ELECTRON ENERGY LOSS FACTOR, 
G, IN HELIUM 


Observation of the character of the pulse modulation 
transferred to the wanted wave under the conditions of 
experimentation previously described, will permit a 
determination of the mean fraction of excess energy 
lost, G, by an electron in colliding with heavier con- 
stituents of the plasma. In the simplest case of small 
deviation of the collision frequency of the electrons the 
relaxation time constant associated with the effect of 
cross-modulation is related to the effective electron 
collision frequency and the loss factor G by, r~1/Gym, 
as shown in I. More specifically, a measure of the rate 
of change of transmission of the wanted wave as a 
function of time, immediately after removal of the 
pulsed disturbing wave, and a knowledge of the ex- 
tremes of electron collision frequency during the cross- 
modulation effect, suffice to calculate G. However, the 
precision with which this factor may be determined will 
be limited by the necessary following assumptions. As 
before, an average microwave electric field applicable 
for the entire length of the plasma is assumed for each 
incident disturbing wave amplitude, which is equivalent 
to assigning an average value of electron collision fre- 
quency to apply along the discharge tube and in the 
important central region of the waveguide transverse 
to microwave propagation. Further, the collision proba- 
bility, P,, is considered constant with electron energy, 
in the range here involved. Under these conditions the 
following expression may be written. 

It was shown in I that the attenuation constant a is 
given by 

2e*nouo Ng 

a= (5*) .140m+0.7650 nants (6) 
wma \2r 

However, as already mentioned for the case here dis- 
cussed, v;<<vm. Hence, 


(7) 


da —( a 


at = ’mw ~\2e/ at 


But from Eq. (13) of I, d»,,/dt is readily obtained, 
and finally 


0a 2.28¢’nouo f Ag —2F 
4 ee} 
Ot | m0 7m 2a F?—2F+1 

where F=(v'+y9)/(v’—v0), vo is the initial electron 


collision frequency in the isothermal plasma, and y’ is 
the elevated steady-state value of v,, during the effect 
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Fic. 1. Comparison of total attenuation of the 8600-Mc/sec 
wave by the plasma medium with that which would be expected 
by theory. (See text for description.) 


of cross modulation. Time, ¢=0, coincides with re- 
moval of the disturbing wave pulse. 


EXPERIMENTAL RESULTS AND CONCLUSIONS 


A measurement was made of the variation of total 
loss of microwave energy in the plasma-filled portion of 
the wave guide as a function of incident electric field 
strength of the disturbing wave, which leads indirectly 
to the variation of the effective electron collision fre- 
quency with helium atoms as a function of the electron 
temperature. In a determination of microwave energy 
loss, the amplitude of the transmitted and detected 
continuous wanted wave, ww/2r=9400 Mc/sec, was 
recorded photographically while simultaneously a 
higher power-level, (max~} watt) 20-microsecond 
duration pulse of disturbing wave, wp/2r=8600 
Mc/sec, was propagated through the plasma. The 
measurements were made at a time when the electron 
density, mo, reached the selected value of 2.510" 
electrons/cc in the plasma decay, and the gas pressure 
in this experiment was 10.15 mm of Hg. These condi- 
tions were chosen to satisfy the assumptions previously 
stated. The disturbing wave was attenuated at its 
source in steps of 0, 1, 2, 3, 4, 6, and 10 db from a 
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Fic. 2. Variation of “effective” electron-molecule collision fre- 
quency in the afterglow established in helium as a function of 
electron temperature (gas temperature ~300°K). 


maximum incident power level of 410 milliwatts. At 
8600 Mc/sec this maximum power implies a maximum 
electric field strength in the square wave guide of 15.3 
volts/cm. After treatment according to calibration of 
equipment, the insertion loss of the wanted wave for 
various levels: of disturbing wave is reproduced in 
Table I. Reflection of both microwave signals from the 
discontinuities due to the discharge tube proves to be 
small, allowing the insertion loss measured to be taken 
with negligible error as the true attenuation in the 
plasma. 

The total attenuation of the 8600-Mc/sec disturbing 
wave in the plasma (self-distortion, see I) is linearly 
related to the right column of Table I, according to 
Eq. (19), of Appendix I. In passing it may be noted 
that an average of measurements of the effective elec- 
tron collision frequency in the isothermal room tem- 
perature plasma established in helium made at a micro- 
wave frequency of 9400 mc/sec, agrees within 2% 
with measurements at 8600 Mc/sec. 

From the earlier development with the viewpoint of 
negligible heat propagation in the plasma, the calcu- 
lated total microwave energy in the plasma in decibels 
for the 8600-Mc/sec signal is given in Fig. 1 as the solid 
curve. The dotted curve is for a similar calculation 
assuming rapid heat propagation (equalization of T,) 
over the cross section of the wave guide but negligible 
heat propagation along the discharge tube. Such as- 
sumptions are admittedly an oversimplification of fact 
but will permit a reasonable simple calculation for the 
purpose of comparison. The data are seen to fall above 
both calculated curves at the higher temperatures but 
to agree fairly well with the solid curve at low tempera- 
tures. The discrepancy between experiment and the 
solid curve is, at most, ~3.5%, and therefore any 
significance of the discrepancy may be shrouded in ex- 
perimental error. However, the experimental points 
possess no appreciable random nature, but rather follow 
a well-described pattern. Further, this type of data 
depends strongly upon relative measurements which 
are inherently more accurate. The discrepancy be- 


TABLE I. Attenuation of the transmitted 
wanted wave through the plasma in the presence of simultane- 
ously propagated (8600-Mc/sec) disturbing waves of various 
levels. 








Attenuation of inci- 
dent 8600-Mc/sec Maximum incident electric 
disturbing wave field strength of the 
power source 8600-Mc/sec wave 
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gating 9 Mc/sec 
wanted wave by 
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tween the dotted curve and experiment is appreciable, 
which does not lend strong support to the hypothesis of 
strong electron temperature equalization in the plasma. 

If the discrepancy between the solid curve and the 
experiment is interpreted as a variation of the effective 
electron collision frequency with temperature of the 
electrons in the manner described earlier, the result 
obtained is recorded in Fig. 2. The solid curve presumes 
that v», is dependent upon 7;,}, or, in other words, that 
Pm, is a constant and equal to 24.0 cm?/cm*. The 
experimental points are seen to fall above the solid 
curve for T.>700°K, and at the highest temperature 
there is a tendency to return or cross over the solid 
curve. This “hump” in v» predicts, therefore, a “hump” 
in the curve of P,, versus electron energy. To obtain the 
course of P,,, proceeding as shown in Eqs. (4) and (5), 
Vm Was expressed in terms of 7,, and the coefficients 
a through a, solved from five simultaneous linear 
equations. Finally 


Pa=54.8— 4.975 X 10-%v+ 2.77 XK 10-7? 
—6.00X 10-'v+-4.53X 10-v4 (cgs units). (9) 


In the above, four significant figures were carried only 
to help remove arithmetic errors. The values of Py 
given by Eq. (9) are plotted as the curve labeled (1) of 
Fig. 3. The transcribed results of Ramsauer and 
Kollath® for the total probability of collision, P., ob- 
tained from monoenergetic beam type experiments are 
given as the crosses and circles, (2). It is doubtful that 
P, differs by more than a few percent from P» under 
the conditions of our experiment, since for lower 
energies, electrons generally tend toward isotropic 
scattering in helium.’ The lower solid curve (3) is that 
recently found by Gould and Brown.’ 
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Fic. 3. Comparison of experimentally determined collision 
probabilities for slow electrons in helium. (1) indicates the result 
of this work, Eq. (9), (2) is the total probability of collision from 
the measurements of Ramsauer and Kollath, and (3) is the 
momentum transfer collision probability recently determined by 
Gould and Brown. (See text for further discussion.) 
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Fic. 4, Experimentally determined fractional excess electron en- 
ergy loss, G, in a decaying plasma established in helium. 


The results of calculation of the excess electron 
energy loss factor, G, according to Eq. (8), are given 
on Fig. 4, along with the expected value of G=2m/M 
=>2.7X10~ for helium (dashed curve). The spread of 
the data is a reflection of the difficulty of accurate 
determination of the rate of change in amplitude of 
the wanted wave at precisely /=0. However, agreement 
within the expected precision with the theoretical value 
of G is noted. 

The experimental results reported here seem to lend 
support to a slight variation of P,, with electron energy 
in the range of energies investigated, which is in some 
agreement with the original work of Ramsauer and 
Kollath. In view of the difficulties involved in these 
determinations, the above results in the unfortunately 
narrow energy range should not be considered final. 


APPENDIX I. CALCULATION OF TOTAL MICRO- 
WAVE POWER LOSS IN THE PLASMA 


At any point in the cross section of the wave guide 
where free electron density exists, the temperature of 
the electron gas in the previously discussed ‘quasi’ 
steady state is determined by the prevailing microwave 
field strength and constants of the experiment ac- 
cording to 


2 
T= Tn +——_ | E’|?. 
3murGk 


(10) 


Assume initially that the probability of collision of 
electrons with molecules for momentum transfer, Pm, 
around 300°K, is a constant=24.0. The effective 
electron collision frequency is then ~7,}, and under 
our conditions of experiment, 7,,=300°K and pressure 
p=10.15 mm of Hg, the effective electron collision 
frequency becomes 


Vm = 1.83X 10°73. (11) 


The microwave power dissipated, Pz, in a volume of the 
discharge tube contained by the two transverse dimen- 
sions of the guide (a= 2.07 cm) and Az in the propagat- 
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ing 2-axis is 


a’/2 ~a'/2 phz | E’|? Wx WX 
Puma f f f cos'() cos ) 
0 4% % 2 e a’ 


TY\, Noe” 
X cos ( -) Vme**P*dxdydz, 
a’ J map? 


(12) 


where the electron density distribution, determined 
primarily be ambipolar diffusion, is approximated by 


N= No cos(rx/a’) cos(ry/a’), 


where a’ is the internal diameter of the discharge tube 
and x and y are the transverse axes with origin of co- 
ordinates at the central axis of the guide. Treating a as 
a slowly varying function of z and of E’, Eq. (12) may 
further be written 


1 “ne mx 
PL= [ENG — esos f cos( =a 
ap 0 a 


Noe? e’i WX WX ; 
X3.17XK 10° } cost(=)] +e cov'(~)| dx, 
map? o a a 


where 
ée| E’|? 
~ 3mcon'GkT 


or, finally, replacing a’ by a in the x integration for 
ease of handling (a small error enters in this procedure), 


| E’|? a’\ fa noe 
P= (a—e%0(—) (=)s17x10 
ap T T mw p* 


4 pe 2 2g 
x[+—+(—+—-_) aresin | (13) 
8 8 \8 8b 8b (1+8°)! 


From wave-guide considerations and the definition of 
insertion loss, the loss is also 


2x\ /@\ 1 
pine) (2) aes, 
Ay \ 47 wpuo 


(14) 
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Equating Eqs. (13) and (14), the attenuation constant, 
ap, is found to be 


Ao\ £4 a\ (a\ Ne 
ap= (“)(=)(=) (-) (3.17 10°) 
2r/ \a? a/ \2r/ mwop* 


ae oy 
x|+—+ + 
8 8 \8 8b 8b 


b 
arc soak (15) 


The bracketed portion of Eq. (15) is difficult to handle 
in further intergrations and is, therefore, approximated 
by the simpler function, 


[906+ 


Evaluating ap for this experiment at mp=2.5X10" 
elec/cc, one obtains (in mks rational units) 


| 


ap=0.1580 
prance oe ae 
des Sa 

6.67X10-| E’| +3 





The desired result is, however, the total attenuation 
in the plasma filled portion of wave guide, which follows 
immediately from the known magnitude of the incident 
electric field, | Z;’|, and a calculation of the microwave 
electric field emerging from the plasma, |£;|, after 
propagation of the wave a distance z, appropriate to 
the experiment. By definition of the attenuation con- 
stant, ap, we have 


(17) 


Integrating Eq. (17) and evaluating the constant of 
integration at z=0 where |E’| becomes the incident 
field strength, | Z,’|, and for z= 1.52 meters, the length 
of the discharge tube, one obtains 


0.4423[arc tan(1.99X 10-*| E;’ | +0.4475)—arc tan(1.99X 10-4| E,’ | +0.4475) ] 





+0.250 nf 
| Ei |? 


For known values of | E,’|, the attenuated magnitude 
of the disturbing wave field strength emerging from the 
discharge is calculated by graphical methods and finally 
the desired attenuation in decibels is obtained. In the 


a) nisi 
6.62 X 10-*| E,’|2+2.98 10-| E,’| +2 ' 


(18) 





experiment as performed, the attenuation constant, aw, 
of the “wanted” wave is measured, but ap and aw are 
related for these experimental conditions by 


ap=1.30ay. (19) 








PHYSICAL REVIEW VOLUME 


102, NUMBER 4 15, 


Fluid Self-Excited Dynamo 
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The possibility that a simply connected perfectly conducting fluid body could generate an increasing 
external magnetic field by acting as a self-excited dynamo is demonstrated by exhibiting a cycle of motions 
that doubles the external field each cycle. The essential feature of the motion is that interior points become 
surface points. This requires points which were originally adjacent to become widely separated. It is argued 
that in the presence of a magnetic field such motions should occur. 





VER since Larmor’ suggested that the magnetic 
fields of sunspots, the earth, and the sun might be 
maintained by self-excited dynamo action, there have 
been discussions as to whether such a dynamo was really 
possible in a simply connected body of fluid in which 
there are no commutators or even sliding contacts. 
Cowling? showed that a self-maintaining dynamo is 
impossible in a medium of finite conductivity if one 
requires axial symmetry. In a perfect conductor any 
field that is once established is maintained if the fluid 
remains stationary; here the corresponding problem is 
to find a motion that increases the magnetic field. 
Bondi and Gold’ have examined the circumstances 
where this would be impossible. On the other hand, 
Elsassert and Bullard’ have developed quite a for- 
midable mathematical treatment of the fluid motions 
and magnetic fields that suggests, although it is not 
always regarded as demonstrating, that increase of the 
field is possible in a medium of finite conductivity 
provided the motion is quite complicated. Parker® has 
presented an analysis of a quite involved model from 
which he concludes that an amplification of the mag- 
netic field is possible in a sphere of fluid if it rotates non- 
uniformly and has a convective zone in which cyclonic 
motion occurs. 

In view of all this, it seems worthwhile to present a 
simple cycle of fluid flow which doubles the dipole 
field of a sphere of perfectly conducting fluid. An in- 
crease by any power of two can be obtained by repeating 
the cycle the required number of times. No claim is 
made that this cycle is closely related to the processes 
that maintain the earth’s field or that occur in the sun 
or stars. It indicates the importance of types of motion 
not previously considered. The reasons for its success 
as a self-exciting dynamo are obvious and it seems 
to cast light on the necessary properties of more 
realistic models. 

1J. Larmor, Brit. Assoc. Advance. Sci. Rept. 1919, p. 159. En- 
gineering 108, 461 (1919). 

2T. G. Cowling, Monthly Notices Roy. Astron. Soc. 94, 39 
CoD Bondi and T. Gold, Monthly Notices Roy. Astron. Soc. 
110, vg! ae. 

M. Elsasser, Phys. Rev. 69, 106 (1946); 70, 202 (1946); 
2, 21 (1947). 

bE. C. Bullard, Proc. Roy. Soc. (London) 197, 433 (1949) ; 199, 
413 (1949). 

6 E. N. Parker, Astrophys. J. 122, 293 (1955). 


Consider a sphere of perfectly conducting fluid. It is 
well known’ that in such a fluid the material inside a 
magnetic tube of force at one instant will lie in a tube 
of force at any other time, and this allows one to identify 
the tube of force in spite of changes in the magnetic 
field as the fluid moves. Thus in this case it is justifiable 
to say that the tube of force moves with the fluid; and 
if the fluid motion is specified, the changes in the mag- 
netic field are determined. Consider the motions shown 
schematically in cross section in Fig. 1. Any parallel 
cross section would appear the same except for scale. 
One starts with a uniform magnetic field inside and 
hence a dipole field outside and surface currents. 
A counterclockwise eddy in the upper hemisphere and a 
clockwise eddy in the lower carry the configuration from 
(a) through (b) to (c), where the fields in the two 
hemispheres are parallel but oppositely directed. Thus 
the field is largely quadrupole. A rigid body rotation of 
the lower hemisphere through 180° then gives an 
internal field which has the same direction everywhere 
and twice the flux of the original field. If one were 
dealing with a cube the internal field would be uniform 
and the cycle would be complete. With a sphere the 
internal field is not uniform but can be made so by 
further motion in which the tubes of force are shifted 
while remaining parallel to themselves. The simplest 
such motion lies in the planes shown in Fig. 1, but it 
changes the fluid densities. If the fluid is incompressible, 
a motion involving four eddies in the plane normal to 
the diameter through 1 and 1’ can lead to a uniform 
field although some further separation of adjacent 
points is required. The ultimate location of each tube of 
force must be such that its length is the same as that 
of the original tube of force of which it formed one-half. 
The ultimate result is a uniform internal and dipole 
external field of twice the original strength and a 
different direction as shown in (d). 

It is at once apparent that the essential reason for the 
success of this mechanism is the crowding of all of the 
original surface points into a fraction of the final surface 
and the appearance on the remainder of the surface of 
the ends of tubes of force that were originally joined in 
the interior. In the model considered, all the surface 
points of Fig. 1(a) are carried to the left half of (c), 


7C. Truesdell, Phys. Rev. 78, 823 (1950). 
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(c) 


Fic. 1. Fluid motions leading to a doubling of the dipole mo- 
ment of a conducting sphere. Solid lines represent tubes of force, 
the dotted line a plane along which the fluid will separate, numbers 
label certain particles of fluid, and arrows give the fluid velocities 
that will carry each configuration into the succeeding one. VN and S 
give the nature of the effective surface poles. To go from (c) to (d) 
the bottom half of the system is rotated through 180° about the 
axis from 3’ to 3 and the tubes are shifted parallel to themselves 
to give a uniform internal field. 


and the right half of the surface of (c) is made up of 
points which were on the equatorial plane of (a). Thus 


points such as 2 and 2’ must move through the stagna- 
tion point at the original location of 3 in a finite time; 
and points which were originally adjacent must become 
widely separated. Bondi and Gold* treat only cases where 
fluid motions of this kind do not occur, and imply 
that, if they did, the external field could increase. Such 
motions do not occur at the usual stagnation points of a 
perfect fluid when there is no magnetic field because 
very close to these points the velocity is at most of the 
order of the distance from the stagnation point and a 
logarithmically infinite time is required for the fluid to 
pass through it. 

If a magnetic field is present, the situation will be 
different. Consider the situation shown schematically 
in Fig. 2. If one starts with a very weak magnetic field 
parallel to the surface, the fluid circulation indicated 
by the arrows will eventually compress it in the neigh- 
borhood of the stagnation point as shown in Fig. 2(a). 
Finally the magnetic forces will become large enough to 
influence the fluid motion. If the compressed field is 
roughly uniform in the neighborhood of S, it may 
merely stop the circulation near the surface. But if the 
increase is concentrated near S, as indicated in Fig. 2(a), 
the high magnetic pressure, B?/82, normal to tubes of 
force will squeeze the fluid out of them, producing 
higher fluid velocities near S and leading to the situa- 
tions shown in Fig. 2(b) where the field escapes from 
the region occupied by conducting fluid. Thus it seems 
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(a) (b) 


Fic. 2. Fluid motions in the neighborhood of a line of stagnation 
points. A cross section normal to the line is shown, S being a 
stagnation point. Arrows represent fluid velocities, the magnetic 
field is represented by thin lines in the fluid and by dotted lines 
outside, and the fluid boundary is represented by a heavy line. 


plausible that the presence of the magnetic field will so 
modify the fluid motion that interior points will come 
to the surface in a finite length of time and new tubes 
of force will intersect the surface. If the fluid motions 
are described in terms of spherical harmonics following 
Elsasser* and Bullard, the series will converge slowly 
(the coefficient of the mth harmonic in general being of 
order n~') and will be difficult to use. If only a finite 
number of terms in the series are retained, the hori- 
zontal velocity near the stagnation points will be so 
small that adjacent points such as 3 and 3’ in Fig. 1(a) 
will not separate by a finite amount. Thus no new tubes 
of force can end on the surface. 

There is also an alternative way to get the new tubes 
of force to intersect the surface. It has been assumed 
throughout that the conductivity is infinite. This really 
means that it is so large that the current density, i, 
necessary to produce the magnetic fields considered can 
flow without significant dissipation for times long com- 
pared to those considered. But at the field concentration 
near S, curlH=4zi/c will be large, and the above 
condition may break down locally. Then the tubes of 
force will move with respect to the fluid seeking a con- 
figuration where smaller current densities are required. 
This leads to a configuration of the field similar to that 
shown in Fig. 2(b), this time attained not by a modifi- 
cation of the fluid motion near S but rather by a motion 
of the magnetic field with respect to the fluid in that 
vicinity allowed by the finite conductivity. 

Although the model described by Fig. 1 is so simplified 
that it would be expected to have little resemblance to 
any model that would explain the earth’s magnetic 
field, it may be worth noting that in both there are 
pronounced secular variations and external quadrupole 
fields. However the main value of this model is in the 
light it can cast on the nature of the fluid motion 
required for the existence of a self-excited dynamo in 
the simply connected body and in the proof that such 
dynamos can exist in a perfect conductor. 
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It is pointed out if there are aspects of the turbulence phe- 
nomenon which are truly universal, then they should be capable 
of being characterized in terms of the two parameters « and v 
which denote the constant rate of dissipation of energy per unit 
mass and the kinemetic viscosity respectively and these two 
parameters only without reference either to the méan square 
velocity (u:*)y or to the size of the largest energy containing 
eddies. This is a slight modification of Kolmogoroff’s similarity 
principles as currently formulated. It appears that 


x=0p(r,t)/dr, where y(r,t)=4((u1’—1u1")*)m, 


and «;’ and #"’ are the velocities in the x-direction (say) at two 
points on the x-axis separated by a distance r and at times an 
interval ¢ apart, can be so specified. The similarity principles 
require that if this is the case, x should be of the form 


x= (e/v)*X (r(€/r*)4, t(€/v)4), 


where X is a universal function of the arguments specified. In 
the limit of zero viscosity, x must have the more special form 


x—rie(t/ri) (v0). 


The boundary conditions on a(x) are that e=oo(>0) and do/dx 
=0 at x=0 and o—0 as x». 

It is shown that with a slight modification of the premises of 
the theory described in an earlier paper, an equation for x can 
be derived which is compatible with the requirements of the 
similarity principles as formulated. In particular the ordinary 
differential equation for ¢ to which the theory leads can be solved. 
The solution for o which is found satisfies all the boundary con- 
ditions of the problem and is unique, apart from adjustable scale 
factors. The predicted evolutions of x and the vorticity correla- 
tions are illustrated. 





1, INTRODUCTION 


N an earlier paper’ a beginning was made towards 

developing a deductive physical theory of tur- 
bulence. The basic idea underlying this theory is the 
introduction of correlations in the velocity components 
(u;’ and uj’) at two different points (r’ and r’” say) 
and at two different times (¢’ and ?’’ say). By intro- 
ducing such correlations and considering stationary, 
homogeneous and isotropic turbulence, the differential 
equation [I, Eq. (32) ] 


(1) 


0/8 0 
_( = *D#)0= —20—D;0, 
or 


or\ 0 
where 
a 40 
Ds=—+- eae * 
or ror 


(2) 


was derived for the defining scalar, 
Q(t) (r=|r’—r”’| and t=|/—?"|), 


of the tensor 
Qis= (us(1’t)0j(0" 0). (3) 


In deriving Eq. (1) from the equations of motion and 
continuity, only one statistical hypothesis was made in 
addition to those implied in the assumptions of homo- 
geneity, isotropy, and stationariness, namely, that the 
fourth-order moments are related to the second-order 
moments as in a joint normal distribution [I, Eq. (14) ]. 

The scalar Q is simply related to the longitudinal 
correlation function [see I, Eq. (45) ] 


f(r) = (uy (0,0,0; 0) (r,0,0; t) ney (4) 


* The research reported in this paper has in part been supported 
by the Geophysics Research Directorate of the Air Force 
Cambridge Research Center, Air Research and Development 
Command, under contract with the University of Chicago. 

1S, Chandrasekhar, Proc. Roy. Soc. (London) A229, 1 (1955); 
this paper will be referred to hereafter as I. 


by 
S (r,t) = —2Q(r,t). (5) 


(The function / as introduced here differs from the one 
introduced in I by a factor (#")4; the reason for this 
will become apparent from Sec. 2 below.) The differ- 
ential equation governing f is, therefore, 


0/0? 0 
—(—- De) f= f—Dsf. (6) 
0r or 


or 
While certain elementary properties of this equation 
and more particularly of the equation 


appropriate in the limit of zero viscosity (or infinite 
Reynolds number), were deduced in I. a basic dis- 
cussion of Eqs. (6) and (7) was not undertaken. Also, 
the precise relation of the present theory to Kolmogo- 
roff’s similarity principles was not made clear. As 
pointed out in I, Sec. 9, the principal obstacle to under- 
taking such a discussion and clarifying the relationship 
to Kolmogoroff’s principles is the difficulty in formu- 
lating proper boundary conditions for Eqs. (6) and (7). 
This latter difficulty arises from the impossibility oj 
letting r and? ¢ tend to infinity so long as one restricts 
oneself to a consideration of velocity correlations under 
conditions of homogeneity and isotropy. In this paper 
it will be shown how by a reformulation of Kolmogoroff’s 
principles, as well as those underlying the derivation 
of Eq. (1), these particular difficulties can be overcome 
and how the function left unspecified by the dimen- 
sional arguments can be uniquely determined in terms 
of the present theory. 


? The contrary statement in I, see I, Eq. (98), is incorrect [see 
Sec. 2, Eq. (18) ]. C 
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2. PRINCIPLES OF SIMILARITY AND THEIR 
REQUIREMENTS 


Kolmogoroff’s principles of similarity as currently 
applied to the correlation in the velocities simul- 
taneously measured at two different points are well 
known. Since a slight reformulation of these principles 
appears necessary, we shall restate them in a manner 
which will exhibit the need for such a reformulation. 

Now it is an essential part of Kolmogoroff’s dis- 
cussion that the mean square relative velocity, 
((u,’ —1u;'")*), between two points is considered rather 
than (u;'1;'’)». Thus, the quantity 


4 (ty! — 161”) ) net?) nv — (ter tr" v= (x?) w— (7,0), (8) 


is regarded as more meaningful in local isotropy than 
the longitudinal correlation function f(r,t). In Kol- 
mogoroff’s discussion #;' and u,” are the simultaneous 
values of the velocities in the x-direction (say) at two 
points on the x-axis separated by a distance r. We 
shall presently extend this definition to the case when 
u;’ and 4“; refer to the velocities at two different times 
as well. However, for the present we shall suppose that 
u;’ and u," refer to simultaneous values as in Kol- 
mogoroft’s original discussion. Let, then, 


¥(7,0) - 3({ uy (0,0,0 ; 0) Si (r,0,0 ; 0)}*)w 
= (u;*)w— f(r,0). (9) 


The first of Kolmogoroff’s principles states that so 
long as rro, where ro is a measure of the linear dimen- 
sion of the largest eddies present, ¥(r,0) should be 
capable of being uniquely specified in terms of the two 
parameters ¢ and » denoting the constant rate of dis- 
sipation of the kinetic energy per unit mass and the 
kinematic viscosity, respectively ; and these two param- 
eters only. Since (v*/e)t and (ev)? are the only com- 
bination of ¢ and v which are of the dimensions of a 
length and a velocity, respectively, Kolmogoroff’s 
postulate implies that 


¥(7,0) = (eo) Nir (c/*)4), 
where W(x) is a universal function of the argument. 


Regarding the function ¥,(x), Kolmogoroff makes the 
further assertion that 


(10) 


(11) 


where C; is a constant. This required asymptotic 
behavior of V(x) as x is a consequence of Kol- 
mogoroff’s second principle that in the limit of zero 
viscosity (or, equivalently, infinite Reynolds number) 
¥(r,0) should cease to be dependent on 7; for, in this 
limit, »0, the argument of ¥; in Eq. (10) tends to 
infinity and in accordance with ( 11) we should conclude 


that 
v(r,0) > Ci(er)! (12) 


and this is independent of v as required. This unbound- 
edness of ¥(r,0) as r-© is in contradiction with a 


V(x) > Cy? as xm, 


(v0); 
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strict consequence of the definition of y, namely, 
(1,0) < (ur?) nw, (13) 


which follows from Schwarz’ inequality (0)'t1'’)y 
<(u;")w. Closely related with this unboundedness of 
¥(r,0) is the following circumstance: 

The longitudinal correlation function f(r,0) is related 
to the spectrum of turbulence, F(k) by* 


fl 0)= xy fake HI) /Cer)', (14) 


where J; denotes the Bessel function of order 3. For 
the Kolmogoroff spectrum F(k)=constantXk-*, the 
Hankel-transform on the right-hand side of Eq. (14) 
does not exist. 

When we go to time-dependent correlations, the 
difficulties in applying Kolmogoroff’s principles to 
¥(r,t) are further accentuated. Thus, consider 


v(0,t) ed 3( {11 (0,0,0; 0) —1,(0,0,0 ; t)}?)m, (15) 


which is related to the correlation of the velocity at 
one point and in one direction to the velocity at the 
same point and in the same direction but at a time / 
later (or earlier). Since (v/e)! is the only combination 
of ¢ and » which is of the dimensions of a time, Kol- 
mogoroff’s principles as applied to ¥(0,t) would require 


that 
¥(0,t) = (ev) Nha(¢(€/r)}), (16) 


where W; is a universal function of the argument, and 
further that Y2(«) has the asymptotic behavior 


(17) 


where C; is a constant; this latter behavior is required, 
since only then will ¥(0,t) become independent of » as 
v—0. Thus, 


V.(x) > Cx as rx &, 


V(0,t) > Cot as too, (18) 


Kolmogoroff’s principles therefore require that y(0,t) is 
unbounded with ¢ as well. This unboundedness of y with 
t means that the effects of the large eddies are dis- 
cernible at all interior points when two observations 
made at intervals of the order of ro/4/(u;")4 are com- 
pared. 
The unboundedness of ¥(7,0) as r and of ¥(0,2) 
as to imply that the function (r,t) cannot be 
specified completely without reference to the mean 
square velocity, (;°)w, or the size, ro, of the largest 
eddies present; in other words y(r,t) cannot, strictly, 
be included among those aspects of the turbulence 
phenomenon which can be considered truly universal. 
On the other hand, it would appear that the space 
derivative* 
x(r,t) a —of (r,1)/ or, 
*W. Heisenberg, Z. Physik 124, 628 (1948), Eq. (50). 


‘The reason for the choice of the negati ign will 
apparent later (see Sec. 4). peiteiiony taignibeeoeen 


(19) 
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of the correlation function is meaningful under condi- 
tions of local isotropy and that it can be specified in 
terms of ¢ and » only and without reference to either 
{u;*) or ro. This is strongly suggested when it is noted 
that in contrast to (14) the relation® 


10 3° oe ) 
-—(rDsf)= el ee 
0 or Or 


r Or or 


(20) 


=— f kF(k) sinkrdk, 
0 


which follows from it, does represent a mathematically 
meaningful relation: The sine transform of kF(k) for 
the Kolmogoroff spectrum does exist. From Eq. (20) 
it is apparent that what is basically required is the 
existence of the sine transform for 0f/dr. It is indeed 
clear that multiplication by & in the Fourier space is 
equivalent to differentiation with respect to r in 
ordinary space. 

We shall suppose then, that in local isotropy it is 
meaningful to consider x(r,/) and that we should be 
able to specify it uniquely in terms of ¢ and + in ac- 
cordance with Kolmogoroff’s principles. 

Since x is of dimensions (e/v)!, Kolmogoroff’s prin- 
ciples would require that x is of the form® 


x(1,t) = (8 /r)X (r(€/r*)4, t(€/r)}), (21) 


where X (x,y) is a universal function of the arguments. 
In the limit of zero viscosity the function X (x,y) should 
have the behavior 


X (x,y) — ato (y/x!). (22) 
This behavior of X (x,y) for »-0 can be deduced as 
follows: Noting that y/zx! is the only combination of 
the arguments r(¢/y*)! and ¢(e/v)! which is independent 
of v and expressing x(7,/) in the equivalent form 


x(r,t) = (8/v)'V (r(c/r*)!, ett/r'), 


we observe that the condition that the right-hand side 
become independent of v as v0 is 


(23) 


Y (x, y/x!) > x-to(y/x!) as x &, 


y/xt remaining fixed. (24) 


It may be noted here in this connection that the 
dependence of o on ¢/r! is an expression of Fermi’s law 
[see I, Eq. (54) ] that in the limit of infinite Reynolds 
number the mean life of an eddy of linear dimension r 
is proportional to ri. 

While the explicit restriction to x under conditions 
of local isotropy is not usual, it is not by any means 
new. Thus, Heisenberg and Schliiter’ in their discus- 


6 J. W. Chamberlain and P. H. Roberts, Phys. Rev. 99, 1674 
(1955), Eq. (10). ; j ; 

* A hypothesis very similar to this one underlies Heisenberg’s 
(reference 3; see particularly Sec. 5 of this paper) earlier attempt 
to develop a deductive theory of turbulence. 

7 Professor W. Heisenberg in his lectures at the University of 
Chicago in October, 1954 and Dr. A. Schliiter in private discus- 
sions. 
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sions of the turbulence problem have always empha- 
sized the importance of thinking in terms of the vor- 
ticity field rather than in terms of the velocity field; 
the reason being that the spectrum of the vorticity (in 
contrast to the spectrum of the motions) does not 
depend on the largest eddies present. It would follow 
from these ideas that it is more meaningful to discuss 
the universal aspects of the turbulence phenomenon in 
terms of the vorticity correlation 


Q55= (0/0; 


(25) 


rather than in terms of the velocity correlation Q,;;. 
The defining scalar of the tensor 2;; is —DsQ. Hence 
the longitudinal vorticity correlation (w;’w;’’), is given 
by [see Eq. (5) relating the defining scalar, Q, of the 
tensor Q;; and the longitudinal velocity correlation ]: 


(wy) = 2D;,0= —D;f= dx/dr+4x/r; (26) 


and this correlation as we observe depends only on x. 

We may summarize the conclusions reached so far 
as follows: In local isotropy it is meaningful to consider 
the space derivative of the longitudinal correlation 
function f(r,t) and to expect that x=—df/dr can be 
specified uniquely in terms of ¢ and » in accordance 
with Kolmogoroff’s similarity principles. These prin- 
ciples require that x be of the form (21); and further 
that in the limit of infinite Reynolds number it has 
the more special form (22). And since, as we have 
already explained, the specification of x cannot involve 
any reference to the largest energy containing eddies, 
it is reasonable to require that 


(w=curlu), 


x— 0 when r— © andi— « 
independently of each other. 


(27) 


3. DIFFERENTIAL EQUATION GOVERNING x(r,t) AND 
THE REQUIREMENTS OF THE SIMILARITY 
PRINCIPLES 


If the conclusions reached in the preceding section 
are valid, then they require a revision of the basic 
assumptions which led to the differential equation (1). 
For in accordance with the ideas of Sec. 2, the theory 
should be developed in terms of the correlation 


Qi j:k= OQ i;/OEe= (udu; /dxx"’) m, (28) 
rather than in terms of Q;;.8 The explicit form of this 
tensor is 


“a U 


Q’ 
Q65:4= (—- =) EE Er +—(E Gj +6 in) 
ror r 


— (Q"+3Q'/r)§5i5; (29) 


and this tensor depends only on 0Q/dr. 


§ This requires no essential modification of the statistical 
hypothesis introduced in I; for the latter though expressed in 
terms of the velocity correlations, commutes in fact with the 
operation of differentiation with respect to the independent 
variables. 
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An equation involving only 0Q/dr can be obtained 
as follows: Rewriting Eq. (1) in the form 


s(j-r)/ spe 


and letting 


(30) 


x= 280/dr, (31) 


in accordance with Eqs. (5) and (19), we obtain 


oT se rs) re) 
-|(—- *—D®) /-»|- =x, (32) 
ori \ a or or 


where we have used the abbreviation 


D=0/dr+4/r. (33) 


It must be emphasized here that even though Eq. 
(32) has been derived from (30) it is only Eq. (32) 
which is meaningful for deducing those aspects of the 
turbulence phenomenon which have a universal aspect. 
The reason for this insistence is that the velocity cor- 
relation (Q;; depends on the largest eddies present even 
when it refers to distances small compared to the size 
of the largest eddies; and the structure of the largest 
eddies cannot be described in the framework of homo- 
geneity and isotropy without reference to the external 
agency supplying the energy to the system.’ 

It can now be readily shown that Eq. (32) is com- 
patible with Kolmogoroff’s principles. For if in ac- 
cordance with the similarity principles we measure 


x in units of (é/y)!, 


r in units of (v*/e)!, (34) 


tin units of (v/e)}, 


we find that Eq. (31) becomes nondimensional and that 


arse a ri) 
“| (5-52)x / ~x|- ~x. (35) 
OrL\ df Or or 


4. EQUATION AND BOUNDARY CONDITIONS 
APPROPRIATE IN THE LIMIT OF 
ZERO VISCOSITY 


As we have already explained in Sec. 2, the similarity 
principles require that in the limit of zero viscosity, the 


* The passage from Eq. (30) to Eq. (32) is not dissimilar to the 
passage from the von K4rmén-Howarth equation, 


49Q/at= (ra/r+5)T+»D,0 (i) 
(where ¢ here has the meaning of absolute time), to the equation 


(see reference 10) 
de= (rd/dr+5)T+»DQ, (ii) 


under conditions of local isotropy. In this passage from Eq. (i) 
to (ii) the basic assumption is again that it is the equation for 
8Q/dr derived from (i) [and not (#) itself] that is meaningful 
under conditions of local isotropy ; thus one does not set 0Q/at=0. 

% G. K. Batchelor, Proc. Cambridge Phil. Soc. (London) 43, 
533 (1947). 
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solution for x have the form 
x=r-to(x), where x=¢/r!. (36) 


We shall now show that in agreement with this require- 
ment the equation 
ao oD 


ora /a 

Mee 

OrLoP / ar 
which is the appropriate one in the limit of zero vis- 


cosity [see Eq. (32)], does allow a solution of the 
required form (36). 


(37) 


(a) Reduction to an Ordinary Differential Equation 
When x has the form (36) 


0%x/dF=1-§80"; Dx=4r-*(1lo—2x0'), (38) 
and 


IDx/dr= — 31-78 (440+ 10x0'—4220"), (39) 


where we have used primes to denote differentiations 
with respect to the argument x (=¢/r!). With the 
foregoing substitutions, the left-hand side of Eq. (37) 
becomes 


0 Orig’ 
Or \44o+-10x0’— mr), 





60” 
4404+-10x0’ —4220”’ 
60” 


d 
+r4— , (40) 
dx 440+-10x0’ — 4220" 


= ~~ 








whereas the right-hand side is —r~tc. Therefore, Eq. 
(37) does allow a solution of the form (36) as required 
by the similarity principles; and the ordinary differ- 
ential equation governing o is 


” 


a d a” 








—= 4g, 


—_— f— 
440+10x0’—4a20" dx 440+10x0’— 42°20" 


Now, letting 


” 





=, (42) 


440+10x0' — 4220" 


we can rewrite Eq. (41) more conveniently in the form 
o=3(¢—x9’), (43) 
while Eq. (42) (after some reductions) becomes 


x” +-$"'+ (2/9) (2a8o’” — 32h” —22x9’+ 226) =0. 
(44) 
(b) Boundary Conditions on o 
A first and a’ necessary condition on a is that it be an 


even function of its argument, ¢/r!. This follows from 
the basic assumption of the present theory that the 
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tensor (u;'u;'’)y depend on the times at which the 
velocity components are measured at the two points 
only through the absolute value of their difference." 
Accordingly, x should be even in ¢; and the evenness 
of o in x (=#/r') follows from this. We must, therefore, 
require that 


o’=0 at «=0. (45) 


A second condition on ¢ is that it be bounded at the 
origin. Actually, o should tend to a positive constant oo 
as x0: 

(46) 


g—oo>0 as x—0. 


The requirement that oo be positive follows from the 
relation of x to the vorticity correlation (w1'01'’)w. 
Since [see Eq. (26) ] 


(w1'o1"” w= Dx, (47) 


we have in the present context [see Eq. (38) ]: 
(48) 


(wor) = 4r*8 (110 — 2x0’). 
Accordingly, 
(wy cor”) wy; t-0= drt limit (1 lo— 2x0") 
z0 


= (11/3)oor*, (49) 
since o’=0 at x=0. The physical meaning of the 
quantity on the left-hand side of Eq. (49) clearly 
requires that ao be positive. 

A final condition which we should impose on ¢ 
follows from (28). We should require that 
(50) 


o—0O as x7, 


5. BEHAVIOR AND THE PROPERTIES OF THE 
SOLUTIONS OF THE EQUATION FOR ¢ 


Expressed in terms of ¢, the boundary conditions 
(45), (46), and (50) on o require that 
¢=¢o>0 and ¢’=0 at x=0 (51) 
and 


o—x~’—-0 as x &. (52) 


Strictly the evenness of o requires only that ¢ be ex- 
pressible as the sum of an even function of x and an 
arbitrary numerical multiple of x. However, the even- 
ness of ¢ follows from Eq. (42) since the quantity on 
the left-hand side of this equation is even. 

We shall now examine the behavior and the proper- 
ties of the solutions of Eq. (44) with a view to deter- 
mining whether or not solutions satisfying the condi- 
tions (51) and (52) can be found. 


1 While this was introduced as an assumption in I (Sec. 2), 
it can actually be proved that the conditions of homogeneity, 
isotropy, and stationariness necessarily imply the evenness of Q;; 
in t. We are indebted to Mr. George Backus for this remark. 
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(a) Homology Theorem and the Reduction of the 
Differential Equation for ¢ to One of 
Second Order 


From the form of the equation governing ¢ it is at 
once apparent that if ¢(x) is a solution then so is 
A*p(Ax) where A is an arbitrary constant. This 
homology theorem ensures that no loss of generality is 
entailed by replacing the condition ¢=¢0 (>0) at «=0 
by 
(53) 


@=1 at x«=0; 


and it will suffice to show that a unique solution satis- 
fying this and the remaining conditions of the problem 
exists. 

Because of the homology theorem, it should be 
possible to reduce the equation governing ¢ to one of 
second-order by considering combinations of ¢ and its 
derivatives which are homology-invariant, i.e., invariant 
to the transformation ¢(x)—A*o(Ax). Thus, 


u=xo, v=2x59', and w=x'¢”, (54) 
are homology-invariant, and by considering these 
functions we can derive a second-order differential 
equation between u and v. The procedure to be followed 
is that, one is familiar with in the theory of the Lane- 
Emden equation in studies on stellar structure.” 


Rewriting Eq. (44) in the form 


3(2x°— 3)" +44xg9' — 449? 
g””" _ 
x (4x°6-+9) 





55) 


we observe that it is equivalent to 


a! 





(56) 


d (3 eee 1 


dx 4u+9 a5 


On further reduction this equation becomes 


xdw/da=[(22u+27)w+44u(v—u) ]/(4u+9). (57) 


On the other hand, from the definitions of the functions 


u and » it follows that 


xdu/dx=2u+v and xdv/dx=30+w. (58) 
Eliminating « between Eqs. (57) and (58), we obtain 


the following pair of equations: 


dw/du={_(22u+-27)w+44u(v—u) |/(4u+9) (2u+), 
(59) 
and 
do/du= (30+w)/(2u+»). 
According to Eq. (60), 


w= (2u+2)dv/du—3v. 


(60) 


(61) 


2S. Chandrasekhar, Stellar Structure (Chicago University 
Press, Chicago, 1939), pp. 101-106. 
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Substituting this last expression for w in Eq. (59) and 
simplifying, we obtain 


=) Pe Sry dv 

du 4u+9 du 

22uv+44u?+810 
=0. (62) 

(4u+9) (2u-+2) 


dy 
(2u+v)—+ ( 
du? 





This is the required second-order equation. 


(b) Behavior of the Solutions Near the Origin and 
a Series Expansion in Even Powers of x 
of the Required Solution for ¢ 


We are interested in solutions which are bounded at 
the origin. Therefore, let ¢—@. (#0) as x0. Neglect- 
ing x*@ and x’ as compared to ¢, in Eq. (44) we have 


xp!” +o" + (44/9)o°=0, (> 0 as x0). (63) 





$= 1—(22/9)x2 
+0.24357263x¢ 
—0,0001291 16222 
+0,00008025758x!8 


(c) Class of Solutions ¢= Constant xx and the 
Solutions Asymptotic to this Class 


From an inspection of Eq. (44), it is evident that 
o=Cx, (68) 


where C is an arbitrary constant, represents a special 
class of solutions of the equation. In the (u,v)-plane 
this entire class is represented by the single solution 


v=4 (69) 
of Eq. (62). 

It will presently appear that solutions which satisfy 
the boundary conditions (52) must belong to the class 
of solutions which are asymptotic to the linear solutions 
(68) at infinity. To characterize these latter solutions, 


we shall introduce the variables 


and 0=9¢y, (70) 


so that the solutions (68) become 6=C and the class 
of solutions in which we are interested are those which 
are bounded at the origin in the (y,0)-plane. 

Making the transformation of the variables (70), we 
find that Eq. (44) becomes 


[y®+ (4/9)y°0 10’ + 2y(y*+-0)0” — (44/9)00’=0, (71) 


where primes attached to @ denote differentiations with 
respect to y. 

Equation (71) clearly admits solutions of the form 
6=constant. However, in view of the homology 
theorem, we can, in considering these solutions which 
are bounded at the origin, restrict ourselves to the 


yaa 


+0.001726605x° 
+0,.0002189603x'4 
—0.00005397099x% +---, 
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The general solution of this equation which tends to 
¢ as x0, is readily found to be 


b= do— (22/9) p?x?+-ax-+ bx loge, 


where a and 6 are arbitrary constants. Equation (64) 
represents, quite generally, the behavior of the solution 
of Eq. (44) near the origin. 

The condition ¢’=0 at «=0 requires that in (64) 
a=b=0. Hence, even solutions of Eq. (44) which are 
bounded at the origin form a single homologous family. 
In particular, the solution which satisfies the conditions 


(65) 


(64) 


@=1 and ¢’=0 at x=0, 


is uniquely determined in a finite neighborhood of the 
origin where its behavior is given by 


= 1—(22/9)x?+O(a4). (66) 


More generally, by expanding ¢ as a series in even 
powers of x, we find that" 


— 0.09053497 924 


+0.001905382x" 
—0.00008689796x'¢ 





solutions which have the behavior, 
6—+1 as y—0. 


By inspection one can readily convince oneself that 
solutions of Eq. (71) which are bounded at the origin 
can be expanded as a power series in y’. Therefore, 
letting 


6=+14+D any*, 


n=l 


(73) 


in accordance with (72), we find that a; can be assigned 
arbitrarily while the following coefficients can be deter- 
mined successively in terms of the preceding ones. 
Thus, we find that 
adg= a (3/14)ay, 
a3= (0.11904762-+0.05555556a;)a1, 
d4= ¥ (0.81818182a;+-0.10606061 a,” 
+0.40909091 4,43), 
a5= ¥ (1.01538462a,+0.50769231a,a4 
+0.26153846a2a3), 
ag= ¥ (1.166666674;+0.57777778a,05 
+0.3244444442a,+-0.12a;*). 


(74) 


In particular 


6=+1+a,y'F (3/14)ary®+O(y) (y—-0). (75) 

18 Mr. George Backus has shown that this series is absolutely 
convergent for x<0.58 and that it represents the wnique analytic 
solution of Eq. (44) which is bounded and even at the point (0,1). 
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The corresponding behavior of the solutions in the 
(x,)-plane is given by 


o=rAxtayx?F (3/14)a;x->+O(a-*) (x0). (76) 


We have thus shown that the solutions in the (x,¢)- 
plane which are asymptotic to the linear solutions (68) 
as x» form a two-parameter family. In the (w,v)- 
plane these solutions form a one-parameter family. 
They can be characterized as follows: 

According to the definitions of the functions « and 
v [see Eqs. (54) ] and Eq. (76), we have 


u=+2+a)F (3/14)a;x*+0(2-), 


77 
v= +2°—2a)+ (15/14)a;x*+O0(x-*). @”) 
Hence 
u—v=3a)F (9/7)ayx*+O0(2-), (78) 
or 


u—v=3a,+ (9/7)ayu+O(u-). (79) 


Thus in the (u,v)-plane these solutions form a one- 
parameter family with the behavior 


u—v— 3a, as |u|. (80) 
The parameter 3a, which characterizes this family is, 
therefore, the intercept on the u-axis by the line (parallel 
to the 45° line) to which the solution becomes asump- 
totic as |%| —> «©. Also, the solutions which tend to 
+ along a linear solution in the (x,f)-plane, tend to 
the line u—v=3a; (a;<0) in the first quadrant of the 
(u,v)-plane as u—>+; and the solutions in the 
(x,p)-plane which tend to — © along a linear solution 
in the (x,o)-plane tend to the line w—v=3a, (a,>0), 
in the fourth quadrant of the (u,v)-plane as u—>— @. 

For future reference we may note here that in terms 
of the (y,0)-variables the homology-invariant functions 
u and v are given by 


u=O0y* and v= (6—y6’)y*. (81) 


Finally, we shall show that a solution of Eq. (44) which 
satisfies the boundary condition (52) must, as x ©, 
belong to the two-parameter family of solutions dis- 
cussed here. To show this, we must first translate the 
boundary condition (52) in the (y,)-variables. Since 


o—xdo/dx= (u—v)/x?, 
we have [see Eqs. (81) ] 
o—xdo/dx=d6/dy. 


Hence the boundary condition (52) in the (x,#)-plane 
is equivalent to the boundary condition 


dé/dy—>0 as y—0, 


(82) 


(83) 


(84) 


in the (y,0)-plane. This last condition clearly implies 
that @ is bounded at the origin and from our earlier 
discussion it follows that the solution must tend to 
one of the linear solutions (68) as x @. 
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6. SOLUTION FOR THE CASE OF ZERO VISCOSITY 


We now return to the question whether solutions 
can be found which will satisfy the conditions (51) 
and (52). In view of the homology theorem [Sec. 5 (a) ], 
it will suffice to show that there is a unique solution 
satisfying the conditions 


@=1 and ¢’=0 at x=0 (85) 
and 


o—x~’- 0 and x, (86) 


We have seen in Sec. 5 (b) that the boundary con- 
ditions (85) at x=0 determine a solution which is 
unique in a finite neighborhood of the origin; it is in 
fact represented by the series expansion (67) and its 
continuation beyond its radius of convergence. At the 
same time, it has been established in Sec. 5 (c) that 
the boundary condition (86) requires that as x 
the solutions belong to the class of solutions which 
become asymptotically linear. The conditions at x=0 
and at x= would, therefore, appear to be mutually 
incompatible. Nevertheless, it will be shown that in 
spite of appearances, the conditions at the origin and 
at infinity can both be met in a unique manner. The 
circumstance which makes this possible is that the 
solution ¢;(x) (say) which is described by the expansion 
(67) near the origin, when continued “arrives” at a 
singularity of the differential equation where 


4°6+9=0. (87) 
The curve 


= — 2.2502, (88) 


represents, in fact, a locus of singularities of the dif- 
ferential equation (44). When a solution curve intersects 
the locus (88), the third derivative is, in general, infi- 
nite. Accordingly the curve (88) represents a “‘barrier’’ 
across which a solution of Eq. (44) cannot be con- 
tinued. This is what happens to ¢;. Consequently, we 
now have the freedom to start from infinity along an 
asymptotically linear solution and try to arrange that 
we arrive at the intersection of ¢; and the curve (88), 
from the “other side” in such a way that the function 
and its derivative are continuous at the common point. 
That we can accomplish this in one and only one way 
can be demonstrated as follows: 

Let v;(u) denote the solution in the (#,v)-plane which 
corresponds to the solution ¢;(x) in the («,)-plane. 
(This solution is illustrated in Fig. 1.) The intersection 
of ¢; with the curve (88) corresponds to the intersection 
of v;(u) with the line «= —2.25 in the (w,v)-plane. Let 
v;* =v,;(— 2.25) denote the value of v at this intersection. 
According to the results of numerical integrations to be 
described later in this section, 


v* =v,(—2.25) = —4.7029. (89) 


Turning next to the part of the solution which has to 
join ¢; (from the “other side”) continuously at the 
point where it intersects the curve (88), we have seen 
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(°) 





a] 
-2 
-3 
-4 
a) 
-6 
-7 
4-8 
4"3 


Jao 


Fic. 1. The solution in the (u,v)-plane: 2,(u) represents the 
solution derived from integrating from the center outwards. This 
solution cannot be continued beyond its intersection with the line 
u= —2.25. Curves labeled 1, 2, and 3 are solutions obtained by 
integrating from infinity inwards along asymptotically linear 
solutions; they are characterized by the parameters a;=0.4, 
0.63676, and 0.7, respectively. The curve 2 joins continuously 
with the curve 2;(u) on the line «= —2.25. 








[see Sec. 5 (c) ] that solutions which are asymptotically 
linear in the (x,¢)-plane form a one-parameter family 
in the (#,v)-plane. The parameter which characterizes 
this family in the (#,v)-plane is the constant in the 
equation, 


(90) 


of the asymptote to the solution. Consequently, the 
value of the parameter which distinguishes the par- 
ticular member of the family which will intersect the 
line w= —2.25 at the same point »,* can be determined 
in a manner similar to the solution of a characteristic- 
value problem. More precisely, we can adopt the fol- 
lowing method: 

Since the intersection of »;(u) and u=—2.25 is in 
the fourth quadrant (see Fig. 1) it is clear that for the 
solution in question a,;>0; it is also clear that the 
solution must become asymptotic to the line (90) as 
u— —. Hence, in the (y,0)-plane the solution near 
the origin will be described by Eqs. (73) and (74) with 
the lower sign chosen in all cases. Starting the inte- 
gration of Eq. (71) with the aid of the series expansion 
valid near the origin, we can continue the integration 
till we arrive at the locus of singularities defined in this 
plane by 


u—v=34a,, 


= —2.25y*. (91) 


When we arrive at this locus, «= —2.25 and » will have 
a determinate value say »,*. This problem is now one 
of choosing a; appropriately that the value »,.* with 
which we arrive on the locus (91) is the same as the 
value 2,* with which ¢;(x) arrived on the locus (88). 


This problem, like any other problem in boundary 
values, can be solved by trial and error. Thus, it was 
found by direct numerical integrations that 
for a,=0.7, v,* = —4,9343; 
for a,=0.64, v,* = —4,7148; 
for a,=0.63676, »,*=—4.7028. 


(92) 


It will be seen that the last value for 0,* which is listed 
agrees with the value »;* given in (89) to one unit in 
the last place retained (see Fig. 1). For all practical 
purposes, this completes the solution of the underlying 
boundary value problem. 

Once the correct value of a, and the corresponding 
solution of Eq. (71) have been found, the completion 
of the problem of fitting requires only a transformation 
of the solution in accordance with the homology 
theorem so that it will join ¢;(x) continuously at the 
point where it intersects the curve (88). At this point 
¢” will also be continuous: this follows from the con- 
tinuity of @ and ¢’ and the requirement that at the 
point of intersection with the locus (88) where u=27¢ 
=—2.25, the second derivative is given by [see Eq. 
(55)], 

oi" (x) =88 (xh.idi’ —$?)/45. (92) 


In some ways, it is remarkable that the required 
solution for @ should consist of two pieces having 
altogether different analytic characters. Its origin is 
probably to be traced to the hyperbolic character of 
the differential equation from which we started. Indeed, 
a similar situation was already encountered in I, Sec. 7: 
the solution for y given there I, Eq. (81) clearly changes 
its analytic character at x=1. 


(a) Results of the Numerical Integrations 


We shall now describe the integrations which were 
undertaken to obtain the numerical forms of the solu- 
tions for ¢ and o. 

The solution was started at x=0 with the aid of the 
series expansion (67). This expansion was sufficient to 
obtain the solution correctly to six significant figures 
for x<0.6. Beyond this point the solution was con- 
tinued by standard numerical methods till it intersected 
the curve (88) (see Fig. 2). It was found that this 
happened at 

x=1.13187=2* (say), 
where 


$= —1.75627, ’= —3.24324, and v=--4.7029. (93) 


As we have already explained, this part of the solution 
cannot be simply continued beyond x= 2*. 

To obtain the solution for x>«*, we proceed in two 
stages. First, we determine the parameter which charac- 
terizes the homologous family of solutions to which the 
desired solution belongs; then we determine the con- 
stant of homology, A, such that the transformation 
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(x) —> A*p(Ax) will lead to the desired solution itself. 
Thus, in finding the particular homologous family we 
can restrict ourselves to the solutions in the (y,@)-plane 
which have the behavior 


6=—1+a1y'+ (3/14)ayy*+---, (94) 


at y=0. Integration of solutions having this behavior 
can be started at y=0, with the aid of the series ex- 
pansion given by Eqs. (73) and (74) and then con- 
tinued by standard methods. Solutions for various 
initially assigned values of a; can thus be found till 
they become singular on account of 6+2.25y' — 0 [see 
Eq. (91) ]. At the singularity, « (by definition) will 
have the value —2.25 while » will have a certain deter- 
minate value. The problem is, now simply, one of 
choosing a; appropriately that the value of » arrived 
at in this manner agrees with that obtained by following 
the solution from the center outwards (namely, 
—4.7029). It was found that with four trials the two 
solutions could be joined in the (w,v)-plane with an 
accuracy sufficient for all practical purposes. Thus, with 


a,;=0.63676, (95) 


the value of v arrived at from either side of w= —2.25 
did not differ by more than one part in 10* [see the 
values of »,* listed in (92) with that given in (93) }. 

The solutions in the (u,v)-plane for a,;=0.7, 0.63676 
and 0.4 together with that derived from the integration 
of the solution from the center outwards are illustrated 
in Fig. 1. 

Once the correct solution having the behavior (94) 
at y=0, (x=), has been determined, for its trans- 
formation to obtain the desired solution which will join 
continuously the solution integrated from the center 
outwards, we have only to compare the values of x 
and/or ¢ with which the two solutions (with the chosen 
normalizations, ¢=1 at x=0 and 6=—1 at y=0) 
arrive at the locus (88) from the two sides. Thus, the 
solution integrated in the (y,0)-variables with the value 
of a; given in (95) intersected the locus (91) at values 
corresponding to 


x=1.43475 and ¢=—1.09302. (96) 


Comparing these values with those given in (93) we 
conclude that the scale of x of this solution integrated 
from infinity inwards should be contracted by a factor 
1/A, where 

A =1,43475/1.13187 = 1.26760, (97) 


while the scale of ¢ should be expanded by the factor 
(1.75627/1.09302) = 1.60680; and this latter factor is, 
to the number of significant figures retained, exactly 
the same as A”. With this final adjustment of the scales, 
the required continuation of the solution integrated 
from the center outwards beyond its intersection with 
the locus (88) has been completed. 

With the adjustment of the scales described in the 
preceding paragraph, the behavior of the solution for 


Fic, 2. Illustrating the 
solution for ¢: the curve 
labeled 3 is the locus 
(88) (¢= —2.25x-2) 
across which a solution 
for @ cannot be con- 
tinued simply. The part 
of the solution labeled 1 
is obtained from inte- 
grating from the center 
outwards while the part 
of the solution labeled 
2 is that obtained from 
integrating the solution 
from infinity inwards 
along a suitably deter- 
mined asymptotically 
linear solution. The two 
parts of the solution join 
continuously at the com- 
mon point of intersec- 
tion with the locus (88). 








x— © is given by 
o= —A®+a,x7°+0(2-5) 


= —2.03678+0.63676a?+0(x-). (98) 


The solution for @ determined in the manner de- 
scribed is given in Table I and illustrated in Fig. 2. 
Table I also includes the functions 


a (x)=3(¢—x9’), 


w(x) =3(1le0—2x0’) and w,(x)=4}(w,—2xw,,’). 


(99) 
(100) 


The function o(x) is, of course, the basic one of the 
present theory; and w,,(x) and w,(x) are related to the 
physically important longitudinal and transverse vor- 
ticity correlation functions [see Eqs. (48) and (107) ]. 

The functions o, w,,, and w, are illustrated in Figs. 3 
and 4. 

The asymptotic behaviors of the functions o(x), 
w,(”), and w,(x) for x—> © can be readily deduced 
from Eq. (98). We find 


a(x) — 2ayx? = 1.27354, (101) 


and 


(x) — w, (x) > 10a\x-? = 6.36760" (x ©). (102) 


(b) Illustration of the Solutions 


We have 
x (r,t) = Kr-4e(t/r), (103) 


and 


Qi, (r,t) ‘es (101) ay ™ Kr“, (t/r'), 


(104) 


where K is a constant. With o(x) and w,,(x) given in 
Table I, we can readily follow the evolution of these 
quantities with time. Figures 5 and 6 illustrate the 
nature of these evolutions. The fact that the infinitely 
large vortices are infinitely long lived is immediately 
apparent from these figures. 

The particular behaviors exhibited by x and Q,, at 
r=( follow from the asymptotic relations (101) and 
(102). For, according to these relations and Eqs. (103) 
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TABLE I. Functions ¢, ¢, wn, and w.. 








¢ 


(x >a*= 1.1319) 
—2.0203 1.0107 
—2.0340 1.0000 
—2.0477 0.9894 
—2.0615 0.9790 

0.9688 





(x {x*= 1.1319) 
+1.0000 0.6667 
+0.9939 0.6707 
+0.9755 0.6830 
+0.9450 0.7034 
+0.9021 0.7321 
+0.8469 0.7690 


+0.7794 0.8142 
+0.6996 0.8675 
+0.6076 0.9287 
+0.5033 0.9973 


BSSERE 


0.9586 
0.9486 
0.9388 
0.9005 
0.8640 
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+0.3870 1.0727 


+0.2590 1.1536 
+0.1197 1.2387 
—0.0305 1.3259 
—0.1907 1.4124 
—0.3600 1.4947 


—0.5372 1.5684 
—0.7207 1.6279 
—0.9085 1.6664 
— 1.0985 1.6756 
— 1.1365 1.6730 


—1.1744 1.6688 
— 1.2123 1.6629 
—1.2501 1.6550 
— 1.2877 1.6453 
— 1.3252 1.6334 


— 1.3625 1.6194 
— 1.3995 1.6031 
— 1.4363 1.5844 
— 1.4728 1.5632 
— 1.5090 1.5393 


— 1.5449 1.5127 
— 1.5803 1.4831 
— 1.6153 1.4504 
— 1.6498 1.4145 
— 1.6839 1.3752 
—1.7173 1.3323 


— 1.7502 1.2856 
— 1.7563 1.2764 


(x >x*=1.1319) 


— 1.7563 1.2764 
— 1.7667 1.2617 
— 1.7799 1.2444 
— 1.7931 1.2280 
— 1.8062 1.2124 


— 1.8194 1.1974 
— 1.8326 1.1828 
— 1.8458 1.1687 
— 1.8591 1.1549 
— 1.8724 1.1415 


— 1.8856 1.1284 
— 1.8990 1.1156 
—1.9123 1.1031 
— 1.9257 1.0908 
— 1.9391 1.0788 


— 1.9525 1.0669 
— 1.9660 1.0553 
—1.9795 1.0439 
— 1.9931 1.0327 
— 2.0067 1.0216 


+0 

+35.094 
+25.030 
+20.736 
+18.168 


+16.395 
+15.068 
+14.023 
+13.169 
+12.452 


+11.838 
+11.303 
+ 10.830 
+ 10.408 
+10.028 


+9.683 
+9.367 
+9.076 
+8.807 
+8.557 





1.4885 
1.5171 
1.5469 


1.5778 
1.6100 
1.6435 
1.6785 
1.7150 


1.7531 
1.7929 
1.8346 
1.8783 
1.9241 


1.9722 
2.0228 
2.0760 
2.1321 
2.1914 


2.2540 
2.3203 
2.3906 
2.4653 
2.5448 


2.6296 
2.7203 
2.8175 
3.0342 
3.2871 


3.5859 
3.9445 
4.3827 
5.2593 
6.5741 


8.7655 


13.1482 
19.7224 
39.4447 
78.8894 


—3.0267 
—3.1057 
—3.1873 
—3.2717 


—3.3591 
—3.4499 
—3.5441 
—3.6422 
—3.7444 


—3.8509 
—3.9623 
—4.0789 
—4.2011 
—4.3294 


—4.4643 
—4.6066 
—4.7568 
—4,9157 
— 5.0843 


—5.2634 
—5.4542 
—5.6580 
—6.1106 
— 6.6359 


—7.2540 
—7.9930 
— 8.8935 


— 10.6890 
— 13.3753 


— 17.8451 
— 26.7764 
—40.1684 
—80.3397 
— 160.6801 


0.8291 
0.7956 
0.7634 
0.7325 
0.7026 


0.6738 
0.6460 
0.6191 
0.5931 
0.5679 


0.5436 
0.5199 
0.4970 
0.4748 
0.4533 


0.4324 
0.4122 
0.3925 
0.3735 
0.3550 


0.3371 
0.3197 
0.3029 
0.2866 
0.2708 


0.2555 
0.2407 
0.2264 
0.2126 
0.1992 


0.1864 
0.1739 
0.1620 
0.1394 
0.1186 


0.0995 
0.0821 
0.0665 
0.0461 
0.0295 


0.0166 
0.0074 
0.0033 
0.0008 
0.0002 
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THEORY OF TURBULENCE 


and (104), 
x (r,t) > 2a,Krt? 
and 


Q,,(r,t) > 10a,Kt* as r—0, #40. (105) 


The foregoing formulas also describe the behavior of 
these functions for > », r~0. Thus, for any finite r 
the correlations decrease with relative time as ¢-’. 
The gradual shift of the maxima of the curves illus- 
trated in Figs. 5 and 6 for increasing ¢ and the ap- 
pearance it gives of the propagation of a wave are 
consequences of the change in the analytic character of 
the functions at x=«*. Thus, the distance r*(¢) where 
the discontinuity (either in the derivative or in the 
function itself) occurs at time ¢ is given by [see Eq. 
(91)) 
t(r*)-4= 1.13187 


or 1r*=0.83048); (106) 


this distance, therefore, moves progressively outwards. 











Fic. 3. Illustrating the dependence of the function ¢ on x. 


In Fig. 6 the evolution of the longitudinal vorticity 
correlation, {,,(r,/) and its simple discontinuity at r* 
are illustrated. If instead, we had considered the 
transverse vorticity correlation, 2,(r,t), we should have 
found that it had a pole at r=r*(t). This can be seen 
as follows: 

The transverse and the longitudinal vorticity corre- 
[ations should be related in the same way as the cor- 
responding velocity correlations since the relation in 
question depends only on the solenoidal character of 
the vectors considered. Hence [see I, Eq. (7) ] 


Q, =2,,+37rdQ,,/dr. 
With Q,, given by Eq. (104), we find that 


Q,=$Kr-*8 (w,— wu,,’) = Kr, (x). 


(107) 


(108) 


And since 2, depends on the derivative of w,,(x), it 
must have a pole at x=2*. The occurrence of a pole 
in Q,(r,t) at r*(t) is a specially noteworthy feature of 


+9 


+8 











“4 — 
Fic. 4. Illustrating the dependence of the functions wu (curve 


labeled 1) and ws (curve labeled 2) on x. At x= 1.13187 the solu- 
tion for ws has a pole of a fractional order. 


the present theory: it is probably related to the “‘inter- 
mittent” character of the vorticity in turbulence which 
has often been remarked. 


7. CONCLUDING REMARKS 
In showing that the differential equation for 0Q/dr 
is compatible with the similarity principles as for- 
24 


2.2 














Fic. 5. The evolution of x(r,t)=r~o(t/r!) for various values 
of #. The curves labeled 1, 2, 3, and 4 are for ¢=0, 0.5, 1.0, and 
2.0, respectively. 
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Fic. 6. The evolution of 
the longitudinal vorticity 
correlation Qu(r,f) =r on 
X (t/r*/*) for various values 
of ¢. The curves labeled 1, 2, 
3, and 4 are for ¢=0, 0.5, 
1.0, and 2.0, respectively. 
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mulated in Sec. 2 and that in the limit of zero viscosity 
a solution can be found which satisfies the boundary 
conditions of the problem and is unique apart from 
adjustable scale factors, we have demonstrated that the 
theory began in I has successfully met the first test of 
a deductive physical theory of turbulence. It remains 
to show that the theory can be completed by taking 
into account the effects of viscosity. For this latter 
purpose we should go back to Eq. (35), formulate the 
necessary boundary conditions and show that a unique 
solution satisfying them can be found. In this con- 
cluding section we shall briefly indicate the lines along 
which such a general solution should be sought. 

First, we may observe that a boundary condition for 
t=0 and r— 0 is obtained from Taylor’s condition" 
that at the origin, the curvature of the longitudinal 
correlation function, f, is related to ¢€ and » by 


(0° f/dr*) 0; -o= — €/15y. 


For x, this implies that 


(109) 


x(r,0) > e@/1Sy as r—-0. (110) 


If, as in Secs. 4-6 of this paper, we measure x, 7, and / 
in the units (e/v)', (v*/e)!, and (v/e)!, respectively, the 
foregoing condition takes the nondimensional form 


(111) 


x(r,0) 7/15 as r—-0. 


A boundary condition for r — @ is similarly provided 
by the solution obtained in this paper. For, 


x(r,t) > Cro(t/r) as r— forall finite ¢, (112) 


where C is a numerical constant to be determined and 
o is the function tabulated in Sec. 6. 


4G. I. Taylor, Proc. Roy. Soc. (London) A151, 421 (1935); 
quoted in I, Eq. (9). 
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A further boundary condition follows from the 


required evenness of x in ¢. This is, 
dx/di=0 for (113) 


Finally, according to the condition (28) we must 
require that 


t=0 and for all r. 


x(r,t) +0 as r— © and/— o independently. 
(114) 


It would appear that Eqs. (111), (112), (113), and 
(114) exhaust the available boundary conditions. If 
this is the case, then it will have to be shown that these 
conditions suffice to determine x uniquely and deter- 
mine the constant C. If this problem can be successfully 
solved then we shall, indeed, have a definite physical 
theory of turbulence under conditions of local isotropy. 

Apart from the further development of the theory 
along the lines sketched in the preceding paragraph, 
the extension of the methods of this paper to the equa- 
tions of hydromagnetic turbulence which have been 
recently derived'® should be of interest. 
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The phenomenological equations of motion of thermodynamic quantities, and Onsager’s minimum 
principle, are correct only to the extent that fluctuations are neglected. This paper presents a statistical 
analysis of the problem and gives a criterion for the validity of the phenomenological approximation. 
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N order to obtain both the correct time-average 

behavior and the fluctuations of nonequilibrium 
systems from a single, simple ansatz, Onsager and 
Machlup' have proposed the following: A thermo- 
dynamic variable a(/) in a nonequilibrium system spon- 
taneously approaching its equilibrium state obeys the 
Langevin equation 


Ra+sa=e(t). (1) 


(The essence of what we shall have to say can be 
adequately expressed in terms of a single, uncoupled 
variable.) R and s are the generalized resistance and 
restoring force constant, and e(/) is the (rigorously non- 
existent) derivative of a random function X(t) whose 
increment during any time interval Af is Gaussianly 
distributed and independent of the value of X at any 
time outside this interval. On the average, a(?) behaves 
like the function exp(—st/R), but individual functions 
will show random deviations (fluctuations) from this 
smooth path. 

In a stochastic model such as this, fluctuating be- 
havior of a system is, compared with smooth “phe- 
nomenological” behavior on the basis of relative prob- 
abilities. Given a law for the “phenomenological” 
variation with time of the variables of the system that 
is verified by experiment, the stochastic model is 
correct if it leads to a sufficiently high probability for 
the law to be obeyed. Now, the absolute minimization 
of the time integral of the “Onsager Lagrangian,” 


L(a,é) = R(a+sa/R)’, (2) 


is equivalent to satisfaction of the phenomenological 
equation (which is, of course, Eq. (1) with the right- 
hand side set equal to zero). Thus, to provide the 
phenomenological equation with a stochastic sub- 
stratum, it would be sufficient if the minimum value of 
the time integral of the Onsager Lagrangian were 
statistically strongly favored over all other values in 
the model. In this way the minimization principle, 
which yields the phenomenological equations of motion 
(and, in the case of more than one variable, the Onsager 
reciprocal relations as well*), would be made consistent 
* This work supported in part by Office of Naval Research, 
and by the U. S. Air Force through the Air Force Office of 
Scientific Research, Air Research and Development Command. 


1L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953). 
2L. Onsager, Phys. Rev. 37. 405 (1931); 38, "2265 (1931). 


with a formulation that does justice to the fluctuating 
character of actual macroscopic variables. 

The most direct way to analyze the probability 
distribution of the time integral /¢"Ldi is to break up 
the interval (0,7) into » equal subintervals, and find the 
distribution of a certain sum [see Eq. (33) ] which, for 
increasing ”, approaches this integral. We shall evaluate 
this distribution. The result obtained is that as n 
increases the integral does not approach a minimum at 
all but increases, without limit, with a probability that 
itself increases with m. In the limit of m infinite the 
integral is, with probability one, in fact infinite. 

This result is perfectly reliable, and corresponds to 
a very real effect. The phenomenological equations are 
a good approximation to the real behavior of systems 
only on a coarse time scale. When considered on a 
microscopically fine time scale, thermodynamic vari- 
ables do not obey the phenomenological equations, and 
fluctuations become the rule rather than the exception. 
We shall carry out a statistical analysis of the degree 
of departure from the phenomenological approximation 
as a function of the fineness of the time scale, and arrive 
at a simple criterion for the applicability of this approxi- 
mation. 


2 


We assign, to the increment of X(¢) over an interval 
At the variance 2kRAt, following Onsager and Machlup 
(k is Boltzmann’s constant). The conditional probability 
density of a(#), given a(0), is then 


(2a)-3(s/k)§(1—e27")-4 
1 s [a(i)—e-"'a(0) F 


Xexp} — 
1—¢* 
where y=s/R. 

We shall first make a few general remarks about the 
probability distribution described by Eq. (3). On the 
average, the variable a(t)—e~7‘a(0) in the exponent 
is zero, i.e., the phenomenological equation is satisfied. 
For times of the order of the relaxation time 1/7, or 
greater, the mean square deviation from the phe- 
nomenologica! value is of the order of k/s, a very small 
quantity compared to the square of any macroscopically 
observable fluctuation. (The corresponding mean 
entropy deviation, in the quadratic approximation 
S=4sa’, is $k.) For smaller times, the mean square 
deviation is increasing toward this ultimately stable 
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value; when / is small compared to 1/7, it increases 
linearly with ¢, being equal to 2(k/R)t. 

According to the preceding remarks, if a(0) is a macro- 
scopic fluctuation and ¢ is of the order of 1/+ or greater, 
a(t) is with very high probability not further from 
the phenomenological value e~7‘a(0) than a microscopic 
amount [of order (k/s)*]. Thus in evaluating the prob- 
ability of the phenomenological path, the phenomeno- 
logical end point (resulting from a given initial value) 
may be taken as highly probable, and it remains only 
to discuss the distribution of the values in between, 
i.e., to calculate the conditional probability distribution 
of paths, given initial and final values that are phe- 
nomenologically related to one another. 

In view of the fact just cited in the previous para- 
graph, it might seem that the phenomenological path 
is overwhelmingly probable, because of the following 
argument: Starting with the given a(0), one can 
proceed to construct the resulting path stepwise with 
successive small increments of the time. At the end of 
each increment, the most probable final value is the 
phenomenological one resulting from the particular 
value obtaining at the beginning of the increment. 
Thus the most probable path is a chain of segments, 
the joining-point values being phenomenologically 
related to their predecessors, and the result is just the 
phenomenological path. The main, but not the only, 
thing wrong with this argument is that the probability 
maximum favoring the phenomenological end point 
from a given initial value is strong only for times of the 
order of 1/y or greater. For decreasing increments this 
maximum becomes indefinitely weaker, which may be 
shown as follows: For small A/, the phenomenological 
decrement in a@ is ya(t)At; while the root mean square 
deviation from this decrement is, from Eq. (3), 
[2(k/s)yAt}*. The ratio of rms deviation to decrement is 


(2k/sa(0)*)*(1/A2)*. 


The first factor is small compared to one for macro- 
scopic a(0), but the second factor becomes large compared 
to one for At much less than the relaxation time. The 
increase in this ratio for decreasing time increments 
means that under fine dissection, the favoring of the 
phenomenological path gets “washed out.” This effect 
is, of course, reinforced by the fact that the more time 
subdivisions there are, the higher is the power to which 
the probability for the phenomenological path over one 
subdivision must be raised in order to get the prob- 
ability of the corresponding “chain.” All that the 
argument under discussion proves is that paths in the 
neighborhood of the phenomenological path are highly 
favored ; whereas the subsequent comments show that 
fluctuations in detail are also highly favored. In this, 
of course, there is nothing surprising. The purpose of 
this paper is merely to reduce this observation to quan- 
titative form. 
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Although we will apply our results only to paths 
having the phenomenological final value, the calculation 
is no more difficult for a perfectly general one. Thus 
we shall consider the set of paths a(¢) over the interval 
(0,r), having a common (but arbitrary) starting value 
a(0). We divide this interval into equal subintervals, 


put 
qa=eo ls, 


on=—(1—e27"!") 
Rf 


(the subscripts ” on 7, and ¢, will usually be omitted), 
and introduce the variables 
x1=a(r/n)—na(0), 
x2=a(27/n)—na(r/n), (6) 


Xn=a(r)—na([n—1 ]r/n). 
This is to be regarded as a transformation from the n 
variables a(r/n), a(27/n), ---a(r); the starting point 
a(0) is not a variable. The Jacobian of this transfor- 
mation is unity. Since the probability density in a(0) 
of a path passing through gates at r/n, 2r/n, «++, 7 
of width da(r/n), da(2r/n), ---, da(r) is (omitting the 
multiplicative constant) 

[a(r/m)—na(0)P [a(27/n)—na(r/n) P 
20 20 
[a(r)—na([n—1 ]r/n) F 
2e 
Xda(r/n)da(2r/n)-+-da(r), (7) 

the probability density in a(0) of a path characterized 
by the m increments dx, dx, ---dx, is 


1 
exp| -— 





exp} — 





vt lade + dX. (8) 


20 i=l 


We want the distribution of 


qn=L Xn". (9) 
i=l 
It will be seen that, at least formally, this quantity for 
large n becomes proportional to the time integral of the 
Onsager Lagrangian divided by n: 


ie gs rl r 
am f (atrajrai=~— f L(a,a)dt (10) 
nkR 0 


n 


(insofar as & has any meaning for paths of the type 
considered ; it is in fact undefined, but the modification 
we shall introduce later into the ansatz will also elimi- 
nate this difficulty). We shall thus have the distribution 
of the time integral of the Lagrangian in terms of that 
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of g» in the limit: 


(11) 


14 R 
f L(a,a)dt=— lim ngn. 
0 T no 


The precise quantity that we seek is the joint prob- 
ability density of g, and a(r); the latter quantity 
must be thus singled out because we are concerned 
with paths having definite values of a at the end. The 
remaining variables are to be integrated out. This is 
readily done through the use of n-dimensional polar 
coordinates. In this respect, we use as a model the 
fundamental paper by Wiener.’ In this paper, Wiener 
discusses the unconditional distribution of g, in the 
case where 7 is equal to one and a, to r/n. As n ap- 
proaches infinity, he finds that g, approaches 7, with 
probability one. We shall find a similar result. 

From a general point of view, this is not surprising, 
since g, is a sum of positive random variables. All have 
the same mean, so any individual variable is negligible 
compared to the sum if m is large. The law of large 
numbers then says that g, will tend to a sharp dis- 
tribution for large , and this distribution will, according 
to the central limit theorem, tend to a Gaussian one, 
with variance equal to the sum of the variances of the 
individual terms of the sum (we shall verify this result 
from our calculation). If only the limiting form of the 
distribution for large were needed, it would therefore 
suffice to appeal to the central limit theorem; it is, 
however, important to show that even for quite small 
n the distribution peaks very far from the minimum 
(i.e., the effect is a real one physically, as mentioned in 
the last paragraph of Sec. 1, and not a mathematical 
one holding sway only outside the realm of physical 
applicability of the principles involved—see Sec. 7); 
for this we need an explicit calculation of the distribu- 
tion for arbitrary finite ». Wiener’s calculation is, 
moreover, insufficient for our purposes in that (a) we 
have to relate our result to the variable a, and (b) we 
need a conditional probability, while he discusses only 
the unconditional case. 

Before transforming to polar coordinates, we must 
carry out another orthogonal transformation of the x’s. 
This will give a simple way of satisfying the require- 
ment that a(r) be held fixed in the integration. For 
convenience, let us put 


k=a(r)—7"a(0). (12) 


The required constancy of a(r) may be satisfied by 
requring the same of x. But it is readily seen that 


k= tatty” aot + +++ 9X%natan. (13) 
In the space whose axes are the «’s, this is the scalar 
product of the radius vector with a certain constant 
vector. Thus if polar coordinates are going to be used, 


it will be convenient to use the direction of this constant 
vector as the polar axis (in #-dimensional polar coor- 


3N. Wiener, J. Math. and Phys. 2, 131 (1923). 
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dinates there is one pre-eminent polar angle. Then the 
constancy of « will be expressed through the constancy 
of the polar angle. Using the notation (ai, a2, +--+, dn) 
for the vector having components 4, dz, «++, d, along 
the x1, %2, ---, %, axes, we put 


r= (%1,%2,°* + Xn) (14) 


and define the unit vector 
(15) 


B,, being a normalizing factor, which is readily evalu- 
ated: 


e:= B,(n""',n”,- 3 -n,1), 


1—e-trein 


B,2= (16) 


1—¢°"" 


We now transform orthogonally from the x’s to a set 
of coordinates y1, ye, -*:yn, which as functions of the 
x’s need not be specified apart from the following: (a) 
The transformation is linear and orthogonal, with 
Jacobian unity; (b) the axis of y; is given by the vector 


C1: 
(17) 


We next transform to polar coordinates, with y as 
polar axis. The form of this transformation is given in 
Wiener’s paper, as well as in some textbooks, so there 
is no need to repeat it in full here. There is a radial 


coordinate 
r= (> x7)! (18) 


and n—1 angular coordinates. All but one of these will 
be integrated out. The one that enters into our calcu- 
lation in an essential way is the polar angle, 6;, defined 


by 


M=C1'F. 


yi=r sind. (19) 


The Jacobian yields a volume element 


dx: + -dx,=dy,:+-dy,=r"" cos”*6; cos” 62: - - 


Xcos6n-2drd0;:++d0n1. (20) 


So far we have kept the full set of polar coordinates for 
the sake of the consistency of the geometrical picture 
obtained in this way. However, the angle 0; is not 
useful as such, and it is best to backtrack now and 
restore y; as a coordinate in place of @,. The Jacobian 
involved now is only two-dimensional, namely 0(¥;,r)/ 
0(6:,r). With this and 


cos6;=[1— (y:?/r?) ]}, 
and putting q, in place of r’, we finally obtain 
dx: " 


(21) 


*dXn= (Gn— yr?) "? cos” 02: + + COSA n—2 
X $dqndyid0.- dB n1. 
The desired probability density of g, and « for given 
a(0) is obtained from (8), which we write in the form 
(23) 


(22) 


e-t2¢dx)+++dxn, 


by substituting the volume element given by (22) and 
integrating over all the angles. This integration yields a 
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constant factor in the final result, which we need not 
evaluate. The resulting probability density is, omitting 
all multiplicative constants, 


e-elte(q— Bx?) (9-9) 2 (24) 


for g> B*x’; it is zero otherwise. B*x® is the minimum 
value of g, for fixed a(0) and a(r), as may be seen either 
by minimizing with respect to the intermediate values 
a(r/n), a(27/n), ---a([m—1]r/n), or directly from 
the geometrical interpretation: the vector r is con- 
strained to have Bx as its y; component, and fr’, which 
is otherwise arbitrary, cannot be less than the square 
of this component. Note that g, o, and B in (24) are 
all functions of n. 


4 


The distribution (24) has a strong zero (of order 
[m—3]/2) at the minimum value of g. It has a single 
maximum, at a value we shall call ¢: 


Q= B+ (n—3)o. (25) 


Assuming a time 7 of the order of the relaxation time, 
we shall have for the second term on the right-hand 
side of (25), when m>>1, a value independent of n: 


(n—3)o,=2(k/R)r. (26) 


If we now return to the consideration of paths having 
end points such that @ is within (&/s)? of its phenomeno- 
logical value, the first term is only 1/n as large, and we 
shall therefore neglect it. 

It is not difficult to verify the limitingly Gaussian 
form of the distribution of g, and the width of the peak 
in the Gaussian approximation. Putting 


q=q—4, (27) 
the distribution (24) becomes 
f(q')=exp(— 4/20) exp(—4q//2c) 
X[q’+(n—3)o } 
or : 


pera Cor ie Coo) 


+const. 


(28) 


(29) 


Now for 7 of the order of the relaxation time 1/y, n 
need not be very large—not more than about a thousand, 


say—for the approximation 
1—e 1 "S2y7/n (30) 


to be valid. For m large in this sense, we may write 


2 am | 


+0(| - ]) font. (31) 
2(k/R)r 


log f(q’ =—“| 
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According to (31), f(g’) will behave as a Gaussian 
function of g’, centered at zero, if the cubic term in 
q'/2(k/R)r is small compared to 1/n whenever the 
quadratic term is not (the remainder term in the series 
for log(1+<x) is known to be not greater than «”/m). 
Neglecting the cubic term, the resulting Gaussian has 
a width in the variable q’//2(k/R)r of about 2(2/n)!; 
the smallness of this quantity for m of the magnitudes 
considered justifies neglect of the cubic term. We thus 
obtain a Gaussian distribution for q’ itself, with variance 
8(k/R)*r*/n. The width of the peak is of the order of 
1/ /n times the value at its maximum. 

The fact that the distribution is asymptotically 
Gaussian in m could, of course, have been directly 
inferred from the central limit theorem. We have not 
quite proved that the probability itself, that is, the area 
under the probability density curve, tends to become 
concentrated infinitely close to the peak as m increases. 
The proof in Wiener’s paper can be adapted to the 
present case for this purpose, and the effect is indeed 
verified. 
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The failure of g, to assume its minimum value (i.e., 
B,2x*, or zero for the phenomenological end point) 
forces us to a closer examination of just what it is that 
is to be proved. In order not to mislead the reader, let 
us state immediately that we shall not in any essential 
way call into question the validity of the path dis- 
tribution law (7). It is true that this law breaks down 
when the time subdivision interval becomes of the order 
of the mean time between the elementary impulses 
that generate the motion of a(/), but we are concerned 
with an effect that makes its appearance, as we shall 
shown in Sec. 7, for time subdivisions such that the law 
(7) is a perfectly acceptable approximation. 

Thus it must be recognized that the failure of mini- 
mization is a perfectly real phenomenon. It is a result 
of the kinkiness of the fluctuating paths, and becomes 
worse and worse as the time subdivision becomes finer 
and finer, increasingly revealing this kinkiness. For if 
we form the approximate Onsager Lagrangian. 


Aa ee et 
1(« =“) -K(—+-0 
t/n t/n R 


in which the derivative @ is replaced by the difference 
quotient obtained with » subdivisions, then for the sum 
constructed in analogy with the time interval of the 
Lagrangian we shall have, with high probability,‘ 


(32) 


Aa\ +r R 
) is 1(« —) -—>—19 ,=2nk. (33) 
t/n} n 


‘ The first of these two approximate equals signs also requires 
that m be large, but in a different way from the second. The con- 
dition for the first is that contribution of the quadratic and higher 
terms in the sion of exp(—~yr/n) be negligible. Detailed 
analysis shows that this is equivalent to the satisfaction of the 
two inequalities (AS/k)<n*, and AS/k«n*. These should be 
compared with the condition (38) for the validity of the phe- 
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This sum becomes infinite in the limit (we have thus 
justified the statement made in Sec. 1), and the paradox 
now appears: This same sum must be a minimum for 
the phenomenological equations to hold. 

It is now apparent that the phenomenological equa- 
tions are not unrestrictedly valid. The more the fluc- 
tuation of the paths is taken into account, i.e., the more 
finely they are dissected (by increasing m) the more 
they are seen to depart from the smooth exponential 
solutions of the phenomenological equation 


Ra+sa=0. (34) 


The physical and mathematical interpretation of this 
effect is interesting in itself, and also points the way to 
a satisfactory resolution of the problem. For the sake 
of definiteness, let us define the “probability of a path,” 
as follows: First, the number of gates must be speci- 
fied, in advance, and it will make sense to compare 
probabilities only if all pertain to the same m. This done, 
we shall define a path as equivalent to some region of 
small volume in the x-space given by Eqs. (6). This 
volume must be small in all dimensions, and must be 
the same for all paths. A “path” is then, in effect, a set 
of m gates of known position, all individually narrow, 
and having a certain fixed value for the product of all 
the gate widths. The larger m is, of course, the more 
precisely the path is defined. 

The relative probability of a path will then be 
exp(—q,/2c,) times the standard volume. Thus paths 
of minimum gq, will have the maximum probability, and 
the probability of a given path will decrease very 
rapidly as g, increases from its minimum if is large, 
since then ¢, is small. This reasoning, however, does 
not give the probability distribution of the function q, 
at all. The number of paths available for a given range 
of gn will increase very rapidly with q,. Pictorially 
speaking, there is only one path that minimizes q,: a 
set of gates enclosing the exponentially falling function 


a(t)=e-"a(0). (35) 


If gn is allowed to be bigger, then a zigzag path is 
possible. But while there was in effect only one path, 
the smooth one close to the exponential, that minimized 
Qn, there will be many zigzag paths, all distinct, that 
can give a particular nonminimum value of it. Thus a 
very rapidly increasing combinatorial factor comes in 
to favor large values of g,. The struggle between this 
factor and the rapidly decreasing exponential tends to 
become resolved in favor of a value determined by the 
constants of the exponential that are independent of n. 
nomenological equations: AS/k>>n. The former inequalities 
put a lower limit; the last puts an upper limit on m. However, the 
first equality in (33) is not necessary for the satisfaction of the 
phenomenological equations. For the analysis below, it is suf- 
ficient that the first and second quantities in (33) be within an 
order of magnitude of each other. 

5 Equation (33) makes possible an experimental determination 
of Rand s separately. If an experimental record of a(t) is available, 
- can be evaluated from it provided only the time constant R/s 

Ww: 


hich may be found from the average rate of decay of a fluctu- 
ation) is known. 
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The situation here will be recognized, in fact, as 
mathematically exactly the same as that involved in 
the proof that the canonical ensemble of statistical 
mechanics is very similar as far as probability distri- 
butions are concerned to the microcanonical distribu- 
tion, when the number of degrees of freedom (corre- 
sponding to the number of gates in our case) becomes 
very large. 


6 


We shall now show that there is a valid approximative 
sense in which one may say that the phenomenological 
equation is true within the stochastic context. This 
equation says that the “restoring force” sa is exactly 
balanced by the “Ra drop.” The extent to which these 
are not balanced in an actual case will be measured by 
the square of the difference of these forces, summed over 
the time interval involved; but a fairer index will be 
obtained if this is divided by the square of one of the 
opposing forces, similarly summed. The quantity so 


obtained, 
Aa 27 
> (R—+«) - 
7/n n 
A= , (36) 
> (sa)?r/n 


will be small compared to unity when the phenomeno- 
logical equations are approximately valid. In evaluating 
the denominator, we assume (a) that the fluctuation is 
of macroscopic size, a(0)>>(k/s)', as before; and (0) + 
is not much greater than the time required for a(t) 
to reach the steady level of microscopic fluctuations 
(k/s)*. The deviation of a(¢) from the phenomeno- 
logical value is then large compared to the latter 
throughout the time interval. Two simplifications are 
then possible in evaluating A,: sa may (in the de- 
nominator) be adequately approximated by the smooth 
exponential function alone, and the sum (again, in the 
denominator only) may be replaced by an integral. 
When this is done and the probable value of the 
numerator is obtained from Eqs. (32) and (33), we 
obtain 





A ,&=2nk/AS, (37) 


where AS is the entropy fluctuation $sa(0)? in the quad- 
ratic approximation. The requirement for the phe- 
nomenological equations is then 


nKAS/k. (38) 


Inequality (38) is the key to the question of the appli- 
cability of the phenomenological equations. It shows 
that the answer depends on the interaction of two 
factors: The size of the entropy fluctuation relative to 
the Boltzmann constant &, and the time interval used 
for evaluating the rate of change (actually, difference 
quotient with respect to time) of a—that is, the degree 
of smoothing imposed on this rapidly fluctuating func- 
tion. The validity of the phenomenological approxi- 
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mation in everyday laboratory work is partly a con- 
sequence of the very small size of the Boltzmann 
constant compared to ordinary observable deviations of 
the entropy from its equilibrium value: It is for this 
reason usually possible in practice to take values of n 
that are large enough to give a fine subdivision of the 
time scale for approximating time derivatives, while 
still having the index A, much smaller than one. But 
our result also gives emphasis to the fact that the 
validity of the phenomenological approximation is 
partly due to an artifact, namely, the use of a time-scale 
(or observations) too coarse to reveal the fluctuations 
in most of the paths. 

In the distribution function (24) for g, we have the 
means for an exact evaluation of the probability of a 
given departure from the phenomenological laws for 
fixed m—since q, is the natural measure of this de- 
parture. It is a very satisfying feature of our result that 
this distribution becomes so highly concentrated for 
large n; a slow falloff in the probability of increasing 
departures from these laws would be at variance with 
the experimental facts. 


7 


Having obtained the result (38), we are in a position 
to discuss the matter alluded to in the first paragraph 
of Sec. 5: Namely, the fact that the Langevin equa- 
tion, and the resulting distribution of a(t), are approx- 
imate treatments of a physical process that is in reality 
discrete, rather than continuous, in the time. Because 
of this the conditional probability, Eq. (3), requires for 
its validity a value of ¢ much greater than the mean 
interval between the elementary processes that generate 
the process, not merely so that ¢ may be treated as a 
continuous variable, but so that there can be enough 
independent increments (each elementary process being 
presumably such an increment) in a(#)—e~7‘a(0) for it 
to acquire (by the central limit theorem) the Gaussian 
distribution expressed by (3). 

The question that then arises is: Does the lower limit 
on the minimum time interval expressed by the criterion 
(38) satisfy the foregoing requirement? If not, the proof 
on the criterion would not only fail—it is entirely based 
on the distribution (3)—but it would be in a sense 
trivial, in imposing a lower limit on the “phenomeno- 
logical’ time limit not much different from that imposed 
by the discrete nature of elementary processes (it 
would mean that there would be no time scale on which 
processes can be treated as if time were continuous, but 
the phenomenological equations invalid). 

It is easy, however, to show that the answer to the 
above question is “yes,” if the description through the 
Langevin equation and the resulting distribution (3) 
applies to the process at all. To make this statement 
more precise, we consider the explicit solution of Eq. 


(1): 


1 t 
a=eO)e "+ f e~%e(t—T)dT. (39) 
0 
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[ This may be obtained by a simple transformation from 
the more straightforward solution, in which the second 
term has the form exp(—~/) fo‘ exp(+-y?’)e(t’)dt’..] Now 
the distribution of ¢ is stationary and is unaffected by 
time displacement or reversal. Hence 


a’ (1) cae ee = f ‘eel T)dT (40) 
RJ, 


has exactly the same distribution as a(), and there is 
therefore no difference between the two, considered as 
random functions. 

This representation (40) has the advantage of 
making the inner structure of the stochastic (second) 
term particularly clear. It is seen to be a sum of iden- 
tically and independently distributed terms [the e(7) ] 
gathered up out of the past, and decreasingly weighted 
according to the exponential e~7” as they recede into the 
past. 

Now let us consider this term in relation to a real 
process. Insofar as the above mode of description is at 
all approximately applicable, the integral is an approx- 
mation to a sum over discrete time instants, or, 
equivalently, e(7) is not the derivative of the idealized, 
Wiener function, but a succession of discrete, identically 
and independently distributed impacts, separated on 
the average by the mean interval between the ele- 
mentary processes. Now, the integral form of the 
stochastic term contains the concept (through the 
exponential function) that stochastic, like nonsto- 
chastic, increments to a(/) decay smoothly in a “vis- 
cosity-like” fashion. But since this decay itself has its 
origin in the random elementary processes, this smooth 
approximation to the decay will be valid only if the 
average decay takes place over a time long compared to 
the mean interval between processes; i.e., the relaxation 
time is long compared to this mean interval. This con- 
dition is, of course, satisfied for those processes that we 
ordinarily call macroscopic—the ratio of the times is 
usually many orders of magnitude. 

On the other hand, however, we have seen that the 
stochastic term asymptotically approaches a value of 
the order of (k/s)*. From the discussion of the pre- 
ceding paragraph, this value must—if the theoretical 
description satisfactorily describes the fluctuations— 
contain a very large number of independently and 
(since their contribution at time / decays so slowly 
compared to the mean interval between them) over a 
long period of time fairly similarly distributed terms. 
This being the case, the mean contribution to the fluc- 
tuation of a due to a single elementary process must be 
very much less than the final value (&/s)}. It therefore 
follows that the mean interval between elementary 
processes under these conditions is in general much less 
than the mean time required to produce a fluctuation 
of order (k/s)'. Finally, it follows® that the time inter- 


6 This argument presupposes that the nonstochastic (exponen- 
tial decay) part of the a decrement due to a single elementary 
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val implied by (38) is then very much greater than that 
between the elementary processes. 


process is on the average not much greater than the stochastic 
part. If a is too large this condition will fail; but in this case 
fluctuations are unimportant, and no stochastic justification is 
needed for the Onsager minimum principle. 
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The isothermal M-H curves of magnetite in the principal crystallographic directions have been measured 
from room temperature to the Curie point. These curves give the anisotropy energy and spontaneous 
magnetization as a function of temperature. Near the Curie point the magnetizing field required to create a 
single domain is found to be <100 amp/m, giving an unambiguous experimental determination of the 
spontaneous magnetization in this critical region. Temperature increments of 0.1°C define the Curie point 
with an uncertainty of <0.05°C. In the neighborhood of the Curie point the M-H curves are very non- 
linear; replotting the data in the form of H-T curves at constant magnetization shows that in this region 
the magnetic energy can be expressed as Uy= —yoWM?/2, where W is a constant. 


I. INTRODUCTION 


ERROMAGNETIC materials are characterized by 
the existence of a spontaneous magnetic moment 

in the absence of an applied field. The observed mag- 
netization is determined by the magnitude of the spon- 
taneous magnetization of small regions called domains, 
and the relative sizes and orientations of the individual 
domains in the collection which forms the sample. 
The application of a magnetic field causes the ob- 
served magnetization to increase for two reasons: the 
domain structure tends to be eliminated, with favorably 
orientated domains growing at the expense of less 
favorably orientated ones, and finally all domains 
turn against crystalline anisotropy into the direction of 
the applied field; the magnetization within each domain 
increases, giving rise to what we will call an “induced” 
magnetization. The latter effect is negligible far from 
the Curie point, so that, when domain alignment is 
complete, the observed magnetization does not increase 
with increasing field; consequently, the spontaneous 
magnetization of the domains is easily studied by 
extrapolation to zero field from fields high enough to 
eliminate the domain structure. However, near the 
Curie point, the induced magnetization becomes appre- 
ciable, as is shown by the experimental fact that the 
observed magnetization continues to increase in fields 


* Sponsored by the U. S. Navy Department (Office of Naval 
Research), the Army Signal Corps, the Air Force (Air Matériel 
Command), and the Ordnance Materials Research Office. Repro- 
duction of this article in whole or in part is permitted for any 
purpose by the United States Government. 

{ Present address: Lincoln Laboratory, Lexington, Massa- 
chusetts. 


high enough to have already aligned the domains. The 
resulting experimental problem of separating the two 
effects of domain alignment and induced magnetization 
within a domain has remained unsolved ever since the 
classic work of Weiss and Forrer' on nickel. 

The data of Weiss and Forrer were presented in the 
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Fic. 1. Experimental data for nickel near the Curie point: 
(a) H-T curves, (b) magnetocaloric effect. o, magnetization/g; 
——, from measured M-H and AT-H curves; , extrapolated 
(after Weiss and Forrer'). 


1 P. Weiss and R. Forrer, Ann. phys. [10] 5, 153 (1926). 
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form of isothermal magnetization curves (M-H curves), 
and the increase in temperature AT in an adiabatic 
magnetization (A7-H curves). In order to separate 
domain alignment from induced magnetization, two 
courses were followed: transformation of the M-H 
curves at constant temperature into lines of H-T at 
constant magnetization; transformation of the A7-H 
curves into AT-M? curves, which requires a second use 
of the M-H curves. If the magnetic internal energy can 
be written as U y= —poWM?/2, where W is a constant 
and M the observed magnetization, thermodynamics 
gives the following general results regarding the mag- 
netic equation of state and the temperature rise AT 
during an adiabatic magnetization?: 


H= (kT/wo8)f(M/Mo)—WM, (1) 
AT= (uo/2C 1)W (M?—M,’), (2) 


where @ is an arbitrary constant, f an arbitrary func- 
tion, C, the lattice specific heat, and Mo and M, the 
observed spontaneous magnetization at absolute zero 
and temperature 7, respectively. If we now interpret MV, 
Mo, and M, as referring to a single domain rather than 
to the total observed moment, and assume the magnetic 
energy of domain alignment to be different from 
Uu=—poW M*/2, then a means of separating domain 
alignment from induced magnetization is available from 
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Fic. 3. Room-temperature M-H curves for 
single-crystal magnetite. 


2R. Becker and W. Déring, Ferromagnetismus (Edwards 
Brothers, Inc., Ann Arbor, 1943), pp. 42 and 69. 
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Eq. (1) or Eq. (2). At constant M, Eq. (1) gives H as 
a linear function of 7, with the 7 intercept giving the 
temperature of spontaneous magnetization M,; accord- 
ing to Eq. (2), AT as a function of M? is a straight line 
with an intercept of M,’ at AT=0. 

When the data of Weiss and Forrer are replotted in 
this way, the results of Fig. 1 are obtained. The curves 
are linear for high fields (corresponding to large AT’s) ; 
the curvature observed at low fields (small AT) was 
attributed to domain alignment effects. The indicated 
linear extrapolations give M,—T according to Eqs. (1) 
or (2). It is often stated in the literature that the 
magnetocaloric effect provides a way of separating 
domain alignment from induced magnetization near 
the Curie point, as opposed to any such possibility 
using the isothermal magnetization curves. The above 
results show that both methods are arbitrary and 
equally unsatisfactory, since they are both based on 
the assumption U y= —yeWM?/2 within a domain. The 
object of the present paper is to describe an unam- 








Fic. 4. Anisotropy constant K, vs temperature for magnetite 
(low-temperature data after Bickford’). 


biguous experimental method of measuring the spon- 
taneous and induced magnetization of a single domain 
in the critical region near the Curie point. 

Domain alignment proceeds by two mechanisms: 
domain wall motion, and rotation against crystalline 
anisotropy of the magnetization within a domain. It is 
well known that wall motion in a single crystal is com- 
pleted in very low fields, resulting in correspondingly 
low-field saturation in an easy direction of magnetiza- 
tion.’ Furthermore, as the temperature is increased, the 
field required for wall motion becomes smaller. Theo- 
retically, easier wall motion is expected because of 
decreasing magnetostriction, strain, and anisotropy; 
experimentally it is observed as a decrease of coercive 
force and disappearance of hysteresis with increasing 
temperature. Thus, by using a single crystal, the 
spontaneous and induced magnetization within a do- 
main can be measured near the Curie point undisturbed 
by domain effects. 


os) Honda and S, Kaya, Sci. Repts. Tohdku Univ. 15, 721 
(1926). 





MAGNETIZATION OF MAGNETITE SINGLE CRYSTAL 


Il. EXPERIMENTAL 
1. Procedure 


The isothermal magnetization curves of a single 
crystal of magnetite were measured from room tem- 
perature to the Curie point. The measurements were 
made with a newly developed vibrating-coil mag- 
netometer.‘ The principle of operation of this instru- 
ment is shown in Fig. 2. A small sample of magnetic 
material in an external magnetizing field becomes a 
magnetic dipole. The magnetic field of this dipole is 
converted into an ac electrical signal by means of a 
coil vibrating along the axis of the dipole and at a 
distance far enough away to allow room for tempera- 
ture-generating apparatus around the sample. The 
signal is amplified and recorded by standard techniques. 
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Fic. 5. M-H; curves in the [111] direction from room temperature 
to the Curie point for single-crystal magnetite. 


The major problem in making a practical instrument is 
elimination of the signal induced by the curvature of 
the magnetizing field. A complete description of the 
vibrating-coil magnetometer is given in reference 4. 

The sample was an oblate spheroid cut from a syn- 
thetic single crystal of magnetite grown in this labora- 
tory. The minor axis of the spheroid pointed in the 
[110] direction; the ratio of major to minor axis was 
4.77 and the calculated demagnetizing factor N was 
0.129. 

Magnetite is a brittle ceramic which has to be shaped 
by grinding. In order to make an accurate ellipsoid, 
a flat disk with its normal in the [110] direction was 
fastened with wax onto a rotating spindle and mounted 


4D. O. Smith, Rev. Sci. Instr. (to be published). 
5 J. Smiltens, J. Chem. Phys. 20, 990 (1952). 
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Fic. 6. M-H curves in the [111] direction near the Curie point 
for magnetite single crystal. 


in a microprojector, which cast an enlarged shadow 
outline of the shape. The rotating sample was shaped 
by a small counter-rotating grinding wheel guided by 
hand. Grinding proceeded until the shadowgraph coin- 
cided with a calculated ellipsoidal curve. Special waxing 
and transfer techniques allowed both faces of the disk 
to be shaped in succession. At the high magnification 
used (30X), the final departure from ellipsoidal shape 
was nowhere greater than 0.0005 in. 

During measurement, the sample was heated in a 
small water-cooled furnace; in order to eliminate tem- 
perature gradients in the sample, it was placed in a 
copper thimble within the furnace. Sample temperature 
was measured with a standard thermocouple and 
potentiometer. To prevent any change in the oxidation 
state of the sample, the equilibrium atmosphere of CO 
and CO: was provided at each temperature.® 


2. Experimental Results 


The magnetization curves in the three principal 
crystallographic directions were measured from room 
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Fic. 7. H-T curves in the [111] direction for magnetite near the 
Curie point (from the experimental data of Fig. 6). 





o 
S 





MEASURED 








2822888 8 88 








Pe re ie oF 2S Se ee ee 
Oe. a ie Rp as Fe ee Mee Gee 8S 


5 
Wig *'0 


8 


CALCULATED 





Sie, 
1) 574.64 
2) 575.10 
3) 575.25 
4) 575.30 
5) 575.48 
6) 576.42 


. 
= nh M/Mo + H/WMo 


Te +575.25°C 








| 
2 ey Se Be 
H 


Dice aes er ok Oh we Per iss Der We Be Oe L 
' 2 3 


x 10° 


Fic. 8. Comparison of measured and calculated M-H curves in the [111] direction for magnetite near the Curie point. 


temperature to the Curie point. Typical curves recorded 
by the vibrating-coil magnetometer are shown in 
Fig. 3.6 The first-order anisotropy constant is found 
from the area between the curves for the [110] and 
[100] directions, and is shown in Fig. 4 as a function 
of temperature. The low-temperature data of Bickford’ 
are included for completeness. 

Representative results for the M-H; curves in the 
[111] direction from room temperature to the Curie 
point are shown in Fig. 5 (internal field H;=H— NM). 
M-H curves near the Curie point are shown in Fig. 6. 


Ill. INTERPRETATION 


First let us estimate the influence of domain align- 
ment on the curves of Figs. 5 and 6. The sharp curvature 
in the magnetization curve at 12°C for fields of less 
than 20 ka/m is certainly due to domain alignment; 
annealing at 600°C reduces the internal strain so that 
subsequent magnetization at 12°C gives a single domain 
in a field of 10 ka/m. As the temperature is increased, 
the curvature in low fields becomes less sharp, and the 
induced magnetization begins to become apparent in 
the gradual slope of the M-H curves at higher fields 
(see T=553°C and 566.3°C). The magnetization curve 
at 574.64°C shows no trace of domain alignment on 
the scale of H used in Fig. 5, although the induced 
magnetization in low fields is becoming more important ; 
a magnified H scale showed that the domains were 
removed in <100 amp/m. Thus, the data of Fig. 6 in 
the immediate neighborhood of the Curie point are to 
be interpreted as a direct measure of the spontaneous 
and induced magnetization of a single domain. The 
Curie point lies between the last experimental curve 
which has a spontaneous moment and the first one for 


6 mks units will be used here [1 oersted = Ceeeen) amp/m]. 
7L. R, Bickford, Jr., Phys. Rev. 78, 449 (1950). 


which there is no spontaneous moment, i.e., between 
575.09°C and 575.30°C. This defines the Curie point to 
<0.1°C; more data are available which reduce this 
uncertainty to <0.05°C. The Curie point has been 
taken as 575.25°C. Of course, the temperature was not 
determined to this degree of absolute accuracy but only 
relative to the particular thermocouple used. 

In order to determine if the experimental data can 
be represented by Uy=—poWM?/2, the H-T curves 
obtained from Fig. 6 are shown in Fig. 7. The best 
representation of these data are straight lines, so that 
over the limited range of H and T for which data are 
available, W can be considered a constant. 

The Weiss theory of ferromagnetism interprets the 
constant W in terms of an internal field proportional to 
WM and £ as the dipole moment of a magnetic carrier 
(electron spin). The resultant equation of state is 


M M/M,+H/WM, 
tanh ), 
a/is 


(3) 





0 


with 7,=Curie temperature and W=kT,/uoMo. For 
magnetite 7,=848°K, My=512 ka/m, which gives 
W=1.97X10°. The magnetization curves calculated 
from Eq. (3) are compared with the experimental data 
of Fig. 6 in Fig. 8; the H scale is replotted in terms of 
H/WM,=9.90X10-"H. It is seen that the general 
features of the two sets of curves are the same, although 
detailed correspondence is lacking; the experimental 
induced-magnetization is of the order of twice the 
theoretical value. 

The spontaneous magnetization as a function of tem- 
perature in the immediate vicinity of the Curie point 
is shown in Fig. 9. It is seen that with temperature 
increments of 0.1°C the transition from the ferromag- 
netic to the paramagnetic state is completely sharp. 
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Fic. 9. M,/Mo vs T in the [111] direction near the Curie point for single-crystal magnetite. 


The effect on the observed magnetization of a field of 


50 ka/m is also shown. 


IV. CONCLUSIONS 


A single crystal of magnetite has been measured with 
the newly developed vibrating-coil magnetometer to 
yield an unambiguous determination of the spontaneous 
magnetization of magnetite near the Curie point. How- 
ever, near the Curie point there is no observable 
anisotropy (see Fig. 4); hence, there are no longer any 
preferential domain directions, and alignment in weak 
fields would be expected to occur also for polycrystalline 
samples. This is substantiated by the measurements of 
Potter on iron near the Curie point.* Potter found the 
same magnetocaloric effect in single-crystal and poly- 
crystalline iron. Deviations from the Weiss theory were 
attributed to domain alignment effects; however, if 
domains were important, we would expect different 
results for the two samples. If domains do not play a 
large role in the magnetization curves near the Curie 
point, then the data of Weiss and Forrer for nickel 
should be reinterpreted. Additional measurements on 


8H. H. Potter, Proc. Roy. Soc. (London) A146, 362 (1934). 


both polycrystalline and single-crystal magnetite and 
nickel are needed in order to resolve this question. 
The transition from the ferromagnetic to the para- 
magnetic state in magnetite has been found to be 
sharper than is revealed by temperature increments of 
0.1°C; these increments are an order of magnitude 
smaller than those used in any previous study of a 
ferromagnetic Curie point. The question arises as to 
the ultimate sharpness of the magnetic transition. One 
can imagine that between the ferromagnetic state, 
characterized by long-range order, and the paramag- 
netic state, which is to a first approximation completely 
disordered, there might be intermediate stages of short- 
range order which could have a spontaneous moment. 
This might be revealed by the lack of a sharp Curie 
temperature. Experiments are therefore planned to 
determine the precise nature of the magnetic Curie 
point by using temperature increments of 0.01°C. 
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Measurements of the optical absorption of copper and silver are made over the wavelength range 0.3-3.34 
at a temperature of 4.2°K where the classical mean free path of the conduction electrons is much greater 
than the depth of penetration of the electromagnetic field. The absorptivity is determined calorimetrically, 
i.e., from the temperature rise produced in the sample by the absorption of the incident radiation. In the 
infrared (A>1.5u) the absorptivity, A, is found to be independent of wavelength. The measured values, 
A=0.0050 for copper and A = 0.0044 for silver, are in good agreement with the values obtained from theory. 
These results suggest that the infrared absorptivity results from absorption of photons by conduction elec- 
trons (a) during diffuse internal reflection of the electrons from the surface of the metal and (b) during 


phonon-generating collisions in the skin-depth layer. 





CCORDING to the classical Drude-Lorentz 
theory’ the interaction of the conduction elec- 

trons of a metal with electromagnetic radiation incident 
normally on the metallic surface leads to an absorptivity 


Aei= (m*/ane?*)*(00/1), (1) 


where m*, n, e, and / are the effective mass, density, 
charge, and mean free path, respectively, of the con- 
duction electrons and % is the Fermi velocity. This 
theory, which is valid so long as the electron mean free 
path, /, is small compared to 6, the skin depth of pene- 
tration of the field, predicts that the absorption should 
decrease without limit as / increases. However, experi- 
mental measurements reveal that the absorptivity of 
metals at liquid helium temperatures is the same order 
of magnitude as at room temperature, even though / 
has increased by orders of magnitude over its room 
temperature value. This effect, which has been called 
“the anomalous skin effect,” results from the circum- 
stance that />6, and consequently the classical theory 
is not valid. The quantitative theory of the anomalous 
skin effect was developed formally by Reuter and 
Sondheimer*® for the cases of diffuse and specular 
internal reflection of electrons at the surface of the 
metal. Using energy balance considerations, Holstein® 
derived simple formulas for the absorptivity of metals 
in the optical region which agreed with Reuter and 
Sondheimer’s specular reflection results but gave a 
larger value of absorptivity for the case of diffuse 
reflection. Subsequently, Dingle‘ simplified Reuter and 
Sondheimer’s formal expressions and obtained expres- 
sions in agreement with those of Holstein. 

The only available experimental measurements in the 
optical region were those of Ramanathan,® who had 
measured the absorptivity of copper for room tempera- 
ture radiation (A~14,) and obtained a value A = 0.0062. 
This result is in order to magnitude agreement with the 

1 See, for example, A. H. Wilson, The re fa Metals (Cam- 
= University Press, Cambridge, 1936 and 1953). 

E. Reuter and E. H. Sondheimer, ee. Roy. Soc. 
(London) Atos 336 (1948). 
3T. Holstein, Phys. Rev. 88, 1425 (1952). 


*R. B. Dingle, Physica 19, 311 (1953). 
5K. G. Ramanathan, Proc. Soc. (London) A65, 532 (1952). 


theoretically predicted value A~0.003. In order to 
investigate the problem in greater detail, the present 
experiment was devised to measure the absorptivity of 
metals as a function of wavelength over the visible and 
near-infrared regions. 


I. EXPERIMENTAL APPARATUS 


The basis of the absorption measurements is calori- 
metric, i.e., the energy absorbed on the surface of a 
metal sample is determined from the rise in temperature 
of the specimen. A schematic diagram of the apparatus 
is given in Fig. 1. Part (a) illustrates the over-all ap- 
paratus while part (b) represents an enlarged view of 
the measuring section which is immersed in liquid 
helium. 

The source of radiation is a 1000-watt incandescent 
tungsten projection lamp. The desired wavelength is 
obtained either by the use of filters or by means of a 
Gaertner infrared monochromator. The light is trans- 
mitted through an optical system consisting of four 
quartz lenses and focused on the polished surface of the 
target at an angle of incidence of 15°. The radiation is 
then reflected onto a gold black absorbing surface,® 
whose absorptivity is greater than 99% over the wave- 
length range of the present experiment. 

The target and the black absorber are threaded into 
stages made of copper; imbedded in each stage is a 
carbon resistance thermometer’ and a heater winding 
consisting of 100 ohms of manganin resistance wire. 
Each stage is supported by thin-walled stainless steel 
tubing which is connected to the base. Heat leaks be- 
tween the stages and the base take the form of copper 
wires of the proper conductance to give thermal time 
constants of ~10 seconds for each stage. Stray radiation 
which might get by the target is prevented from reach- 
ing highly absorbing surfaces on the target stage by a 
blackened stop which is attached to the base. The base 
also contains a resistance thermometer. The electrical 

® See, for example, L. Harris et al., J. Opt. Soc. Am. 38, 582 
(1948). The author is indebted to M. Garbuny for the preparation 
of the gold black surfaces. 


7 Allen-Bradley Company, Milwaukee, Wisconsin, 56-ohm, 
$-watt carbon resistor. 
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leads from the various heaters and thermometers are 
of 0.003-inch diameter niobium wire to minimize heat 
generation and thermal conduction in the leads. The 
electrical leads are connected to an 18-lead Kovar-glass 
vacuum-tight plug which is attached to the base plate. 
The vacuum seal between the measuring section and the 
outer envelope of the apparatus is made by means of a 
gold O-ring clamped between beryllium-copper flanges. 
The apparatus is evacuated by means of an oil diffusion 
pumping system in order to prevent significant gas 
conduction between the stages. The values of the 
various resistance thermometers and of the dc power 
in the heaters are measured by means of a precision 
potentiometer. 


Il. EXPERIMENTAL OPERATION 


In order to determine the absorptivity of the target 
for a particular wavelength, the appropriate filter (see 
the transmission curves of Fig. 2) is used with the 
incandescent source running at a temperature which 
gives between 10~* and 10~* watt of power incident on 
the target. After steady state is reached the values of 
the resistance thermometers in the target and the ab- 
sorber stages and in the base are measured. It is found 
that, in addition to the substantial rises in temperature 
of the target and the absorber stages (~0.01°K), the 
base temperature rises slightly above the bath tempera- 
ture (~0.001°K) as a result of the noninfinite thermal 
conductivity of the liquid helium in contact with the 
base plate. With the source turned off, the values of 
each of the three thermometers are again measured. 
Power is then applied to the target heater to reproduce 
the temperature difference obtained with the source on. 
In similar fashion, power is applied to the absorber 
stage heater to reproduce its temperature rise. The 
power in each stage is measured. Then, with both 
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Fic. 1. (a) Schematic diagram of the over-all apparatus. (b) 
Enlarged view of the measuring section, which is immersed in the 
liquid helium bath. The symbols H and T refer to dc heaters and 
carbon resistance thermometers, respectively. 
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Fic. 2. Relative transmission curves of the various filter systems 
used with the incandescent source. Numbers 1-8 are Corning 
glass narrow band-pass filters, number 9 consists of a germanium 
filter together with the quartz optics of the apparatus, and number 
10 results from the quartz optics’ transmission of energy from the 
source running at 780°K. The curve G represents the band trans- 
mitted by a Gaertner infrared monochromator which transmits 
sufficient energy from the source for measurements over the 
range 1.2 to 2.0u. 


heaters turned off, the value of the base resistance 
thermometer is once again measured to be certain that 
the bath temperature did not drift in the course of the 
measurements. Using this procedure, one obtains data 
which are reproducible to within two percent. 


III. MEASUREMENTS 


The measurements of the absorptivity of copper and 
of silver are shown in Figs. 3 and 4. The preparation of 
the samples of high purity copper and silver is described 
in detail in the appendix. The radiation from the source 
(unpolarized) is incident on the target at an angle of 
15° from the normal; therefore the data of Figs. 3 and 
4 are multiplied by the factor 1.033 to obtain the ab- 
sorptivity at normal incidence.*® Figure 3 exhibits the 
band absorption found at the shorter wavelengths in 
copper and silver. The filters used (see Fig. 2) are not 
sufficiently sharp in wavelength selection to give the 
accurate shape of the absorption bands, but the curves 
are in agreement with the general picture of broad 
absorption bands t 0.45u in copper and at 0.27 in 
silver.® It is interesting to note that in Fig. 4, which 
shows the data on an expanded absorptivity scale, it is 
clear that the absorption bands do not disappear at 
0.5-0.6u but extend weakly to ~1.5u. In many of the 
previous studies® this behavior was masked by sub- 
stantial long wave absorption in the imperfect surface 
layer produced by mechanical polishing. The “tailing” 
of the absorption bands found in the present work may 
result from the contribution of “indirect” electronic 
transitions (Krinai%Kinitia!) involving phonon genera- 
tion”; however, in view of the complicated structure of 
the conduction bands of copper and silver,' other ex- 
planations are possible. 

At long wavelengths (>1.5u) the absorptivity be- 
comes independent of wavelength ; the normal incidence 

8 This correction is obtained by calculating the average decrease 
in the field inside the metal as a result of the oblique incidence of 
the unpolarized light. For small angles, 8, from the normal the 
correction is 1+ 46. 

® See, for example, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), p. 655. 


This process has been suggested for germanium; see Hall, 
Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 





MANFRED A. BIONDI 





Absorptivity 


Silver 








Wovelength (microns) 


Fic. 3. Absorptivity versus wavelength of polycrystalline 
-— les of > wb aone! and silver at 4.2°K and at an angle of incidence 
° from the normal. 


value for copper is 0.0050 and for silver is 0.0044. The 
value for copper differs by 20% from the value reported 
in an earlier paper"; however, elimination of an error 
in the earlier measurement procedure leads to good 
agreement (within 4%) with the present results. 

We attribute the infrared absorptivity of silver and 
copper to the interaction of the “free” conduction 
electrons with photons in the skin-depth layer near the 
surface of the metal. The experimental results are 
compared with theoretical predictions in Sec. V. 


IV. THEORY 


The theory for the “anomalous skin effect,” i.e., the 
absorption of electromagnetic energy by conduction 
electrons for the case that />6, has been developed by 
a number of investigators.>* In these formulations, 
which treat the electromagnetic radiation classically, 
the optical (high frequency) absorption is the result of 
the motion of conduction electrons from the interior 
into the skin-depth region near the surface of the 
metal, where they acquire an oscillatory energy from 
the field. The electrons then make a collision with the 
surface of the metal and are “reflected” either specularly 
* or diffusely back into the interior of the metal. As a 
result of the surface collision a part or all of the oscil- 
iatory energy is converted to random or thermal energy 
of the electron which is later imparted to the lattice in 
the interior of the metal. 

For the optical region, Holstein has obtained a very 
simple expression for the absorptivity, A, in terms of the 
fraction p of electrons which are specularly reflected, 
(1—) being diffusely reflected? : 


2xne* 
nit 
m* ue 


\i+ 1 ~ 2 
5 (1-9) ae (2) 


1M. A. Biondi, Phys. Rev. 96, 534 (1954). In this earlier work 


the data were im ly corrected for the effect of leakage radia- 
tion striking the surfaces of the target stage. When this cor- 
rection was redetermined, using improved measuring methods, a 
value A = 0.0048 was obtained for copper. In the present apparatus 
the correction for leakage radiation is small (<3%) as a result of 
the effective stop placed just behind the target surface. 


where w is the radian frequency and ¢ the velocity of 
light. If one substitutes numbers into Eq. (2), one finds 
that in the optical region, unless # is very nearly unity, 
the second term (diffuse reflection) is much larger than 
the first term. In practice, it is found that in the radio- 
frequency,'* microwave,'* and optical regions the best 
agreement with theory is obtained for completely 
diffuse (p=0) reflection. 

It has been shown™ that an identical result for the 
optical absorptivity is obtained when the problem is 
formulated quantum mechanically. From this stand- 
point, the “free” conduction electrons are unable to 
absorb a light quantum directly because of the require- 
ment of momentum and energy conservation. It is 
necessary that the electron make a scattering collision 
(provided by the diffuse reflection at the surface) to 
satisfy conservation conditions. 

One can obtain an approximate expression’ for the 
anomalous skin-effect absorptivity from the usual 
classical formula [ Eq. (1) ] for the diffuse reflection case 
by noting that each transit of the electron through 
the skin depth region results in one scattering collision 
(at the surface). Thus, the mean free path for scattering 
in the classical formula is replaced by 


le~26= 2(m*c? /4arne?)}. (3) 
Substituting this value of / into Eq. (1), one obtains 
Aan™00/¢ (4) 


for the anomalous absorptivity, which differs only by 
the numerical factor 3 from the exact expression, 
Eq. (2). 

The experimental work of Ramanathan yielded a 
value for the absorptivity of copper(A =0.0062) which 
was in order-of-magnitude agreement with the pre- 
dictions of the theory of the anomalous skin effect 
(A =0.0029).1* However, in the present work we obtain 
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Fic. 4. Absorptivity versus wavelengths of polycrystalline samples 
of copper and silver at 4.2°K and a 15° angle of incidence. 


12M. P. Garfunkel and L. J. Varnerin. Phys. Rev. 99, 1647(A) 
(1955). 

13 R, G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952). 

™“R. Wolfe, Proc. Phys. Soc. (London) A68, 121 (1955). 

16 T. Holstein, Phys. Rev. 99, 1647(T) (1955). 

16 See discussion in Sec. V. 
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a value A = 0.0050 which, while in better agreement with 
theory, still exhibits a discrepancy well outside of 
expected experimental and theoretical errors. This re- 
sult has led to a re-examination!’ of the problem of 
optical absorption under conditions in which the 
“classical” mean free path for electron scattering is 
much larger than the skin depth. At low temperatures, 
the lattice is in zero-point vibration and thus the 
phonons, which contribute strongly to electron scatter- 
ing at ordinary temperatures, are absent. However, 
there is still the process in which an electron in the skin- 
depth region absorbs a photon and then interacts with 
the lattice to generate a phonon to permit conservation 
of energy and momentum. It is found that the mean 
free path for such a process is comparable to the skin 
depth. This “volume collision” (as opposed to the sur- 
face collision of the anomalous skin effect) absorption 
is given!” by a formula identical to the classical form 
of Eq. (1), i.e., 


A,y= (m*/xne*)*(1/rets) (S) 


except that the usual conductivity relaxation time, r, is 
replaced by an effective time, ter, given by 


rett=5/2(Tr/O), 


where r is the conductivity relaxation time at a tempera- 
ture T, large compared to the Debye ©. Thus the total 
absorptivity of a metal is equal to the sum of the 
contributions from surface scattering of the electrons, 
Eq. (2), and scattering in the skin-depth volume, 
Eq. (5). 


V. DISCUSSION 


The measurements given in Figs. 3 and 4 refer to 
polycrystalline samples of copper and silver. In earlier 
studies of copper'! no difference in absorptivity was 
found between polycrystalline and single crystal sam- 
ples. The measured values for copper and silver at long 
wavelengths (A> 1.5u) are compared with the theoreti- 
cal values calculated using Eqs. (2) and (5) in Table I. 
The values used in these equations are, for copper and 
silver, respectively: m*/m=1.38 and 0.96,!° n,.=8.5 
X 107? and 5.9 10” per cc,! @= 344 and 225°K,}* and 
Tr=1.0X10-" and 1.5X10-" °K-sec.!!* Copper and 
silver were chosen because of the greatly differing 
surface and volume contributions to their absorptivities. 

The agreement between theory and experiment con- 
cerning the absolute magnitude of the absorptivities is 
within the combined uncertainties of the theoretical 
calculation and the experimental measurements. In 
addition, the observed lack of dependence of absorptiv- 
ity on wavelength over the range 1.5-3.3y is in accord- 
ance with the theoretical prediction that both surface 
and volume absorption by the conduction electrons are 


17 T, Holstein, Phys. Rev. 96, 535 (1954). 
18 W. S. Corak et al., Phys. Rev. 98, 1699 (1955). 
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TABLE I. Comparison of the theoretical and experimental values 
of absorptivity. 











Theory 
Metal Surface Volume Total Experiment 
Copper 0.0029 0.0020 0.0049 0.0050 
Silver 0.0036 0.0009 0.0045 0.0044 








not frequency dependent. Finally, over the extremely 
limited temperature range attainable with the present 
apparatus, 4.2-3.4°K, the absorptivity is found to be 
independent of temperature, in agreement with theory. 
These results lead us to conclude that at low tempera- 
tures and at optical frequencies the significant processes 
which lead to the absorption of photons by conduction 
electrons involve diffuse scattering of the electrons 
from the surface of the metal and phonon generating 
collisions in the skin-depth volume. 
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APPENDIX. PREPARATION OF THE COPPER 
AND SILVER SAMPLES 


The copper targets were fabricated from high-purity 
(99.999+-%) copper from the American Smelting and 
Refining Company and from a sample of commercial 
OFHC copper which was found to have a low impurity 
content. The silver samples were 99.98% pure material 
supplied by the Handy and Harmon Company. The 
impurity content in these specimens was sufficiently 
small so that the electron mean free path at 4°K, deter- 
mined from resistance measurements, was ~10-* cm, 
more than 100 times greater than the electromagnetic 
skin depth (~2X10~* cm) at optical frequencies. The 
copper targets were machined from single-crystal and 
polycrystalline zone-melted stock. The silver targets 
were machined from vacuum melted ingots. The copper 
and silver targets were faced with a diamond cutting 
tool, mechanically polished with metallographic polish- 
ing paper, and electropolished to remove abrasives in 
the surface layer. They were then annealed for ~10 
hours either in vacuum or in a hydrogen atmosphere 
at ~30°C below their melting points. They were then 
electropolished, multiply rinsed in absolute alcohol and 
boiled distilled water, and mounted in the apparatus 
under a helium atmosphere to prevent oxidation. Before 
mounting, the target surface was examined under mag- 
nification for flaws or surface films by the use of 
grazing incidence illumination. It was found that tar- 
gets with a noticeable film on them consistently gave 
slightly higher (~10%) values of absorptivity. 
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Rectangular cleaved samples of potassium and sodium chloride 
crystals having dimensions of about 12X10X1.5 mm were 
irradiated for times up to three hours with x-rays (48 kv at 18 ma) 
from a molybdenum target tube passing through a beryllium 
window at room temperature in air and in helium atmospheres. 
The crystals were placed in a thermostatted enclosure regulated 
to within 0.01°C. The crystals were about 2} in. from the x-ray 
tube beryllium window. The change in length of the largest dimen- 
sion of the crystal was measured during and after the irradiation 
by a capacitance-type dilatometer with a sensitivity of 10-* cm. 
A series of measurements were carried out employing different 
times of irradiation and it was found that the relation between 
the relative linear expansion of the crystal and the optically deter- 
mined average concentration of F-centers was linear with a 


constant of proportionality remarkably close to the value of 
d*/12, where d is the lattice constant of the crystal. There was a 
time delay of about 20-30 minutes before the expansion could be 
detected. This time delay was increased by plastic deformation. 
The results did not depend on the fraction of the crystal volume 
which was irradiated. The rate of formation of a certain F-center 
concentration in the irradiated portion of the crystal was directly 
proportional to the fraction of the volume exposed to the irradi- 
ation. In partially irradiated crystals, the rate of formation of 
F-centers in the nonirradiated portion upon subsequent irradi- 
ation was greatly increased by the presence of the adjacent 
irradiated part. The merits of possible models to explain these 
results are discussed. 





T is well known that the irradiation of alkali halide 
crystals with x-rays results in the formation of a 
large number of F-centers. At the same time a decrease 
in the density and an increase in the dimensions of the 
crystal upon x-ray irradiation has been observed by 
Estermann, Leivo and Stern,' Sakaguchi and Suita,’ 
and Witt.* This change in density or the expansion of 
the crystal is generally associated with the formation 
of vacancies upon x-ray irradiation. The aforemen- 
tioned experiments, however, gave only qualitative and 
somewhat inconsistent results. It was thought that the 
inconsistencies may be due to the high x-ray intensities 
employed in these experiments which resulted in the 
rapid formation of a very large number of F-centers and 
vacancies. This paper is concerned with a study of the 
effect of x-ray irradiations of weak intensities, which 
cause the slow formation of F-center concentrations of 
less than 10'7/cc, on the linear dimensions of KCl and 
NaCl single crystals. It was hoped that such experi- 
ments would yield somewhat more quantitative and 
consistent results and thus would enhance our knowledge 
of the mechanism by which alkali halide crystals 
expand upon x-ray irradiation. 


* Partly based on a dissertation in physics presented to the 
faculty of the graduate school of the University of Pennsylvania 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

t This work was supported by the U. S. Air Force through the 
Office of Scientific Research and the Air Research and Develop- 
ment Command. 

t Now at Sylvania Electric Products, Inc., Bayside, Long 
Island, New York. 

1 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949). 

( 2 agape and T. Suita, Tech. Repts. Osaka Univ. 2, 177 
1952). 

*H. Witt, Nachr. Akad. Wiss. Gottingen Math.-Phys. KI. 

IIA, 17 (1952). 


I, LINEAR EXPANSION OF THE CRYSTAL AS A 
FUNCTION OF TIME OF X-RAY IRRADIATION 


Experimental Procedure 


The experiments were performed on thin rectangular 
slabs, cleaved from single crystals of NaCl and KCl 
obtained from the Harshaw Chemical Company. The 
direction of the x-ray beam was perpendicular to the 
largest (100) face, i.e., parallel to the thinnest dimension 
of the specimen. The dimensions of the samples used 
were approximately 12 mmX10 mmX1.5 mm. 

The linear expansion of the crystals was measured by 
determining the change in capacitance of a parallel 
plate air capacitor, one plate of which was partly 
supported by the sample (Fig. 1). The plates P; and 
P; of the air capacitor were made of invar; the space 
between these two plates was about 10 cm. The 
diameters of the upper and lower plates P; and P2 were 
approximately 1} inches and 1 inch, respectively, and 
their thickness was } inch. The upper and larger plate 
was supported by three invar legs resting on a 
“Mykroy” plate. The lower plate P: was supported by 
two invar legs and the crystal specimen S, which were 
placed on the same “Mykroy” plate. For calibration 
purposes, the lower plate rested also on an auxiliary 
leg / which was connected to a screw of 40 threads per 
inch fastened to the prism table of a spectrometer. With 
this arrangement, the screw could be turned through 
very small angles and the angles read to great accuracy 
on the spectrometer scale. The change of capacity of 
the air capacitor was detected by an ac capacitance 
bridge (proximity meter‘), and recorded on a Brown 
“Electronik” recorder. Before each experiment, the 
apparatus was calibrated mechanically by turning the 
screw mounted on the spectrometer plate through 


* Changes in capacitance as small as 0.001uuf can be detected 
with this instrument. 
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known amounts. The calibration was further checked 
by measuring the known coefficient of thermal expan- 
sion of these crystals. The mechanical and thermal 
calibrations agreed with each other to within about 
1%. Expansions down to 4.3 10-* cm could be meas- 
ured directly with this instrument by estimating the 
scale of the proximity meter to one-fourth of each 
division. However, when the meter was replaced by a 
Brown recorder, expansions of 10-* cm could be 
detected. 

In order to eliminate thermal expansion effects, the 
sample condenser was surrounded by a furnace, and 
the temperature in this furnace was regulated to better 
than 0.01°C by a temperature control unit. The ap- 
paratus shown in Fig. 1 and the x-ray tube were 
placed in a box, which was thermostatically controlled 
to within 0.1°C. After the crystal was inserted in the 
apparatus in the proper position and the proximity 
meter calibrated, the entire unit was stabilized to within 
0.01°C at a temperature about 2°C above room tem- 
perature, while the cooling water of the x-ray machine 
was kept running continuously. In the runs reported 
on in this paper it is believed that the temperature 
remained constant to within 0.001°C. The x-rays were 
produced from a molybdenum target tube (48 kv at 
18 ma) and entered the unit through the window W 
which was made of a piece of ceramic tube 1§ inches 
long and 1 inch in outside diameter. Both ends of the 
tube were closed with beryllium sheets and the crystal 
was placed 2} inches from the window of the x-ray 
tube. The beam was kept on for a period of 2 to 3 hours. 
After the x-rays were turned off, the recorder was kept 
in operation for another hour and the cooling water of 
the x-ray unit kept running, in order to check whether 
any heating effects had occurred. 

The linear expansion was measured as a function of 
the time of x-ray irradiation along either one of the 
large dimensions. In our experimental arrangement, 
irradiation of the order of two hours resulted in a linear 
expansion A/ of approximately 5X 10-7 cm and thus in 
a strain Al// of 5X 10-7. 

Most of the experiments were carried out in air, but 
in order to exclude the possibility of the oxidation of 
the crystal surfaces in our experiments two KCI crystals 
were also tested in a helium atmosphere. For these 
experiments, the whole dilatometer was surrounded with 
a plastic bag with an inlet and an outlet opening. The 
bag was kept inflated with helium while a small amount 
was bled from the outlet. The helium gas was exposed 
to phosphorous pentoxide before and during the irra- 
diation in order to absorb any water vapor present in 
the helium gas. 


Results 


A typical curve for the expansion along one of the 
large dimensions as a function of the time of x-ray 
irradiation is shown for NaCl in Fig. 2 and for KCl in 
Fig. 3. It can be seen from these curves that there was 
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Fic. 1. Diagram of dilatometer. 





a time lag of the expansion of about 20 minutes for KCl 
crystals and one-half hour for NaCl crystals, respec- 
tively. When the x-rays were turned off, the expansion 
was found to continue for about six minutes in both 
KCl and NaCl crystals. Six minutes after the x-rays 
were turned off, the crystal did not expand any more. 
This effect and the time lag in the expansion were inde- 
pendent of the fraction of the crystal volume exposed to 
the irradiation. Since the intensity of the x-ray beam 
in the two experiments shown in Figs. 2 and 3 was 
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Fic, 2. Linear expansion of a NaCl crystal as a function of the 
time of x-ray irradiation in air. 
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>. 3. Linear expansion of a KCI crystal as a function of the 
time of x-ray irradiation in air. 


approximately the same, it is possible to compare the 
rates of expansion of KC] and NaCl upon x-ray irra- 
diation directly from the curves. The results show 
clearly that the rate of expansion in KCl is larger than 
in NaCl. The curve of expansion vs time of x-irradiation 
for a KCl sample in an atmosphere of helium is shown 
in Fig. 4. Because of the different experimental arrange- 
ment in this experiment, the intensity of the x-ray 
irradiation was not the same as that applied in the 
experiments in air, and a comparison of the absolute 
values of the curve shown in Fig. 4 with those in Fig. 3 
is no longer possible. It can be seen, however, that the 
general behavior of the expansion as a function of the 
time of irradiation is not altered by carrying out the 
experiment in a helium atmosphere. 


II, RELATION BETWEEN THE RELATIVE LINEAR 
EXPANSION OF THE CRYSTAL AND THE 
AVERAGE CONCENTRATION OF F-CENTERS 


Experimental Procedure 


It is interesting to compare the relative linear expan- 
sion after a certain time of x-ray irradiation with the 
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Fic. 4. Linear expansion of a KCI crystal as a function of the time 
of x-ray irradiation in helium, 


F-center concentration present at that time. The 
average F-center concentration was measured with a 
Beckman spectrophotometer by determining the ab- 
sorption coefficient due to the F-centers. From a 
measurement of the percentage transmission of the 
uncolored and colored crystals as a function of the 
wavelength, the absorption coefficient at the maximum 
of the F-band and the width of the F-band at the half- 
maximum could be determined and the number of 
F-centers per cm® calculated from Smakula’s equation: 


n 
nof = 1.31 X 10""——_—a,,W, 
(nt-+2)? 


where f is the oscillator strength of the absorbing 
centers, ” is the index of refraction of the crystal, am is 
the absorption at the maximum of the F-band, W is 
the width at the half-maximum of the F-band, and mo 
is the number of F-centers per cm*. The oscillator 


TABLE I. Relative linear expansion and average F-center con- 
centration in NaCl crystals after x-ray irradiation for a certain 
length of time. In experiments in which only part of the crystal 
was irradiated, the F-center concentration applies to the irradiated 
part only. Volume of unit cell=d*=178X 10~*4 cm!; d3/12=14.8 
 10-* cm. 








Av. F-center 
concen- (Al/D: 
tration cm? 
no(cm~*) no 


Percentage Linear 
of area strain 
irradiated (Al/D: 


8.3X10-7 5.2 10%%* 15.9 10-* 
5.8X1077 3.810" 15.310" 
6.1X1077 3.9X10'* 15.5X10-* 
8.5X1077 5.5X10'> 15.4x10-* 


Dimension of crystal 
(hi XI2 X13) cm* 


1.200 0.950 X 0.162 70 
1.195X0.975X0.250 70 
1.200X0.950X0.170 70 
0.745X0.910X0.175 100 











* Spectrophotometer measurement was made about 20 days after the 
irradiation and expansion measurement; hence mo is probably too small. 

> This crystal was supplied by J. H. Schulman of the Naval Research 
Laboratory. All other crystals were supplied by the Harshaw Chemical 
Company. 


strength f was taken as 0.81° and 0.7’ for KCl and 
NaCl, respectively. 

The average F-center concentration was measured as 
soon as possible after the x-ray beam was turned off 
and the linear strain determined. Care was taken to 
avoid bleaching during the transfer of the sample from 
the dilatometer to the Beckman spectrophotometer. 
In some of these experiments the whole area of the 
largest (100) face of the crystal was uniformly irra- 
diated; in other experiments part of the area was 
shielded by a lead sheet so that only 70% to 40% of 
the area was irradiated. When only part of the area 
was irradiated, the irradiated part of the crystal was 
closest to the capacitor plate of the dilatometer. 


Results 


The results for NaCl are shown in Table I and for 
KCl in Table II. In these tables, (Al//), at a certain 


5 A. Smakula, Z. Physik 59, 603 (1930). 
°F, A. Kleinschrod, Ann. Physik 27, 97 (1936). 
7F, Seitz, Revs. Modern Phys. 18, 384 (1946), 
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time ¢ is the linear strain along one of the largest 
dimensions after a certain time of x-ray irradiation, 
while mp is the concentration of F-centers in the colored 
portion of the crystal, (i.e., in the part of the area 
exposed to the x-ray beam) which was determined 
immediately after the irradiation in the expansion 
measurement. The concentration of F-centers was 
found to be uniformly distributed throughout the whole 
colored area. In order to obtain reproducible results, it 
was necessary to employ rather thin specimens since 
in thicker samples the distribution of F-centers pro- 
duced by the irradiation was very nonuniform through- 
out the thickness of the crystal. 

The degree of uniformity of the concentration of the 
F-centers through the thickness of the crystals could be 
tested by cleaving a 2-mm thick irradiated crystal, 
perpendicular to the thickness dimension, into two 
pieces, each having a thickness of approximately 1 mm, 
and measuring the average F-center concentration in 


TABLE IT. Relative linear expansion and average F-center con- 
centration in KCl crystals after x-ray irradiation for a certain 
length of time. In experiments in which only part of the crystal 
was irradiated, the F-center concentration applies to the irradiated 
part only. Volume of unit cell=d*=247X 10 cm’; d*/12=2.06 
X 10-3 cm?. 








Av. F-center 
concen- 
tration 

mo (cm~*) no 


6 6.7X10' 2.03 10-% 
“7 43X10" 2.05 10-% 


(Al/lk) 
em! 


Linear 
strain 
(Al/Dt 


Percentage 
of area 
irradiated 


70 
70 
70 
100 
100 
39 
73 
70 
70 


Dimensions of crystals 
(hi; Xe X13) cm* 


1.200X0.960X 0.145 
1.200 0.965 X 0.145 
1.190 0.980 0.145 
0.745 0.900 X 0.145 
0.780 X 0.900 0.145 
1.225 0.930 0.140 
1.217X0.940X0.188 
1.225X 1.500.190 

1.211X0.755 X0.205 





7 40X10! 2.07 10-* 
2.010" 2.15 10-*% 
1.110" 2.14 10-% 
1.6X10'® 2.1210-*% 
2.0X10'® 2.10 10-8 
2.2 10'®* 2.16 10-% 
3.0X 10'** 2.10 10-% 


x1077 
x10-7 
xX1077 
x1077 
x1077 


ged etedad we a¢ od 








* These experiments were performed in an atmosphere of helium. 


each of the two slabs. The average concentration of 
F-centers in the slab closest to the x-ray source was 
5.56 10! cm-*, while in the piece further from the 
x-ray source it was 5.53X10'® cm~*. It can, therefore, 
be safely concluded that in our experiments with thin 
samples (less than 2 mm in thickness) the distribution of 
F-centers throughout the whole crystal was not far 
from uniform. 

In all our experiments, the intensity and the time of 
irradiation was so low that the F-center concentration 
produced by the irradiation never exceeded 107 cm-*. 
For larger concentrations the results described below 
were found to be no longer valid. 

It can be seen from these tables that the average con- 
centration of the F-centers in the colored portion is 
directly proportional to the relative linear expansion 
for both NaCl and KCl crystals (Figs. 5 and 6). The 
constant of proportionality does not appear to depend 
on the percentage of the area of the crystal which was 
irradiated, if mo is taken as the average F-center con- 
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Fic. 5. Relative linear expansion of NaCl crystals as a function 
of the average F-center concentration. 


centration of the colored part only. From Fig. 5, the 
slope of the straight line [i.e., the average value of 
(Al/1)/no | is 15.5 10-* cm** for NaCl and from Fig. 6, 
2.10 10-* cm** for KCl. These two values agree to 
within 5% with the values of d*/12, where d is 
the lattice constant of the crystals. The significance of 
this result will be discussed below. The results did not 
depend on whether the experiments were carried out in 
air or in helium. 


Ill, INFLUENCE OF BLEACHING ON THE 
CRYSTAL DIMENSIONS 


Experimental Procedure 


The bleaching experiments were carried out with light 
in the F-band (560 my for KCl and 450 my for NaCl). 
The apparatus was set up as for the expansion experi- 
ments except that a crystal previously colored by 
x-rays was used instead of a virgin piece. The sample 
was kept in the dark until the thermal steady state was 
reached. The shutter was then opened and the light 
was turned on. In order to test whether any heating 
effects had occurred during the illumination, the light 
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was turned off after fifteen minutes and the crystal was 
kept in the dark for fifteen minutes before the light was 
turned on again. After another fifteen minutes of illu- 
mination, the light was finally turned off and the Brown 
recorder was kept running for another hour to observe 
whether any heating effect had occurred in the crystal. 


Results 


No change in dimensions was observed when an 
x-irradiated crystal was subsequently bleached with 
light in the F-band, although the F-center concentration 
was thus reduced from about 10'7 cm~* to less than 
10° cm~. 


IV. FORMATION OF F-CENTERS AS A FUNCTION OF 
THE TIME OF X-RAY IRRADIATION 


A single crystal of KCl (12X8X1.5 mm) was placed 
in the dilatometer and the average density of F-centers 
in the colored portion was determined as a function of 
the time of irradiation. The F-center concentration was 
determined for times of irradiation of 20, 40, 65, and 
90 minutes, with a fresh piece of KCI crystal being used 
for each experiment in order to reduce bleaching effects. 
The result is shown in Fig. 7. It can be seen that the 
rate of formation of F-centers increases steadily with 
the time of irradiation, until after about 40 minutes of 
irradiation an approximately linear dependence of the 
average concentration of F-centers on the time of irra- 
diation is reached, corresponding to a maximum rate of 
formation of F-centers. 


V. RATE OF FORMATION OF F-CENTERS IN 
PARTIALLY IRRADIATED CRYSTALS 


As will be discussed later, the fact that the relative 
linear expansion, in experiments in which only part of 
the crystal was irradiated, was proportional to the 
average density of F-centers in the colored portion of 
the crystal but not to the concentration of F-centers 
averaged over the entire crystal, suggests that a large 
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Fic. 7. F-center concentration as a function of 
the time of x-ray irradiation. 


LAN-YING LIN 


number of vacancies were also present in the nonirra- 
diated portion during the x-ray irradiation, although 
F-centers were formed only in the irradiated part. 

This fact could be qualitatively verified by an experi- 
ment in which a KCI crystal of the same dimensions as 
that employed in the previous experiments was placed 
10 cm away from the x-ray source and irradiated for 30 
minutes with half of the exposed surface area shielded 
by a lead sheet. The average F-center density within 
the colored portion was then measured to be 1.18 10'*/ 
cc. Using a fresh KCl crystal of the same dimensions, 
half of the crystal was again irradiated for 30 minutes, 
but the irradiated half was then covered with a lead 
sheet, while the other half was irradiated with x-rays 
for 30 minutes under identical conditions. The average 
F-center concentration over this portion of the crystal 
was then determined and found to be 2.1X10'*/cc, 
showing an increase of about 75% which was appar- 
ently caused by the preirradiation of the adjacent 
portion. 

The rate of formation of F-centers in the irradiated 
part was also studied as a function of the percentage of 
the surface exposed to the x-irradiation. Three pieces 
of KCl crystal, of approximately the same dimensions 
as the other crystals, were irradiated with the same 
intensity of x-rays for the same lengths of time. In this 
experiment the crystal was placed only about 3 cm 
from the x-ray source and quantitative comparisons 
between this and the previous experiments are thus 
impossible. The time of irradiation was of the order of 
30 minutes. In one crystal 70% of the largest face was 
irradiated, while on the other two crystals, the per- 
centage area irradiated was 52% and 32%, respectively. 
The x-ray beam was again perpendicular to the largest 
face, and the average F-center concentration was deter- 
mined immediately after irradiation. The results are 
shown in Fig. 8. This demonstrates clearly that the 
average F-center concentration in the colored part is 
directly proportional to the percentage of the area 
which was irradiated and hence that the rate of forma- 
tion per unit volume of the F-centers increases linearly 
as the irradiated area is increased. 


VI. EFFECT OF PLASTIC DEFORMATION ON THE 
TIME LAG OF THE EXPANSION 


It is shown in Figs. 2 and 3 that the expansion upon 
x-ray irradiation does not start until a certain time 
after the irradiation has been applied. The effect of 
plastic deformation on this time lag has been inves- 
tigated by experiments with deformed crystals. Crystals 
of KCl of approximately the same dimensions were 
compressed in a vise to produce a uniform linear plastic 
deformation of from 3 to 7%. The time lag of the 
expansion in these deformed crystals was then inves- 
tigated under identical conditions. The results are 
shown in Table III. This shows very clearly that the 
time lag is greatly increased by plastic deformation. 
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VII. DISCUSSION 


The observed results were very sensitive to the 
intensity of the x-ray irradiation which in all experi- 
ments, with one exception (see Fig. 8 and Sec. V), was 
very low. For reasons as yet not completely understood, 
the linear relation between the relative linear expansion 
and the average concentration of F-centers could only 
be observed when this condition was fulfilled, and 
when the total concentration of F-centers was kept 
below 10!’/cc. For this reason it is impossible to 
compare our results quantitatively with those of other 
workers'* who measured the expansion or the change 
in density with x-ray irradiation of high intensities 
accompanied by the formation of large F-center con- 
centrations. In particular, the expansion experiments 
of Sakaguchi and Suita? were carried out with thick 
crystals (leading to a much larger concentration of 
F-centers near the surface than within the volume of 
the crystal) and extremely high x-ray intensities. The 
relative linear expansions measured by Sakaguchi and 
Suita were of the order of 10-°, while the maximum 
relative linear expansion in the experiments described 
in this paper was only 10~°. 


TABLE ITI. Effect of plastic deformation on the initial time delay 
in the expansion of x-ray irradiated KC] crystals. 








Deformation 


Initial time delay 
(percent) i 


(minutes) 


20 
60 
75 
120 











It is generally accepted that the formation of F-centers 
in alkali halide crystals upon x-ray irradiation is due 
to the trapping of excited electrons at negative-ion 
vacancy sites.~* However, the formation of F-center 
concentrations of more than 10!*/cc after irradiation, 
even at liquid air temperature, which is much larger 
than the equilibrium concentration of vacancies at such 
temperatures, strongly indicates that vacancies are 
created during the irradiation through some secondary 
process probably in the form of positive- and negative- 
ion vacancy pairs which subsequently disassociate when 
an electron is trapped at a negative-ion vacancy site. 
It has been suggested that the sources of these vacancies 
could be the surface of the crystal,! voids,* the surfaces 
of small cubes responsible for the small-angle mosaic 
structure,’ or dislocations,’ which may also be asso- 
ciated with the small-angle mosaic structure." It 
seems most reasonable to attribute the expansion of the 
crystal upon x-ray irradiation to these vacancies. 


8M. E. Straumanis, Am. Minerologist 38, 662 (1953). 
( oat) Furth and S. P. E. Humphreys Owen, Nature 167, 715 
1951). 

10 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

1 C, R. Berry, Phys. Rev. 97, 676 (1955). 
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Fic. 8. Average concentration of F-centers in the colored 
portion of a KCI crystal as a function of the percentage of the 
volume irradiated. 


It is easy to show that the linear relationship between 
the average F-center concentration and the resulting 
strain with the experimentally observed proportionality 
constant can be expected, if it is assumed that each 
vacancy pair created by the x-irradiation produces a 
volume increase equal to its own volume (or that of the 
ion pair which it has replaced) uniformly distributed 
over all the crystal faces, thus leading to an isotropic 
linear strain. If the vacancies initially present are only 
a small fraction of the vacancies created by the x-rays, 
each F-center formed during the irradiation should 
correspond, to a first order of approximation, to the 
formation of one vacancy pair. Thus the increase in 
volume AV is given by the relation 


AV= noV2, 


where mo is the average F-center concentration, V the 
volume of the crystal, and v the volume of each ion 
pair, which is approximately d*/4 if the lattice constant 
d does not change greatly during the x-ray irradiation. 
In a rectangular sample of dimensions /,X/.XI; we 
then obtain for the increase in length A/;, using the 
assumption that the volume increase is distributed 
uniformly over all the crystal faces, the result 
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as observed in our experiments. 

Although it is possible in this manner to obtain 
agreement with the experimental results, we are, as yet, 
unable to justify the assumptions made in this model. 
It is possible, however, to make a few remarks con- 
cerning the type of model for which these assumptions 
might be expected to hold. The fact that the, F-center 
concentration is proportional to the relative linear 
expansion (strain A///) and not simply to the linear 
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expansion (A/) indicates that the vacancy sources must 
be uniformly distributed centers throughout the volume 
of the crystal, such as the small cubes responsible for 
the mosaic structure or dislocations, and not the 
surfaces of the crystal itself. The expansion may then 
be due to the ion pairs deposited at these centers in 
such a way as to lead to an increase in volume which 
is uniformly distributed over the crystal faces. This 
increase in volume must be equal to the volume of the 
ions deposited in order to agree with the experimental 
findings. This state of affairs might be expected to hold 
if the ions were deposited along the surfaces of small 
cubes (mosaic structure) with weak forces between 
them or possibly at uniformly distributed edge dis- 
locations or clusters of dislocations.” The experimental 
fact that there was no detectable change in the crystal 
dimensions upon bleaching of the F-centers subsequent 
to the irradiation (see Sec. ITI) suggests that the elastic 
effects of the vacancies on the volume of the crystal 
are not very large. The elastic strains observed in 
the irradiation experiments of Primak, Delbecq, and 
Yuster® are not necessarily in disagreement with our 
results. In their experiments the vacancies causing the 
observed elastic strain were present in much larger con- 
centrations and were formed much more rapidly than 
in our experiments. Under such circumstances, as stated 
above, the linear relationship between the relative 
linear expansion and the average F-center concentra- 
tion, as well as most of the other results described in 
this paper, did no longer hold. 

The fact that if only part of the crystal was irradiated, 
the over-all linear expansion was proportional to the 
F-center concentration in the colored part alone, 
suggests strongly that a uniform distribution of vacan- 
cies had been established throughout the crystal by 
this partial irradiation. The presence of a large number 
of vacancies in the nonirradiated portion of the crystal 
is also indicated by the slower rate of formation of 
F-centers in the colored portion of partially irradiated 
crystals, and by the fact that the F-center concen- 
tration after a certain period of irradiation in a pre- 
viously uncolored part appears to be greatly increased 
by first irradiating an adjacent part (see Sec. V). The 

2 The extension of an extra half-plane of ion pairs in an edge 
dislocation in an alkali halide crystal completely through the 
crystal would lead, on the average, to a volume increase equivalent 
to the volume of the ion pairs responsible for the growth of the 
extra half-plane through the crystal. If the edge dislocations are 
uniformly distributed throughout the volume, the increase in the 


volume will, on the average, be equally distributed among each 
one of the crystal faces. In this process, some of the dislocations 


may, of course, disappear. 
8 Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 
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rate of diffusion of vacancy pairs in alkali halide crystals, 
is certainly not large enough to account for the migra- 
tion of vacancies over distances of several millimeters 
in relatively short periods of time. It can only be con- 
cluded that some other, still unknown, mechanism, such 
as possibly the migration of dislocations (i.e., slip) from 
the irradiated to the nonirradiated portion of the crystal 
must be responsible for the appearance of a large 
number of vacancies in the nonirradiated region. 
Recently, Smith, Leivo and Smoluchowski" investi- 
gated the surfaces of x-ray irradiated alkali halide 
crystals by interferometric methods. Although the 
authors were unable to find any evidence for the dif- 
fusion of ions or vacancies to and from the surfaces, 
which is also in agreement with our results, they were 
able to detect definite slip lines on the crystal surfaces. 
It may be that such slip processes, which were ac- 
tivated by the x-rays in the irradiated region of the 
crystal, may lead to the rapid generation of vacancies 
in other nonirradiated portions of the crystal and may 
also be responsible for at least part of the expansion of 
the crystal upon x-ray irradiation. 

The initial time lag of the expansion (see Figs. 2, 3, 
4, and 7) and the effect of plastic deformation on this 
time lag (see Sec. 6) may be due to the fact that the 
crystal before irradiation contains a number of va- 
cancies or other trapping centers, which are increased 
by plastic deformation, so that at least part of the 
excited electrons may be trapped at sites already 
present with the possible formation of F-centers but 
without the formation of additional vacancies. On the 
other hand, this behavior may also depend on the 
details of the time-dependent processes involved in the 
expansion of the crystal upon x-ray irradiation. The 
details of these processes may also account for the short 
time delay in the cessation of the expansion after the 
x-rays are turned off. 
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The experimental verification of Overhauser’s proposal for polarizing nuclear spins is described. The 
effect on the nuclear magnetic resonance of saturating the electron spin resonance in several appropriate 
systems was observed at low fields and room temperatures. The systems investigated were: metallic Li, 
metallic Na, and Na dissolved in anhydrous liquid ammonia. The nuclear resonances of Li’, Na*, and H! 
(in the ammonia) were observed at 50 kc/sec in fields of 30.3 gauss, 44.2 gauss, and 11.7 gauss, respectively, 
and the electron spin resonances were saturated with the corresponding applied frequencies of 84, 124, 
and 33 Mc/sec. The detailed predictions of Overhauser were confirmed as far as nuclear polarization is 
concerned, ‘although other relaxation processes in Li reduce the polarization, and the difficulty in completely 
saturating the metallic Na electron resonance leads to a partial effect. Only in fairly concentrated solutions 
of Na in ammonia was a substantially complete effect observed in which the proton nuclear polarization 
increased by the ratio of the electron gyromagnetic ratio to the nuclear gyromagnetic ratio. The proton 
line widths in the Na-ammonia solutions further verify the theory of Kaplan and Kittel. 





1, INTRODUCTION 


VERHAUSER has predicted! that the saturation 

of the conduction electron spin resonance (ESR) 
in a metal should produce an increase in the nuclear 
polarization by a factor of several thousand for metals 
in which the nuclei reach thermal equilibrium with the 
“lattice” by means of the magnetic hyperfine interaction 
with the conduction electrons. It was felt that such a 
surprising effect should be investigated in as direct 
and immediate a way as possible. Overhauser proposed 
a method which has been recently analyzed by Kaplan? 
to measure this effect. His scheme involved observing 
the shift of the ESR frequency brought about by the 
polarization of the nuclei (we have called this the 
Overhauser shift, and it has a nuclear resonance 
counterpart in the Knight shift*). Rather than using 
this method, we turned to the more direct procedure of 
observing the amplitude of the nuclear magnetic 
resonance (NMR) since it is directly proportional to 
the polarization. The latter method has the added 
advantage that it may be performed at room 
temperature. 

There will be two sets of Zeeman levels established 
when the metal is placed in a magnetic field, and the 
transition frequency for the electrons in Li’, for example, 
will be 1690 times as high as the NMR frequency. A 
choice of frequencies is necessary. One may either 
observe the NMR in the rf range, while saturating the 


* Experimental work supported by the Office of Naval Research. 

{ National Science Foundation Predoctoral Fellow. This 
material is part of a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy to the 
University of Illinois, Urbana, Illinois. 

1A. W. Overhauser, Phys. Rev. 91, 476 (1953); 92, 411 (1953). 
For further discussions see, for example: F. Bloch, Phys. Rev. 
93, 944(A) (1954); C. Kittel, Phys. Rev. 95, 589 (1954); J. 
Korringa, Phys. Rev. 94, 1388 (1954); A. Abragam, Phys. Rev. 
98, 1729 (1955). 

2 J. I. Kaplan, Phys. Rev. 99, 1322 (1955). 

3W. D. Knight Phys. Rev., 76, 1259 (1949). 
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ESR in the microwave band, or else saturate the 
electrons in the rf region which requires that the NMR 
be observed in the audio- or video-frequency range. 
Although the former is customary for nuclear and 
electron resonance work, and usually is better for 
good signal to noise, the choice of lower frequencies 
has some distinct advantages for our investigation. In 
particular, the conduction electron spin resonance had 
been saturated‘ in the rf range where more powerful 
oscillators may conveniently be built. It was desired to 
avoid line width effects resulting from the diffusion 
of the electrons in and out of the skin depth*-* particu- 
larly because the effects of saturation under these 
conditions are not known. The size of metal particles 
which were convenient to make (5 to 20 microns) was 
small compared to the skin depth at the lower fre- 
quencies. Finally, it was necessary to make the sample 
common to two resonant structures for the NMR and 
ESR, and from the standpoint of high sensitivity and 
ease of saturation, both structures should have as high 
a Q as possible. At the lower frequencies two coils can 
be used orthogonal to one another without interactions, 
and such things as filling factors and the magnitude of 
the ESR saturating field (H,) actually produced in the 
sample can be measured or computed with more 
confidence. The frequencies finally chosen were based 
on observing the NMR of Li’, Na™, and H! at 50 
kc/sec, and saturating the ESR at the frequencies 
corresponding to ¢/Yn. 


2. EXPERIMENTAL TECHNIQUE 


A general schematic diagram of the double resonance 
apparatus is shown in Fig. 1. A conventional type of 
absorption bridge nuclear resonance detection system 


‘ T. R. Carver, thesis, University of Illinois, 1954 (unpublished); 
Carver, Holcomb, and Slichter (to be published). 

5G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955). 

°F. J. Dyson, Phys. Rev. 98, 349 (1955). 
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Fic. 1. Block diagram of the nuclear and electron double 
resonance apparatus. 


designed for 50 kc/sec was used. The saturation of the 
electrons was accomplished by a push-pull oscillator 
capable of supplying 59 watts of rf power. The metal 
sample is contained in the tank coil. Although an 
alternating magnetic field, H,, of only a few gauss is 
required to saturate the electron resonance, and the 
spin system actually absorbs only fractions of a watt, 
there is a considerable power loss to heating effects in 
the coil and sample. Because of the broad ESR line 
width in metals no special frequency stability is 
required of the saturation oscillator, and it could be 
conveniently tuned from 84 to 124 Mc/sec for the 
Li and Na resonances. When more easily saturated 
Na-ammonia solutions were studied, an ordinary signal 
generator at 33 Mc/sec was used to replace the oscil- 
lator. The sensitive nuclear resonance detection system 
was easily jammed by the high rf power levels used to 
saturate the electron spins, so that for shielding purposes 
the entire oscillator, sample, nuclear resonance coil, 
and low-field solenoid were placed in a copper box, 
and all leads including that to the nuclear resonance 
bridge were heavily filtered. 


2.1 Low-Frequency Nuclear Resonance Detection 


The essential components of the 50-kc/sec nuclear 
resonance apparatus are shown in Fig. 2. A twin T 
bridge employing a completely resistive null JT is 
practical at low frequencies using a standard Helipot 
for adjustment, and was used instead of a Wheatstone 
bridge so that a common ground could be established. 
A simple tuned preamplifier was made to improve the 
noise figure at 50 kc/sec and the signal was then 
converted to 600 kc/sec where a standard communica- 
tions receiver could be used. The signal was observed 
on the oscilloscope or recorded with a 30-cps lock-in 
amplifier. 

Such a low-frequency bridge with large lumped 
circuit elements is unusually free from mechanical 
drift and microphonics, and can be easily balanced to 1 
part in 10°. However, the bridge was frequency- 
sensitive, and an ordinary audio-frequency signal 
generator proved to have not only too much noise 


amplitude modulation but frequency modulation and 
drift as well. To eliminate this source of noise, a 
100-kc/sec crystal-controlled oscillator was constructed 
and the 50 kc/sec was obtained from it by means of a 
conventional frequency division circuit.” The use of 
batteries on the signal generator helped to eliminate 
all traces of frequency modulation. With this apparatus 
it proved possible to observe the proton resonance in a 
30-cm’ sample of glycerine with a signal-to-noise ratio 
of about 30 when using the lock-in amplifier with a 
10-second time constant. 


2.2 Magnetic Field and Modulation 


The magnetic fields of 10 to 50 gauss were produced 
by a solenoid 64 in. long with additional end windings to 
improve the homogeneity.* Batteries were adequate and 
most convenient for the current supply. Observations 
of the proton resonance in distilled water using this 
solenoid indicated that the homogeneity was about 2 
milligauss in 10 gauss over a 30-cm* sample. 

Either slow sweep or 30-cps modulation could be 
applied in series with the solenoid current supply. 
In actual observations of the Overhauser effect in the 
metal samples, heating occurred during the saturation of 
the electron spin resonance and the balance of the bridge 
changed. Consequently, observations using the slow 
sweep were more convenient and reliable than longer 
observations necessary with the lock-in. The slow 
sweep was taken directly from a Dumont 304H oscillo- 
scope and applied to the solenoid through the cathode 
resistor of a cathode follower which also carried the 
solenoid current. When the slow sweep was used, RC 
filtering of the signal from the receiver was the only 
method used to reduce the band width after detection. 
In general the sweep rates were approximately 20 
milligauss per second. 


2.3 Samples and Resonance Coils 


The metallic Li and Na samples were in the form of 
particle dispersions in mineral oil. It was found that 
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Fic. 2. Details of 50-kc/sec nuclear magnetic resonance twin-T 
bridge, preamplifier, and converter. 


7 Chance, Hughes, MacNichol, ef al., Waveforms (McGraw-Hill 
Book Company, Inc., New York, 1948), Vol. 19, p. 578. 
8 W. Garrett, J. Appl. Phys. 22, 1091 (1951). 
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particles of 10-micron diameter could be produced by 
stirring the metal when melted in hot mineral oilbya 
small sharp-bladed stainless steel stirrer spinning at 
about 20 000 rpm. This technique produces a range of 
particle sizes, so that a small fraction of 1-micron 
particles may be obtained by separation. With lithium 
samples in particular it was necessary to stir and handle 
the metal in an inert atmosphere (helium). After the 
excess oil was removed, the samples were sealed in 
small (about 10 cm*) glass ampules. The electron line 
width in lithium is partially dependent on the amount 
of reaction with nitrogen, and since narrower and more 
easily saturated lines were desired, such precautions 
were necessary. 

Sodium-ammonia solutions were prepared in the 
manner described by Hutchison and Pastor.’ Samples 
of three different concentrations were used in the 
investigations and were sealed in 3 to 5 cm® Pyrex 
ampules. They were kept at room temperatures only 
during the time the resonances were observed. Con- 
centrations of the solutions were measured after they 
were studied by opening the ampules and titrating the 
NaOH produced in exposure to the atmosphere. 

The ampules containing the lithium dispersion were 
clipped directly in a 1}-turn coil of the saturating 
oscillator. The sodium samples were similarly placed 
in a }-turn coil to provide the higher frequency neces- 
sary. Sodium ammonia solutions were placed directly 
in a five-turn coil driven directly by a signal generator 
capable of supplying about a volt to a matched load. 

The low-frequency nuclear resonance coil was wound 
on a 4-cm diameter form into which both the sample 
and high-frequency coil could fit. This is a compara- 
tively small size for a 50-kc coil, and it was necessary 
to wind it with some attention to eliminating distributed 
capacity in order to obtain a high Q. The coil used 
consisted of two 250-turn pi or universal wound sections 
connected in parallel, and had a Q of 80 and an induc- 
tance of 4 millihenries. 

The magnitude of the rf magnetic field in the electron 
saturating coils was measured by a set of small probe 
coils of known area less than 1 cm® connected by 
twisted leads to a vacuum tube voltmeter. Induced 
voltages were in fact proportional to area, so that the 
reactance of the probe itself could be neglected in the 
frequency range used. 


3. EXPERIMENTAL RESULTS AND INTERPRETATION 


The general method of observation was to compare 
the NMR absorption signal amplitude when the 
conduction electron population was in thermal equili- 
brium and when it was saturated. The nuclear resonance 
absorption amplitude is directly proportional to x’’ 
which in turn depends on the polarization or effective 
susceptibility of the nuclear paramagnetism. Since the 
line widths were not expected to increase when the 


§C. A. Hutchison, Jr., and R. C. Pastor, Revs. Modern Phys. 
25, 285 (1953). 


POLARIZATION EFFECT 


Fic. 3. Nuclear 4 
resonance absorption 
signal in metallic 
lithium as a function 
of electron saturat- 
ing field, H,;. The 
unit of the ordinate, 
A, is the enhance- 
ment of the signal 
relative to the un- 
saturated, thermal 
equilibrium reso- 
nance. 
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electrons were saturated and did not in fact do so, the 
enhancement of the nuclear resonance signal was a 
direct measure of the nuclear polarization produced. 
This was a practical method in studying metallic Na or 
Na-ammonia solutions where the nuclear resonance 
apparatus was sufficiently sensitive to observe directly 
the Na” or H! resonance. However, in lithium the line 
width is so much broader” than in sodium that it 
proved impossible to compare the lithium resonance 
directly, since it could not be observed. The enhanced 
lithium resonance was therefore compared with a 
known amount of glycerine in which the proton 
resonance was observed. If two substances are observed 
at the same resonant frequency and H,, in a coil whose 
Q does not change, the nuclear resonance signals differ 
only in proportion to 72, the inverse at the half- 
maximum half-width in angular frequency, and xo, the 
nuclear susceptibility. xo is given by the expression 


xo= (N/3kT)y 27h?T (I+1). 


Here JN is the concentration of nuclei, J is the nuclear 
spin and y, the nuclear gyromagnetic ratio. The signal 
in unsaturated lithium was obtained in this manner 
from known” and measured values of 72. In general, 
however, the lithium samples when observed with the 
electrons saturated were at a temperature of about 


70°C. 


3.1 Lithium 


In Fig. 3(a) is shown the increase of the NMR signal 
as the electron saturating radio-frequency field is 
increased. The sample is one of the lithium samples 
showing the narrowest electron line width and was most 
easily saturated. The detailed prediction of Overhauser 
is that the nuclear polarization should increase as 
though the nuclei had an effective gyromagnetic ratio 


Vett=YatS| Yel TST.’ 
where , is the normal nuclear gyromagnetic ratio, s 


”D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 
(1955). 
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is the saturation factor, and 7,/7,’ is the ratio of the 
nuclear relaxation time arising from all nuclear relaxa- 
tion processes with the “lattice,” to the nuclear 
relaxation time arising only from the conduction 
electron nuclear hyperfine interaction. (It should not 
be thought, of course, that the effective gyromagnetic 
ratio implies a changed nuclear resonance frequency, 
but only that the population difference given by the 
nuclear Boltzmann distribution is increased.) The 
saturation factor s is 1—m/no, where n is the population 
difference in the electron spin populations, and mo 
is the thermal equilibrium value of the population 
difference. The saturation factor may also be written in 
the form 


s=7e. P7T:T2/(1+y2H2TiT:). 


Thus a plot of the reciprocal of the NMR signal versus 
the reciprocal of the square of H,, the ESR rf magnetic 
field strength, should be a straight line, and is shown in 
Fig. 3(b). From this plot the saturation factor corre- 
sponding to the maximum #H, available from the 
saturation oscillator may be calculated, and also an 
estimate of the H, required for half-saturation may be 
made. This latter value is 2.3 gauss. Since the half- 
maximum half-width of the ESR for this particular 
sample was measured directly to be about 2.5 gauss, 
this saturation value for H; is good experimental 
evidence that 7,;=T, for the conduction electrons in 
metals, as generally expected. Since the maximum 
H;, available was 3.3 guass, the maximum saturation 
factor is thus given by 


s= (3.3/2.3)2/[1+ (3.3/2.3)2]~0.7. 


Under these conditions, the nuclear resonance signal in 
lithium would be expected to increase by 0.7 ye/y, or 
about 10° if no nuclear relaxation processes were 
present other than the hyperfine interaction between 
nuclei and electrons. 

Such is not the case, however, and we must consider 
the other processes. Fortunately, the detailed measure- 
ments of Holcomb and Norberg” on relaxation times in 
the alkali metals can be used to make a reasonable 
estimate of 7,/T7,’. Their data indicates that the 
electron nuclear relaxation time in Li’ at 25°C and in 
a magnetic field of 5400 gauss is about 130 milliseconds. 
This time is in good agreement with the theoretical 
calculations of Korringa'’ and Overhauser,’? and is 
inversely proportional to temperature, but should in 
theory be independent of static magnetic field. While 
the former feature has been verified experimentally, 
there appears to be a magnetic field dependence which 
is noticeable for low values of Ho in both sodium and 
lithium. Since the deviations are the same in lithium 
and sodium, and since line width measurements made 
in this research at 50 kc/sec on sodium indicate that 
the relaxation time is half as long as reported at 9 


4 J. Korringa, Physica 16, 601 (1950). 
#2 A. W. Overhauser, Phys. Rev. 89, 689 (1953). 
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Mc/sec by Holcomb and Norberg, a reasonable estimate 
for T,’ in lithium at room temperature and at 50 
kc/sec is 65 milliseconds. At a temperature of 70°C, 
where observations on the saturated lithium were 
actually made because of rf heating, the 7,’ is about 
55 msec. 

The actual line width of the NMR in lithium is 
caused by nuclear dipolar interactions between diffusing 
nuclei in the lattice.” At room temperature the value 
of 7», the inverse line width, is 0.5 msec.'° However, at 
70°C, the lithium is above the 7, minimum and 7, is 
equal to 72. Thus the total effective nuclear relaxation 
time 7,, may be measured directly from the line width. 
It was found to be 6 msec. 7/7,’ is about 0.12 and 
the value of the enhancement of the nuclear resonance 
to be expected under the conditions described is given 
by 

Ts vel 
A=1+s— —#=0.7X0.12X 1690 
Tr’ Yn 


and is about 140. 

The actual enhancement observed may be obtained 
from the comparison in Fig. 4 between the lithium signal 
with electrons saturated and the glycerine signal. 
Taking into account the sample volumes, line widths, 
nuclear susceptibility, and temperature in the two 
cases, the lithium signal was found to be increased by 
a factor of about 110, a value which is perhaps fortuitous 
within a factor of 2 considering the uncertainty in the 
assumed value of 7,’, but which is nevertheless in 
general agreement with the features of the Overhauser 
theory. One can see from this figure, too, that under 
the conditions of identical bridge balance for both 


Fic. 4. Top—Calibration proton resonance in 28 cm® of 
glycerine. Static magnetic field of 11.7 gauss with 0.4-gauss 
sweep. 25°C. Bottom.—Li’ nuclear resonance with electron 
saturation factor of 0.7. Static magnetic field of 30.3 gauss with 
0.6-gauss sweep. About 70°C. 3 cm’ sample volume. 
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the lithium and the glycerine, the signal obtained from 
the enhanced lithium resonance is an absorption 
signal as is expected in metals where the nuclear 
magnetic moment is positive. The Overhauser effect 
carried out in metals where the nuclear magnetic 
moment is negative should result in a stimulated 
emission signal from the nuclei. It should be noted from 
the short values of JT; quoted from Norberg and 
Holcomb for lithium at room temperature that the 
dipolar relaxation would almost completely bypass the 
Overhauser effect at room temperature. This was 
observed and the NMR enhancement did in fact 
increase from about 10 to 130 as the lithium was 
heated by the rf currents in the sample. This behavior 
with heating, which is in agreement with what is to 
be expected from the temperature dependence of nuclear 
dipole relaxation effects, is good confirmation that it is 
this mechanism which is by-passing the nuclear electron 
relaxation essential to the Overhauser effect in metals. 
Other lithium samples of lesser purity showed the same 
behavior for the nuclear relaxation times, but the 
electrons were not so easily saturated and the samples 
showed correspondingly less enhancement. 


3.2 Sodium 


In sodium the electron nuclear hyperfine relaxation 
is the dominant one."® The inverse line width, T2, has 
been measured to be 10 msec and 7; is 15 msec in Na® 
at room temperature and 8000 gauss. The value of T; 
observed in this research at 50 kc/sec was half as much, 
but the line width was sufficiently narrow to permit 
a direct comparison between the sodium NMR with 
and without the ERS saturated, The ESR was saturated 
at 124 Mc/sec in a field of 44.2 gauss. At this frequency 
the saturation oscillator could produce an H, of only 
1 to 2 gauss over the sample volume. The electron line 
width is about 8 gauss at room temperature. However, 
the sample was strongly heated by the rf and since the 
electron line width is proportional to temperature,*° 
it was nearly 12 gauss under conditions of observation. 
Therefore a saturation factor of 0.01 was all that could 
be obtained. An increase in the NMR signal of about 20 
is all that could be expected with this saturation factor, 
The actual increase produced was about 10. 


Fic. 5. Relativeproton 
resonance absorption, A, 
as a function of electron 
saturating field, H;, in 
solutions of sodium in 
ammonia. Units of the 
abscissa are 10 gauss~. 
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Fic. 6. Relative proton resonance absorption, A, as a function 
of electron saturating frequency, in the 0.37N solution of sodium 
in ammonia. Static magnetic field of 11.7 gauss. H; is 0.09 gauss. 


3.3 Na-Ammonia Solutions 


An analysis of the physical basis of Overhauser’s 
polarization method led us to the conclusion that the 
effect could be found in any system in which the 
nuclear relaxation was dominated by a coupling to 
electrons in which the nuclear spin flip requires a 
simultaneous electron flip. Thus, for example, the 
ordinary magnetic dipolar coupling should make 
possible an Overhauser effect.* Other investigators 
have independently come to the same conclusion.' 

To verify these conclusions, we performed experi- 
ments on systems of Na dissolved in anhydrous 
ammonia. This system has the added interest that the 
nucleus to be polarized is the proton. Beljers, Van der 
Kint, and Van Wieringen have independently studied 
proton polarization in a free radical.'* We carried out 
investigations on three samples of concentrations 
approximately 0.01N, 0.4N and 0.9N. The solutions 
exhibit paramagnetic line widths as small as 20 milli- 
gauss’ and can be easily saturated. Comparison of the 
enhanced resonance with normal resonance was made 
either directly using the lock-in amplifier or indirectly 
by comparison with a larger glycerine sample using 
the slow sweep. Both methods were in substantial 
agreement. It was found that the proton resonance 
enhancement was proportional to the saturation factor 
s in the same manner as illustrated for lithium in Figs. 
3(a) and 3(b). Figure 5 shows the results for the two 
most concentrated solutions. The saturation was 
almost complete for the 0.01N sample and the maximum 
saturation values obtained for the 0.4N and 0.9N 
solutions were 0.96 and 0.88. 

Figure 6 shows the NMR enhancement as a function 
of electron saturating frequency. The particular 
sample shown is the 0.4N sample and the maximum 
enhancement at the center is about 150. This curve 
actually represents an indirect observation of the 
electron resonance when greatly saturated. Conse- 
quently, the half-maximum half-width is equal to the 
H, used to saturate the electron resonance. 

The data observed with the sodium-ammonia solutions 
are summarized in Fig. 7. Although the line widths 
observed at this low frequency are not too precise 

8T. Solomon, Phys. Rev. 99, 559 (1955). 

4D. F. Holcomb, thesis, University of Illinois, 1954 (un- 
published). 


15 Beljers, Van der Kint, and Van Wieringen, Phys. Rev. 95, 
1683 (1954). 
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Fic. 7. Proton resonance enhancement, proton resonance line 
width, and electron spin responance line width shown for the 
three samples of sodium dissolved in ammonia. 


because of the poor signal-to-noise ratio, the general 
behavior of the resonances and the concentration 
dependence of the Overhauser effect is indicated. At 
a concentration of about 1N or higher the solutions 
become brassy and exhibit the properties of a metal. 
Our observations indicate that as the concentration is 
increased through the transition range, the Overhauser 
polarization becomes complete. 

It is suggested by Kaplan and Kittel'* in a model for 
these solutions intended to explain, among other things, 
why the ESR line width is constant and independent of 
electron concentration at low concentrations, that the 
electrons trapped in large “cavities” in the solution 
interact by the s-state hyperfine interaction with the 
protons of the ammonia surrounding the cavity. If this 
is true, and the protons in turn are relaxed by the 
electrons, it is difficult to see why there is not a complete 
Overhauser effect even at lower concentrations, since 
the essential electron nuclear hyperfine interaction is 
present. Nuclear relaxation by dipolar coupling to 
other nuclei is not an effective short circuit of the 
nuclear-electron hyperfine interaction, so that effects 
such as we found in lithium should not be important. 
Moreover, the dipolar coupling to the electrons (which 
would polarize the nuclei in the opposite direction 


18 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 1429 (1953). 
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from the I-S hyperfine term) should be much less 
effective than the hyperfine coupling, and have a rather 
similar concentration dependence. 

Our line-width data enables us to check the model of 
Kaplan and Kittel. That is, the nuclear line width 
AH,, due to coupling to the electrons via the hyperfine 
interaction is related to AH, the electron line width 
contributed by the hyperfine coupling to the nuclei. 
The relation is 


AH,=AH ay./yn, 


where a is the ratio of single electrons to protons. AH, is 
independent of concentration and is presumably the 
observed electron line width at low concentrations. As 
Kaplan and Kittel show, a should vary as the square 
root of the sodium concentration. When one uses these 
facts, both the magnitude and concentration dependence 
of the nuclear line width is reasonable. 

Kaplan and Kittel propose that the electron line 
broadens at high concentration owing to magnetic 
dipolar coupling among the electrons. This sort of 
process should likewise go as the square root of the 
sodium concentration. It appears that the electron 
line actually broadens much more rapidly with increas- 
ing concentration, suggesting a possible connection 
with the formation of a conduction band in which 
the electronic relaxation may be more effective, or 
possibly electron relaxation by spin-orbit coupling 
with sodium ions. The authors hope eventually to 
make a further study of these solutions under conditions 
where enhancements at low concentrations may be 
observed with better signal to noise. 
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The problem of relating fundamental atom movements to the=-—of the time dependence of long-range order in homogeneous 


change of the state of order of an alloy is attacked in a basic 
manner by introducing an infinite array of distribution functions 
for the occupation of all possible sets of lattice sites. These dis- 
tribution functions determine all the kinds of order in the lattice, 
including the usual long- and short-range order. They are shown 
to obey general equations of motion which are linear and in which 
the kinetic parameters of atom movements occur as coefficients. 

Solutions of the equations of motion must be found by approxi- 
mations, and a variety of possible procedures are suggested. These 
depend on expressing higher order distribution functions by com- 
binations of those of lower order. The simplest of these procedures 
is explored in detail for two mechanisms of atom movement, 
direct interchange and vacancy interchange, and for two common 
lattice types, AB b.c.c. and AB; f.c.c. The result is a calculation 


systems, and is expected to be reliable whenever the long-range 
order is reasonably high. The simple theory leads to the Bragg- 
Williams result at equilibrium, and gives a fundamental derivation 
and limitation of the conception that ordering is a “chemical 
reaction” of the type A%+B® = A®+B*. The vacancy and 
direct interchange models lead to qualitatively similar, but not 
identical results. Present evidence suggests predominance of the 
vacancy mechanism, at least in close-packed systems. 

The simple vacancy model is applied to experiments of Burns 
and Quimby on electrical resistivity in CusAu. The observed 
relaxation times, over a range of temperatures below the critical 
temperature, are in reasonably good accord with theory when 
parameters derived from diffusion measurements in Cu and Au 
are employed. 





1. INTRODUCTION 


REVIOUS treatments of the kinetics of order- 
disorder transformations can be classified as either 
atomic! or chemical?“ in nature. The chemical treat- 
ments, in which ordering is likened to a chemical 
reaction, are able to proceed with a small number of 
assumptions and with mathematical simplicity. The 
assumptions, however, are rather sweeping, and their 
validity is not clearly evident. Also, the parameters 
which enter are phenomenological rather than funda- 
mental. Recently Dienes* and Rothstein’ have each 
presented calculations of this sort which proceed from 
somewhat different assumptions and arrive at different 
results. The atomic theories with which the writer is 
acquainted are devoted to rather special models and 
approximational schemes. In the present paper it is 
shown how a more general approach from the atomic 
point of view can be formulated, and it is shown that 
this approach can lead to actual calculations at a 
variety of levels of approximation. A further result is 
the demonstration of the degree of validity of the 
chemical formulation given by Dienes, which is shown 
to rest on certain specific approximations, and it is 
shown how the phenomenological parameters of Dienes’ 
theory are related to fundamental parameters of atom 
movements. 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 
1W. L. Bragg and E. J. Williams, Proc. Roy. Soc. (London) 
A145, 699 (1934); W. S. Gorsky, Physik. Z. Sowjetunion 8, 443 
(1935); G. Borelius, J. Inst. Metals 74, 17 (1947); S. Iida, J. 
Phys. Soc. Japan 10, 769 (1955). The last paper gives an approach 
much like the present one in considering the simultaneous develop- 
ment of short- and long-range order. Attention is restricted to the 
vacancy mechanism and the body-centered = lattice, however. 
2G, J. Dienes, Acta Metallurgica 3, 549 (1955). 
sj. Rothatein, Phys. Rev. 94, 1429 (1954); 98, 1554 (1955); 
99, 614 (195, 
iy, Takagi oat T. Oguchi, Bull. Tokyo Inst. Technol. B3, 211 
eer G99. Oguchi, and Shirane, Bull. Tokyo Inst. Technol. 
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The theory of ordering kinetics involves two distinct 
problems. The first is to find the rate at which an atom 
of given species will move from one lattice site to 
another at a given temperature and with any given 
population on the lattice sites in its environment. This 
involves assuming one (or several) particular mecha- 
nisms for atom movement, and applying the concepts 
first developed in the theory of absolute reaction rates.° 
The second problem is essentially a combinatorial 
matter; it is to count the total number of movements 
of each type occurring in unit time at a given state of 
order and to relate this to the time rate of change of 
that state of order. We suggest in this paper that the 
convenient way to handle this is by means of a set of 
multiparticle distribution functions and their first time 
derivatives, and show how all likely mechanisms of 
ordering can be fitted into this scheme. The general 
equations cannot be solved rigorously by any known 
methods, as was to have been anticipated in view of 
the enormous complexity of the problem, but one is 
readily led to approximations by which solutions can 
be found. 

These ideas are illustrated in the present paper by 
working out the simplest approximation, that in which 
the system is homogeneous and describable solely by 
means of a long-range order parameter. Both vacancy 
and direct interchange mechanisms are considered. It 
is intended in a future paper to extend the solutions to 
the case of short-range order, both with and without 
long-range order, and to consider the special problems 
connected with nucleation, growth, and coalescence of 
domains of order. It is felt that the very simple ap- 
proximation worked out in detail here, which, in one 
form, is equivalent to the earlier Bragg and Williams 

5 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941); C. Zener, 


in Imperfections in Nearly Perfect Crystals, edited by W. Shockley 
et al. (John Wiley and Sons, Inc., New York, 1952), pp. 289-314, 
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theory, is adequate to bring out most of the broad 
features of ordering kinetics in homogeneous systems, 
and that it is advisable to investigate these features 
before becoming deeply embroiled in higher approxi- 
mations to the combinatorial problem. The formulation 
presented here is also capable of extension to problems 
of diffusion in multicomponent systems and of stress- 
induced ordering, to which we hope to devote attention 
in future publications. 


2. MULTIPARTICLE DISTRIBUTION FUNCTIONS 


The ordering process can be conveniently described 
in terms of a set of multiparticle distribution functions.*® 
Consider atoms of several types, A, B, C, etc., (in 
general, T;) which are to be distributed over the sites of 
a crystal lattice. Let rm, r2---r, be an arbitrary set of 
n lattice sites. Define Prire...r,(11,f2,:--tn) as the 
probability that the m lattice sites be simultaneously 
occupied by » atoms of specified types, type 7; on site 
r, type T2 on site ro, etc.” These distribution functions 
characterize the ordering system, and are in general 
time dependent. The occurrence of lattice vacancies 
can be fitted into the formalism by regarding vacancies 
as a species of atom. Interstitials could likewise be 
allowed for if the lattice were enlarged to include all 
interstitial positions, some of which would be occupied 
by ordinary atoms, others by vacancies, but this com- 
plication will not be taken up here. Dislocations and 
linear compressions of the sort proposed by Paneth,® 
since they involve alterations in the lattice topology, 
cannot be incorporated without modifying basic ideas; 
it will be assumed that they are not of importance in 
the ordering process. 

These multiparticle distribution functions obey 
certain identities. Summation of an n-site distribution 
function over all types of atoms present in the crystal 
gives an (w—1)-site distribution function. Thus 


) 2 Pa(r)=1, 


> P4ae(t1,%2)= P(r), 
A’ 


> Para (11,82) = Pa(t2), 
A’ 


Dd Paarar(1,82,0s)=Paa’(t1,82), 


A” 


etc. 


Summation over all sites in the crystal gives a simple 


* Such distribution functions were apparently first introduced 
into order-disorder problems (in the yh rere case) by T. 
Murakami and S. Ono, Mem. Fac. Eng., Kyushu Imp. Univ. 12, 
309 (1951). 

7 Notice that these are probabilities for certain types of atoms 
to be on particular sites, not probabilities for particular atoms to 
be on certain types of sites. For convenience in later work we 
admit redundant distribution functions by obvious definitions of 
the type Paa(r,r)=Pa(r), etc., and self-contradictory distri- 
bution functions such as Paa(r,r) (where A ¥B), all of which are 
defined to be zero. 

*H. R. Paneth, Phys. Rev. 80, 708 (1950). 
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result only with one-site distribution functions: 
Li: Pa(r)=Na, (2) 


where N, is the total number of A-type atoms in the 
crystal. 

In addition there are the same symmetries (including 
periodicities) in the distribution functions as in the 
crystalline superlattice. Indeed, the symmetry of these 
distribution functions defines the superlattice. 

In what we shall call a homogeneous system the dis- 
tribution functions are invariant to translation by any 
vector of the super-lattice, that is, a family of relations 
such as P4(r+R)=Pa(r) are valid, where r is any 
lattice vector and R is any superlattice vector. In an 
inhomogeneous system the distribution functions vary 
as one moves down the lattice, and domains of anti- 
phase order, for example, would be reflected in the 
values taken by the distribution functions. 

On physical grounds one would expect that the 
occupation of lattice sites sufficiently far away from 
one another would be uncorrelated, so hereafter it will 
always be assumed that relations such as the following 
are valid: 


(3a) 
(3b) 


P4a/(t1,82) = RT Pa(ti)Pa:(1), 
tf-fT1|;- @ 


P4arar(¥1,8 2,83) POMERAT 5-4 Paa(t1,t2)P a(t), 


Irs—ri|> © 
etc. 

The one-site distribution functions are related to the 
usual long-range order parameter, S, and the two-site 
distribution functions for neighboring sites are related 
to Bethe’s short-range order parameter,’ o. For the 
case of a two-component alloy with stoichiometric 
composition, one finds 


S=[Pa(ta)— fal/(1—fa), (4) 


where f, is the fraction of atoms of A-type, and rq 
denotes any a-type site. The case of o is somewhat 
more complicated. For the body-centered cubic alloy 
of composition AB, one can show that 


o=4Pap(r, r+5))—1, (5) 


and for the face-centered cubic alloy of composition 
AB; one finds 


o=16(P45(1, r+8))—3. (6) 


Here 6 denotes any nearest neighbor distance and the 
angular brackets indicate averaging over r (which may 
be omitted if long range order is absent). 

In order to carry the calculations to useful conclusion 
it will be necessary to make approximations. The 
general scheme which will prove useful is to express 
the distribution functions of higher order in terms of 
those of lowest order. One form of this is a superposition 
approximation,® analogous to that employed in the 
theory of fluids. The most drastic approximation which 


°F. C. Nix and W. Shockley, Revs. Modern Phys. 10, 1 (1938). 





THEORY OF ORDER-DISORDER KINETICS 


will sometimes be necessary will be called the com- 
position approximation, and consists of using relations 
similar to Eqs. (3) but for lattice points which are not 
widely separated. In its most extreme form this approxi- 
mation gives 


Pryra---Ta(t1,82,** *Bn)SLPri(t1)Pro(ts)*++Pra(t,). (7) 


This reduces the short-range order to an amount 
dependent entirely on the long-range order, giving for 
both the simple lattices cited above (AB b.c.c. and 
AB; f.c.c.) c= S*. Above the critical temperature this 
approximation would be much too drastic, but for S 
near 1 it is reasonably good, as is shown by x-ray data." 
A rough lower limit of S for the use of this approxi- 
mation is S=0.5. 


3. EQUATIONS OF MOTION 


Away from equilibrium all of the distribution func- 
tions will be changing with time as the atoms exchange 
places on the lattice. Many different mechanisms of 
atom movements can be imagined, but the following 
work will take up just two in detail, namely, direct 
interchange and interchange with vacancies. Present 
evidence, mainly from diffusion data, but also from 
direct calculation, favors the vacancy mechanism of 
atom movement in many common systems. Because 
it is theoretically simpler, however, and because it is 
useful to contrast the behavior to be expected from 
several different models, calculations will also be made 
on the assumption that direct interchange is the pre- 
dominant mechanism. 

Consider a pair consisting of an A atom on site r and 
a B atom on a neighboring site r+5. At a given tem- 
perature and with any given set of atoms in the sites 
around this pair, there exists a certain rate at which 
the AB pair will reverse itself so that the B atom moves 
to r and simultaneously the A atom moves to r+. 
The influence of the environmental population must be 
taken into account, else no tendency toward ordering 
will be found. Suppose, for simplicity, that only those 
atoms which are nearest neighbors to the pair exert an 
influence (more distant neighbors could be taken into 
account in an obvious way), and let {X} denote the 
particular set of atoms in these neighboring sites. Then 
by Ras({X}) we will denote the rate at which the AB 
pair interchanges under these circumstances. Likewise 
let the rate of interchange of a BA pair, similarly 
situated and with environmental set {X}, be denoted 
Rpa({X}). {X} is an ordered set of atoms occupying 
sites with definite positions around r and r+; this 
set of sites will subsequently be denoted {x}. From the 
context it will always be clear which pair of (ordered) 
neighbors determines {x}. Since consideration will be 
limited to lattices in which all sites are geometrically 
similar, Rag({X}) and Rega({X}) do not depend on r 

1 J. M. Cowley, J. Appl. Phys. 21, 24 (1950); Phys. Rev. 72, 


669 (1950); B. W. Roberts and G. H. Vineyard, J. Appl. Phys. 27, 
203 (1956). 
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and 6. Related to each {X} is a set giving the same 
occupation of sites about —%6 as {X} gives of sites 
about 6. Call this conjugate set {X}.. Then, clearly, 


Rea({X}.)=Ras({X}). (8) 


Consider now a binary system, in which direct 
interchange is the predominant mechanism. The prob- 
ability of finding an A atom on r, a B atom on r+, 
and the set {X} on the neighboring sites {x}, is 
Pastx)(r, r+, {x}). In the case of the b.c.c. lattice 
this is a 16-particle distribution function; in the f.c.c. 
case it is a 20-particle function. The rate, on the average, 
at which A atoms are disappearing from site r by 
interchange with a neighbor at r+6, when the sur- 
rounding atoms comprise the set {X}, is 


Paptxi(r, r+5, {x})Rap({X}). 


The total rate, on the average, at which A atoms are 
disappearing from site r is the summation of this over 
all possible sets of neighbors {X} and over all sites 
which are nearest neighbors to r, 


~ X Pastx)(r, r+, {x})Rap({X}). 
{x} 


A quite similar expression gives the average rate at 
which A-type atoms are appearing on site r, and the 
difference of these equals the net rate of increase of 
probability that site r be occupied by an atom of type A. 
Thus, one finds the basic equation 


d 
Wh sre > Peratxi(r, r+, {x})Rea{X} 
¢ {xX} 


—>D DX Paa(t, r+4, {x})Rav({X}). (9) 


{x} 


Interchanging A and B gives an equation for 
dP »(r)/dt. This is seen to be the negative of dP4(r)/di, 
as is already demanded by the identity P4(r)+Pa(r) 
= 1, 

In a binary system with two types of lattice sites, 
and with homogeneous order, the identities (1) and (2) 
show that P,(r) for a single value of r determines all 
other single site distribution functions. Thus, letting rq 
be an a site and rg a @ site, one finds 


P4(tg)=(fa/fa)—(fa/fe)Pa(ta), 
P3(ta)=1—Pa(fa), 


P p(tg)=1—fa/ fat (fa/ fs)Pa(ta); 


where f4 and fz are the fractions of the atoms which 
are of types A and B, respectively, and f, and fg are 
the fractions of the sites which are of types a and 8, 
respectively (fa+fa=fa+fs=1, but it is not necessary 
that fa= fa). Thus, Eq. (9) with r taken equal to ra, 
say, exhausts the possible equations of motion for one 
body probabilities in the homogeneous binary case. 

In this same case, all two-particle distribution func- 


(10) 
(11) 


and 
(12) 
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tions referring to two sites of given separation y may 
be shown to depend on a two-particle distribution 
function of this type, say Paa(fa, fat y), and a one- 
one-particle distribution function, say P4(ra). Two- 
particle distribution functions with a different | y| are 
independent. There are, then, an infinite number of 
independent two-body equations of motion. They may 
be seen to have the form 


d 
—_ Paa(r, r+y) 
dt 


ow 
-5E Panatxi(t, ry, r+7+8, (x})Roa({X}) 


{x} 


¥ 
+ Paaatxi(t, r+, r+, {x})Rea({X}) 
(x) 
b--¥ 
= D> Paanixi(r, r+y, r+-7+8, {x})Rav({X}) 
(x) 


bxy 


—> Dd Paastxi(r, r+, r+, {x})Raz({X}). 
o (x) (13) 


Here, in the summations, 6 again ranges over all 
nearest neighbor displacements, except that when y 
is a nearest neighbor displacement one value of 6 must 
always be excluded, as indicated; {X} is the set of 
environmental sites around 6. The meaning of the 
terms in (13) is straightforward. The first evaluates 
ways of creating the AA pair by starting with an AB 
pair, the second term evaluates ways starting with a 
BA pair; the third term evaluates ways of destroying 
the AA pair by producing an AB pair, the fourth term, 
by producing a BA pair. 

In a similar fashion, equations of motion for the 
distribution functions of all orders may be readily 
written down. The left-hand side is the time derivative 
of a distribution function, the right-hand side is always 
a linear combination of distribution functions of higher 
order, with the basic rate constants Ra»({X}) as coef- 
ficients. Except for the assumption of the direct inter- 
change process for atom movements and the assumption 
that each interchange occurs in a time short compared 
to the time between interchanges, the equations are 
rigorous. They are somewhat analogous to the basic 
equations of modern kinetic theories of fluids." 

Presumably the entire set of equations of the type 
of (9) and (13) and their higher order analogs uniquely 
determines the development of the system in time, 
given an initial set of distribution functions. Rigorous 
solutions are hardly to be expected, but the system 
offers an excellent starting point for finding approxi- 
mate solutions by writing higher order distribution 
functions in terms of those of lower order, thus making 
the system finite. 


uH. S. Green, The Molecular Theory of Fluids (Interscience 
Publishers, Inc., New York, 1952). 
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The approximations can be made in a variety of 
ways, depending mainly upon the degree of complica- 
tion one is willing to cope with. For systems with long- 
range order, a reasonably good approximation is to 
reduce everything to a one-site distribution function, 
as will be demonstrated in the next section, and then 
to work with only one equation of motion. A better 
approximation is to reduce many-site distribution 
functions to combinations of one-site distribution 
functions with two-site distribution functions for all 
pairs of sites which are nearest neighbors. The rates of 
change of several simultaneous variables must now be 
followed (two in the simplest systems). Iida’ has shown 
how this may be done in one case and shows that the 
Bethe-Peierls approximation? emerges for the equi- 
librium state. Still higher forms of superposition or 
composition approximations may also be used, the 
number of independent variables rising rapidly as this 
is done. For most purposes it would not seem profitable 
to go beyond some form of two-site approximation. 

4. APPROXIMATIONS TO THE EQUATIONS OF 
MOTION—DIRECT INTERCHANGE CASE 

This section will be devoted to the simplest approxi- 
mational scheme following from the preceding for- 
malism. Attention will be restricted to homogeneous 
binary systems of stoichiometric composition, with a 
superlattice containing only two types of sites. The 
direct interchange mechanism will be considered to 
operate exclusively. Complete working out of the 
ordering kinetics will be done only for two systems, 
the AB b.c.c. type of lattice and the AB; f.c.c. type. 

Suppose that an a site is surrounded by c nearest 
neighbors, all of them £ sites and geometrically equiva- 
lent. It is convenient to apply Eq. (9) by taking” 
r=r,; then r+5 always refers to a @ site. The com- 
position approximation can now be applied to the 
right-hand side of (9) by writing 


Pratxi(r, r+6, {x} )=Pa(r)Pa(r+8)P(xi({x}) 


in the first term, with a similar replacement in the 
second term. On account of the similarity of the dif- 
ferent neighbors, summing over 6 is equivalent to 
multiplying by c. One then finds 


(14) 


d 
Pas (Ta)=K oP x(ta)Pa(ts)—KpPa(ta)P a(t), 
t 


where 


Ko=c > Pixi({x})Rea({X}), (15a) 


{xX} 
Ronez. P(x) ({x})Rap({X}). 
x} 


Equation (14) may be conveniently rewritten in 
terms of a single variable, the long-range order param- 


and 
(15b) 


12 As long as rigorous calculations are being made, it does not 
matter whether one starts with r=r_ or r=rg. In nonsymmetric 
systems, such as the AB; f.c.c. type, differences can arise when 
approximations are introduced. 
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eter S, by means of Eq. (4) together with Eqs. (10), 
(11), and (12). Assuming stoichiometric proportions, 
one gets 


dS/dt= (1/fs)[K ofafe(1—S)* 
—Kp(fat+feS)(fet+faS)]. (16) 


This kinetic relation is precisely of the type postu- 
lated by Dienes? [see his Eq. (10) ] on the assumption 
that ordering is a bimolecular reaction corresponding 
to the “chemical” equation A*+ B® A+ B+, where 
A® signifies an A atom on an a site, etc. The present 
formulation goes further, however, in showing the 
makeup of the two rate constants of the reaction, 
Eqs. (15). 

The rate constants themselves are seen to depend on 
the order through many-site distribution functions. 
They may be reduced to functions of the long range 
order only by further use of the composition approxi- 
mation in the form 


Pix) ({x})SPxi (x1) Pxe(X2)- ++ Pxn(Xn), (17) 
where x,:--x, are the individual sites comprising the 
set {x}, and X,---X,, are the types of atoms comprising 
the set {X}. 

Finally, it is necessary to estimate the basic rate 
constants Rga({X}). Here the common assumption 
will be invoked that there is a pairwise interaction 
energy effective between nearest neighbors only,’ of 
amount V44, Vaz, and Vgpz, between AA, AB, and BB 
pairs, respectively, and a very simple treatment will 
be given. Let v=}(Vaat+Veen—2Vaz), where the 
signs have been so chosen that for an ordering system 
v>0O. Consider an AB pair. Around the A atom there 
is a shell of neighbors which are not neighbors to the 
B atom, c’ in number, and around the B atom there is 
a similar shell of c’ exclusive neighbors."* Call these the 
A shell and the B shell, respectively. Suppose that of 
the atoms in the A shell j are of A type, c’—j are of 
B type, while of the atoms in the B shell, & are of A 
type, c’—k are of B type. Then one finds that inter- 
changing the members of the AB pair increases the 
energy of the system by an amount 


AEx= 2(k—j). 


If one plots the potential energy of the system as a 
function of a coordinate measuring the fractional dis- 
placement of the pair from the AB configuration toward 
the BA configuration, it is reasonable to assume the 
curves are about as shown in Fig. 1. For a symmetric 
environment the two minima must lie at the same level, 
as shown by the solid line. For an excess of A atoms in 
the B shell the energy is increased on passing from the 
AB to the BA configuration, and about half of this 
energy increase has been acquired at the half-way 
point. The large extra energy of deformation, U, (see 
Fig. 1) should be substantially independent of the 


18 Tn both b.c.c. and f.c.c. systems, c’ =7. 
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Fic. 1. Potential energy vs configurational coordinate during 
direct interchange of an AB pair. The different curves show 
effects of different environments. 


population of the A and B shells, so that the entire 
curve has the course of the dotted line in Fig. 1. A 
similar argument applies when there is an excess of B 
atoms in the B shell and gives the dashed curve of 
Fig. 1. As a result one predicts that the activation 
energy for passing from AB to BA is U+(k— J)», for 
passing from BA to AB is U—(k—j)v. The environ- 
ment, {X}, of the pair is thus characterized by the 
parameter k— 7. 

If v is the frequency of the vibrational mode asso- 
ciated with interchange of the pair, one has, from 
absolute rate theory, 


Ran({X})=v exp{—LU+ (k— j)0/RT}, 


where any activation entropy which occurs may be 
absorbed in the v, making this an effective frequency. 
From Eqs. (17) and (18) one may now evaluate the 
rate constants (15). This will first be done for the AB 
b.c.c. case. Remembering that {x} must refer to the 
environment about a pair of sites of which the first is 
an a, the second a 8, one sees that the A shell consists 
entirely of 6 sites, the B shell entirely of a sites. Any 
assignment of j A atoms to particular sites in the A 
shell and k A atoms to particular sites in the B shell 
has then the probability 


Px) ({x})=([Pa (ts) LP a(t) ]°~ 
XLPa(ta) FLP a(ta) ]’*. 


With Eqs. (10), (11), and (12), in which fa=fa= fo 
= fs=}, this becomes 


(1—p)'p?*pr(1— po, 


(18) 


where we have put P4(r.)=p. The number of sets { X} 


Ul c 
characterized by the numbers j and & is (“)(4) 
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(binomial coefficients), so one finds 


Komcd Pixi(tx})Raa({X}) 


ce’ Pad 


=x, 2, 


j=0 k=0 


‘ : (1— p)ip*ip*(1—p)**» 
MG) 


Xexp{—[U+(k— jv ]/RT} 


=8y exp[—U/RT]a"(1+p(a—1)}*, (19) 


where a=exp[v/RT], and the summations on 7 and k 
have been carried out by the binomial theorem. From 
Eqs. (8) and (15a) one sees that Ko is derived from 
Kp by interchanging & and j in the term 


exp{—[U+ (k— j)v]/RT} 


at the start of the calculation, since {X},. is charac- 
terized by the parameter j—& rather than k—j. This 
is equivalent to replacing » by —v, so the formula for 
Ko can be found by replacing a by a™ on the right- 
hand side of (19). 

The calculation for the AB; f.c.c. case proceeds 
similarly, though slightly complicated by the fact that 
the A shell consists of 7 a sites, the B shell of 3 a sites 
and 4 8 sites. One finds 


Kp=12» exp[ —U/RT Ja~[1+-4(a—1)(1—p) }? 
xX [1+(a—1)(1—p) PL1+ 4 (a—1) (2+ p) }, 


and again K 9 is found from this expression by replacing 
a by a throughout. 

Useful approximations to these formulas result when 
one replaces exp(v/RT)—1 by v/RT and uses further 
approximations of the type (1+ .x)"e"*. By these 
methods one finds 


(20) 


0 
_ {8v exp[(— U+70S)/RT], (21) 
D 
for the AB b.c.c. case, and 
Ko 
Q |=12» exp (— U+30S)/RT], 


D 


(22) 


for the AB; f.c.c. case. Here p has been replaced by S 
by use of Eq. (4). The formulas are obviously good 
approximations to (19) and (20) when 7>>0/R. Further- 
more, owing to the fact that they become exact for 
S=1 at all temperatures, they remain fairly accurate 
for S near equilibrium at all temperatures, and for 
arbitrary S at temperatures as low as half the critical 
temperature for ordering. 

Equation (16) together with the approximations (21) 
and (22) to Ko and Kp gives the same kinetics as the 
theory of Dienes,’ except that here S enters Ko and Kp 
in a symmetric way, while Dienes has calculated under 
the assumption that Ko is independent of S. The 
parameters of Dienes’ theory can be so chosen that 
his ratio K 9/Kp is the same as that given by Eqs. (21) 
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and (22), and in this case there is rather little quali- 
tative difference between the two formulations. The 
frequency employed by Dienes, which will here be 
written v?, must be related to the more fundamental 
frequency of the present treatment by the formula 
v?=16y in both lattices. The parameter Vo of Dienes 
is given by Vo=14», in the AB b.c.c. case, and by 
Vo= 60 in the AB; f.c.c. case. 

Dienes has set up his equation so that the equilibrium 
degree of order is identical with that calculated from 
the theory of Bragg and Williams.’ The parameter Vo 
thus enters the Bragg and Williams theory, where it 
was defined as the energy change (per mole) upon 
interchanging an A and B pair at the state of perfect 
order. According to the discussion of Nix and Shockley,’® 
the interchange considered should be between distant 
sites. In this manner one finds Vo=16v and 8» in the 
AB and AB; cases, respectively. One could argue with 
about equal force that the best definition of the Bragg 
and Williams parameter would involve an interchange 
between neighboring sites (because of the approximate 
character of the theory, neither definition is demanded). 
In this case one finds Vo= 14 and 6» in the AB and 
AB; cases, respectively, in exact agreement with the 
kinetically derived results above. 

In its most approximate form the foregoing theory 
thus reduces to the Bragg and Williams static theory 
at equilibrium and forms a natural extension of that 
theory away from equilibrium. In their original paper 
Bragg and Williams also derived a relaxation time for 
approach to equilibrium, assuming small departures 
and a direct interchange mechanism of atom movement. 
Their kinetics are likewise contained in the present 
theory. One can readily invent schemes for treating the 
foregoing equations of motion more accurately, but 
these will not be taken up in this paper. 


5. EQUATIONS OF MOTION FOR THE 
VACANCY MECHANISM 


When vacancies (symbolized V) are present in the 
lattice interchanges with them will occur, and four 
new types of basic rate constants arise: Given an A 
atom on r and a vacancy on r+6, with a prescribed 
population {X} on the sites around this pair, the rate 
of interchange between A and vacancy will be denoted 
Rav({X}). The rate of the reverse interchange will be 
written Ry4({X}), and the two similar processes, in 
which a B atom occurs in place of the A atom will be 
given the rate constants Rgy({X}) and Ryg({X}), 
respectively. Again, for simple lattices, one has the 
conjugate relations 


Rva({X}-)=Rav({X}), (23a) 


and 
Rva({X}.)=Rav({X}). (23b) 


As previously noted, the distribution functions must 
be generalized so that the vacancy is treated as a third 
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species of atom. With two types of superlattice sites, 
six kinds of one-body distribution functions can be 
defined, and it can be shown that two of these are 
independent. [See Eqs. (26) to (29).] Thus, it is neces- 
sary to write two equations of motion to deal with the 
kinetics of long-range order, and for this purpose we 
choose to investigate dP4(r)/di and dPy(r)/dt, where 
r will shortly be taken to be rz. 

For simplicity, we assume that vacancy interchange 
occurs much more frequently than AB interchange and 
neglect the latter. Arguments exactly like those which 
established Eq. (9), with B replaced by V everywhere, 
lead to the basic result 


d 
—Pa(r)=D ¥ Praixi(r, r+5, {x})Rva({X}) 
dt d {x} 


—L X Pavixi(r, r+8, {x})Rav({X}). 


{x} 


(24) 


Consider now the rate at which probability of occu- 
pation of site r by a vacancy must change. It increases 
in cases where r is first occupied by an A, the neighbor 
r+5 by a V, after which there is an interchange, and 
in cases where r is first occupied by a B, r+5 by a V, 
following which there is an interchange; it decreases 
in two ways which are the inverses of these. The cor- 
responding equation of motion contains four terms, and 
is readily seen to be 


> Pavix)(r, r+, {x})Rav({X}) 


{x} 


d 
—Py(n= 
dt 3 


+e LX Pavixi(r, r+8, {x})Rav({X}) 


{x} 


—D DL Praixi(r, r+8, {x})Rva({X}) 


{x} 


—> } Praixi(r, r+8, {x})Rve({X}). (25) 


do {x} 


The simplest useful approximations to these equa- 
tions of motion can be found by much the same pro- 
cedure as before. The multisite distribution functions 
are broken up by composition approximations in the 
form 


Pyatxi(t, r+, {x})=Pv(r)Pa(r+8)Pixi({x}), 


Effective rate constants are defined which will later be 
evaluated by further use of the composition approxi- 
mation in the manner of (17). Finally, it will be assumed 
that the vacancy concentration, fy, is always small, so 
that terms of higher than first order in fy may be 
discarded. Generalization of the relations (10) to (12) 
for the ternary case (fat+feat+fv=fatfa=1, but it 
it is not necessary that f4= f.) are 


Pa(tp)= (fa/fs)—(fa/ fs)Pa(ta), 
P3(ta)=1—Pa(ta)—Pvy(ta\=1—Pa(ta), 


etc. 


(26) 
(27) 


Pp(ts)=1—(fa/fe)+ (fa/ fp)Pa(ta) 
— (fv/fa)+ (fa/fa) Pv (ta) 
~1- (fa/fa)+(fa/fs)Pa(ta), 


Py(1s)=(fv/fe)—(fa/ fa)Pv(ta); 


where the approximate forms depend on the condition 
fv<1, and will be employed in the following. 

Using these results, with r=r., r+6=r1, (24) and 
(25) now become 


(28) 
(29) 


d 
apf A (te) 20 aPr(e)L( fa/ fa)—(fa/ fs)Pa(ta) | 


—DaPa(ta)L(fv/fa)—(fa/fa)Pv(ta)], (30) 


and 
d 
rr (ra)={DaPa(ta)+Onl1—Pa(ta) |} 


XL(fv/fa)— (fa/ f)Pv (ta) J 
—(OaL(fa/fa)—(fa/ fa)P (ta) J 
+Da[1—(fa/fs)+ (fa/fa) Ps (ta) }}Pv(ta), 


where 


(31) 


DX Pixi({x})Rva({X}), 


{x} 


DL Pixi({x})Rav({X}), 


{x} 


DX Pixi({x})Rav({X}), 


{x} 


> Pixi({x})Rva({X}). 


{x} 


Os=> (32a) 
3 


Da=D (32b) 
3 


Os=>d (32c) 
d 


Ds=>d (32d) 
3 

An important feature of this ordering process is 
apparent from the form of Eqs. (30) and (31). The 
right-hand sides of both equations are of the order of 
fv, but since Py(ra) can never be larger than fy while 
P4(rq) can be as large as 1, Py(ra) is capable of chang- 
ing at a very much larger rate, relative to its final 
value, than P4(ra). As a result, Py(ra) does most of 
its changing in the very beginning stages of the ordering 
process, after which it remains in quasi-stationary 
equilibrium while P4(ra) varies to lits limiting value. 
This is to say that one can, with very good accuracy 
so far as P4(r.) is concerned, set (d/dt)Py(ra) equal 
to zero in (31), solve this for Py(r_) in terms of P4(raq), 
and use this to eliminate Py(r.) from (30), thus re- 
ducing the problem to one with a single dependent 
variable. This same procedure is sometimes known as 
the stationary state approximation in chemical kinet- 
ics. A rigorous discussion can be given, but will not 
be attempted here. It should also be noted that the 
equilibrium value reached by P(rq) is the same with 
and without use of the approximation. Following this 
procedure [and noting that the rate constants (32) 


4S, Glasstone, Text Book of Physical Chemistry (D. Van 
Nostrand Company, Inc., New York, 1940), p. 1059. 
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will not depend appreciably on Py(rq)], one finds a simplified equation of motion: 


» (33) 





dP, a a a lL 
dt \fe fsOstfeOnt+(fa—fa)DetfalDs+Ds—Os—On Pa 


where P, =P, (ra). 


This equation is still more complex than that for 


the direct-interchange case. It can be readily shown, 
however, that the equilibrium degree of order is the 
same on both models providing the previous rate 
constants are related to the new ones by the formula 


Ko/Kp= (Oa0z)/(DaDz). (34) 


This result can also be understood in the terminology 
of chemical kinetics: With the composition approxi- 
mation the vacancy model is equivalent to the two 
“chemical” reactions: 
Ds Dz 
oo A4+V2 and B6+V* = Be+V%, 


A B 


and at equilibrium this reduces to the single reaction 


DsDzs 
At+BS = AS+Be-, 
AUB 
The vacancy rate constants can easily be evaluated 
by the methods used previously. We assume analogously 
to (18) that 


Rav({X})=v4 exp{—[Ust(k—j)va]/RT}, (35) 


where v4 is approximately the Einstein vibrational 
frequency of an A-type atom, U, is the activation 
energy for AV interchange in a symmetric environ- 
ment, j is the number of A-type atoms in the A shell, 
k is the number of A-type atoms in the shell of sites 
around the vacancy, and 14=3(V44—V az). Likewise, 
replacing A by B throughout, 


Rav({X})=vn exp{—[Ust (k—j)va|/RT}. (36) 


Since the vacancy concentration is small, no account 
need be taken of possible vacancies in the environment 
of the pair. D, is now evaluated from (32b) and (35), 
with full use of the composition approximation in sim- 
plifying P;x)({x}). The calculation is precisely similar 
to that made earlier for the direct interchange case, 
and the results (19) and (20) can be taken over by 
inserting suitable modified parameters. We assume 
stoichiometric proportions and express the results in 
terms of the long-range order parameter, S, instead of P. 
Letting a4=exp[v4/RT], as=exp[vg/RT], we find 
the following results. 
AB b.c.c. case: 


Oa 
=S8y, exp[ — U,/RT] 


, Xa. [144 (ac4—1) (145) 4 
~8y4 exp[ (— Ust704S)/RT]. 


(37a) 
(37b) 





The formulas for Og and Dz are obtained from these 
by replacing A by B throughout. 
AB; f.c.c. case: 
A 
= 12v4 exp — U,4/RT] 
. Xas*[1+4(a47'—1)(1—S) J" 
X(1+i(asF'—1)(1—S) f 
X(1+3(a4F!—1) (3+5S)}! 
~12v,4 exp[(— Us+3045)/RT]. 


(38a) 
(38b) 


Again replacement of A by B everywhere converts 
these into expressions for Og and Dz. 

The exponential approximations (37b) and (38b) 
have been derived in the same way as (21) and (22), 
and are accurate over the same regions. 

With the relation 24++7g=1, one finds from the above 
formulas that (34) is satisfied if the exponential ap- 
proximation is used for all the rate constants, but not 
otherwise. This means that the vacancy mechanism 
and direct interchange mechanism operating separately 
would produce only approximately the same order at 
equilibrium. According to the principle of detailed 
balancing, however, the two mechanisms should be in 
individual equilibrium simultaneously, and the dis- 
crepancy is symptomatic of the approximate nature of 
the calculation. This suggests, of course without 
proving it, that the exponential approximation to the 
rate constants may compensate some earlier approxi- 
mations and give a better answer than the more 
elaborate formulas. 

Finally, it should be recorded that the equation of 
motion by the vacancy mechanism, (33), takes the fol- 
lowing forms when written in terms of the long range 
order parameter, with stoichiometric proportions, for 
the two systems of present interest: 

AB case, 


as, 0409(1—S)?—D4Da(14+S)? - 
dt ' L(Os+0s)(1—S)+(Dat+Ds)(14+5) J’ 





AB; case, 
dS 4 30408(1—S)?—D4Dg(1+35)(3+5) 
I 


dt 3 L3(O44+0n)(1—S)+Da(14+35)4+3D 34S 
(40) 
6. DISCUSSION OF LONG-RANGE ORDERING 


Each of the foregoing equations of motion has the 
form 





dS/di=F(S), (41) 
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where F(S) depends on temperature, composition, type 
of lattice, and predominant mechanism of atom move- 
ment. In general it is not possible to integrate this 
equation analytically, but an adequate understanding 
of the theoretical predictions can be had from consider- 
ation of F(S). States of equilibrium occur at zeros of 
F(S), stable or metastable equilibrium occurring at 
zeros where F(S) has negative slope, unstable equi- 
librium at zeros with positive slope. 

In all cases F(S) has a zero at the origin. The reason 
for this is that a completely disordered system has no 
reason for preferring to establish order by making any 
particular sublattice become the a lattice, and while one 
choice leads to increasing S, other choices lead to 
decreasing S. At temperatures above the critical tem- 
perature the equilibrium S=0 is also stable. 

The AB b.c.c. system has the following simple 
behavior : Below the critical temperature one additional 
zero of F(S) occurs, the zero at the origin becoming 
unstable, the new zero being stable and corresponding 
to the equilibrium degree of long-range order. With the 
exponential approximation to the rate constants, as 
already noted, the equilibrium order agrees with the 
prediction of the Bragg-Williams theory, rising mono- 
tonically from zero to one as the temperature falls. 
Both the direct interchange and vacancy models give 
qualitatively similar results. The most important quan- 
titative distinction is that the absolute value of F(S) 
is proportional to exp(—U/RT) in the interchange 
case, and to fy exp(—U.4/RT) in the vacancy case 
(we suppose now that U,=Uz). Since the vacancy 
concentration, fy, is proportional to the exponential 
of the energy of vacancy formation, the vacancy 
mechanism will dominate if the energy of formation 
plus activation energy of motion of a vacancy is 
appreciably less than the activation energy for pairwise 
interchange. 

Dienes'® has given illustrative curves of dS/dt for 
the direct-interchange case, choosing the parameters 
(in the notation of this paper) v=6.2X10" sec", 
U/R=5000°K and v/R=143°K (so that T., the 
critical temperature, is 250°K). [In Dienes’ plot, Kp is 
proportional to exp(—14 vS/RT) while Ko is inde- 
pendent of S, but the quantitative difference between 
this and the case of rate constants given by (21) is 
not great. | In Fig. 2 we give a similar example of dS/dt 
for the vacancy case, using the exponential approxi- 
mations (37b) for rate constants. We have chosen 


U4/R=Up/R=1540°K, 04/R=0p/R=35.7°K 


(so again T,.=250°K), v4=vg=6.2X10" sec, and 
fv=5X10-". The figure shows a family of curves of 
dS/dt plotted against S for various temperatures. The 
minima at high S found for the interchange case do 
not appear, but otherwise the curves are very similar. 
(With Dienes’ formula these minima occur for S less 


16 See reference 2, Figs. 1 and 2. 
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Fic. 2. Rate of change of long-range order vs long-range order, 
for several temperatures. AB b.c.c. case, vacancy-interchange 
mechanism. 


than 1, with the present formula, they occur at larger 
S.) The vertical scale is intended to be illustrative only, 
as very different values could be arrived at by choosing 
other equally plausible values for v4 and fy. 

For small departures from equilibrium order the 
return to equilibrium will follow an exponential law 
with a relaxation time r equal to the reciprocal of the 
slope of F(S) at the equilibrium point. This argument 
has already been used by Bragg and Williams! in their 
early discussion of ordering kinetics. An analytic ex- 
pression for 7 can be derived from the foregoing formu- 
las, but is too complex to be very informative. From 
Fig. 2 it can be seen that r has a minimum at a tempera- 
ture about 0.9 T., and approaches infinity as T rises 
toward T, and also as T approaches zero. The meaning 
of this is clear—at low temperatures relaxation slows 
as all motion freezes out, and in the vicinity of T, relaxa- 
tion again slows as the driving force for ordering 
slackens. From Dienes’ curves it is apparent that the 
interchange model gives a minimum relaxation time at 
a temperature much nearer 7,. Consideration shows 
that if one plots logr vs 1/T a curved line will result, 
with only its low-temperature end asymptotic to a 
straight line with a meaningful activation energy. In 
the direct interchange case, this energy is U, in the 
vacancy case it is the energy of vacancy formation plus 
either U4 or Up, whichever is the larger. 

The AB; f.c.c. lattice shows a somewhat more com- 
plicated behavior, caused by its peculiarity in having 
many B—B pairs even at perfect order. Dienes!® gives 
dS/dt curves for the direct interchange case (again 
with the unimportant difference that Ko does not 
depend on S) using the same parameters as for the AB 
case. In Fig. 3 of this paper are shown illustrative 
curves for the vacancy mechanism. In this the same 
parameters have been chosen as for Fig. 2. The vacancy 
and interchange mechanisms again give qualitatively, 


16 See reference 2, Fig. 6. 
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Fic. 3. Rate of change of long-range order vs long-range order, 
for several temperatures. AB; f.c.c. case, vacancy-interchange 
mechanism. 


but not quantitatively similar results. At sufficiently 
low temperatures the curves are rather like the AB 
curves, but for temperatures in the vicinity of T, the 
curves develop a re-entrant portion leading to a negative 
slope at S=0 and a third, unstable, equilibrium point at 
intermediate S. This peculiarity is, in the exponential 
approximation to the ordering rates, exactly correlated 
with the appearance of multiple roots in the Bragg- 
William equation for equilibrium order.! The critical 
temperature, deduced from equality of free energies, is 
205°K, and the point S=0 is seen to be in metastable 
equilibrium down to temperatures appreciably below 
this. Likewise the state of equilibrium order becomes 
metastable as T goes above T.. Borelius'’ has already 
deduced the existence of a possible temperature hys- 
teresis on the basis of the Bragg-Williams theory. A 
treatment of the nucleation processes by which the 
system escapes from metastable states requires going 
beyond the homogeneous and uncorrelated model which 
we have employed up to now. This question will be 
taken up in a subsequent paper. The relaxation time 
associated with small departures from equilibrium has 
a minimum at a temperature near the critical tem- 
perature, and does not approach infinity until the 
critical temperature has been exceeded by about one 
percent. 


7. APPLICATION TO Cu;Au 


The recent measurements of Burns and Quimby'® 
on resistivity changes in Cu;Au give an opportunity of 
applying the present theory. Unlike all earlier inves- 
tigations, these involved changes of order under con- 
tions where nucleation and variations of domain size 


17G. Borelius, Ann. Physik 20, 57 (1934). 
18 F. P. Burns and S. L. Quimby, Phys. Rev. 97, 1567 (1955). 
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did not occur. In one series of measurements,” carefully 
annealed wires were brought to equilibrium at 388°C, 
a temperature about 5°C below the critical tempera- 
ture, and then quenched to final temperatures in the 
range from 338°C to 385°C. Following quench the 
electrical resistivity was observed as a function of time 
at constant temperature. In a second series,” samples 
were equilibrated at 338°C, then rapidly heated to 
final temperatures in the range 348°C to 388°C, and 
electrical resistivity was again observed as a function 
of time at constant temperature. Under these condi- 
tions the domains of order presumably do not change 
appreciably in size, and the relaxation of resistivity ob- 
served is a measure of the relaxation of long-range order 
toward its equilibrium value. 

Unfortunately there is no information available by 
which the order can be determined accurately from the 
resistivity. Theory" shows that for sufficiently small 
excursions the change in order is proportional to the 
change in resistivity, but is unable to place reliable 
limits on the region of linearity. Consequently we shall 
direct attention to the region of small departures from 
equilibrium, and only assume that resistivity and order 
are linearly related in this region. Under these condi- 
tions the ordering rate, F(.S), can also be approximated 
by a linear function, and, as discussed above, the 
relaxation of order toward equilibrium follows an 
exponential law: 


S—S,=A exp[-—t/r], 
where 5S, is the equilibrium order, and 


1/r=dF/dS evaluated at S,. 


(42) 


The relaxation curves of Burns and Quimby can be 
approximated by decaying exponentials of the form of 
(42). The fit is adjusted to be best near equilibrium. It 


+ T(°C) 





393°Tc) 380° 
30 1 T 


2.0 








Beall 
1.60 





5 
1000/T (°K) —> 


Fic. 4. Relaxation time for long-range ordering vs temperature 
in Cu;Au. Crosses (order increasing) and circles (order decreasing) 
are from data of Burns and Quimby. Solid line is from present 
theory. 


19 See reference 18, Fig. 6. 

™ See reference 18, .Fig. 7. 

1 T. Muto, Sci. Papers Inst. Phys. Chem. Research (T kyo) 
30, 99 (1936). 
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is then good to within about 5% everywhere except 
for four cases in which the misfit at small times ranges 
up to 25%. In view of the two approximations already 
discussed this would seem to be an adequate agreement. 
The relaxation times thus determined are plotted 
logarithmically against 1/T in Fig. 4. The points fall 
on a fairly well defined curve, which, as anticipated, is 
far from linear. 

The present theory has also been used to calculate 
these relaxation times. The vacancy interchange 
mechanism was assumed [Eq. (40) ] and the exponen- 
tial approximations to the rate constants were em- 
ployed. In the absence of clear indications to the 
contrary, it was assumed that U,4=Up, 04=0,, and 
va=vg. The concentration of vacancies, fy, was 
assumed to be given by the usual formula 


fv=fv expl—W/RT}. 


In this T was always taken as the temperature after 
quenching, since the time for equilibration of the 
vacancy concentration can be calculated to be very 
much shorter than the times involved in these measure- 
ments. One then finds 





(1+3S.)(3+S,)]! 

3(1—S,)? | 
[3(1+3S.)(3+5.) +5435. 

(1+35,) pata 


~*(1-S,)-2]-10-65, 
RT 


r= (Safe exp Ut wy/RT] 


(43) 





(1—S,) 


To fit the known critical temperature for ordering of 
this alloy (393°C) it is necessary to take v4/R=541°K. 
Since the present theory now predicts §, at each tem- 
perature, giving the Bragg-Williams result for this, 
there are only two remaining parameters, v4fy° and 
Uast+W. These can be related to a coefficient of dif- 
fusivity as follows: Within the assumption of A—B 
symmetry being employed, the self-diffusivity of either 
A or B in the alloy can be shown to be given approxi- 
mately by D=Dyexp(—Q/RT), where Do=Bva fy’, 
Q=U.4+W, and 6 is the lattice constant. Careful 
measurements of Dy and Q in Cu;Au have apparently 
not been made, but it can be argued that these quan- 
tities should not differ widely from their values for pure 
copper or pure gold. Recent work gives, for Cu,” 
Do=0.20 cm?/sec, Q=47.1 kcal/mole; for Au,” Do 
=0.028 cm?/sec, Q= 39.2 kcal/mole. Also the chemical 
diffusivity of Au in Cu at low concentrations gives 
Dy=0.1 cm?/sec, Q=44.9 kcal/mole.* We choose, 
arbitrarily, Us+W=44 kcal/mole, which is inter- 
mediate between the values for the pure metals, and 
vafv’=7X10" sec!, which, by the above relation, 
gives Do=0.1 cm*/sec. Employing (43) a theoretical 


2 A. Kuper et al., Phys. Rev. 98, 1870 (1955). 


%3 B. Okkerse, Bull. Am. Phys. Soc. Ser. II, 1, 149 (1956). 
* A, B, Martin and F, Asaro, Phys. Rev. 80, 123 (1950), 


991 


curve of r is found which is shown as the solid line in 
Fig. 4. The agreement with the experimental points 
seems to be quite as satisfactory as the rough nature of 
the calculation would require. 

Rothstein’ has also fitted his quasi-chemical theory 
to the Burns and Quimby measurements. As yet a full 
account has not appeared in print, but it is apparent 
that the parameters which he deduces are quite dif- 
ferent from those found here. In particular, the energy 
change on ordering is very much larger in his picture, 
and the equilibrium degree of long-range order is 
predicted to be exceedingly close to unity in the tem- 
perature range concerned. X-ray, thermal, and other 
evidence is not in accord with these conclusions. 

By refining the present calculations, even closer fits 
to the curves of Burns and Quimby could be actained. 
In particular, the departure of F(S) from linearity 
in the vicinity of S, could be allowed for, and this would 
change the time dependence of the relaxation from a 
single exponential to a more complicated form. Any 
improved experimental agreement at larger departures 
from equilibrium would, in our opinion, be without 
significance unless adequate linearity of the order- 
resistivity relation had been established. 


8. SUMMARY AND CONCLUSIONS 


(1) The set of multiparticle distribution functions 
introduced here, although seeming to comprise a 
rather elaborate formalism, gives a natural and powerful 
apparatus with which to discuss the ordering process. 
In terms of these functions, general kinetic relations 
(equations of motion) can be immediately written 
down, and various schemes of approximation for sim- 
plifying the equations suggest themselves. 

(2) The simplest possible approximation is that in 
which all distribution functions are expressed as 
products of one-particle distribution functions. It is 
reasonably good for cases where long-range order is 
high (say, roughly, S>0.5), and allows the kinetics of 
ordering, for homogeneous systems, to be worked out 
in simple and plausible forms. 

(3) The vacancy and the direct interchange mecha- 
nisms studied in the simplest approximation, give 
qualitatively, but not quantitatively, similar results. 
The vacancy mechanism, on present evidence, is likely 
to predominate. 

(4) The AB b.c.c. system and the AB; f.c.c. system 
have been treated. There are some characteristic dif- 
ferences, independently of the interchange mechanism 
assumed, the AB; system being susceptible to under- 
cooling and superheating. 

(5) The simplest approximation leads to the same 
equilibrium degree of long-range order as the Bragg- 
Williams calculations. It also admits an explanation in 
“chemical” terms, the direct interchange mechanism 
being equivalent to the “chemical reaction” 


A+ BP = AP+ Bea, 
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and the vacancy mechanism being equivalent to the 
two “chemical reactions’ A*%+V*= A®+V=* and 
Be+V* = Be+V*. The reaction rates in these models 
are derived in terms of the fundamental parameters of 
atom movements, and are themselves order-dependent. 

(6) The vacancy-interchange model has been applied 
to the case of Cu;Au, which has been studied experi- 
mentally by Burns and Quimby. A—B symmetry was 
assumed, an activation energy and a pre-exponential 
factor were taken from the measurements of self-dif- 
fusion in pure copper and pure gold, and the remaining 
parameter of the theory was adjusted to produce 
agreement with the known critical temperature for 
ordering in this system. The theory then gives reason- 
ably good agreement with relaxation times observed by 
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Burns and Quimby over the temperature range of the 
experiments, 338°C to 388°C. 

(7) The developments outlined above have been 
concerned with homogeneous systems. The basic ap- 
paratus of multiparticle distribution functions and 
their equations of motion is equally applicable to 
inhomogeneous systems, including cases of domains of 
order in a disordered matrix, domains of antiphase 
order, and diffusion in alloys. 
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It is known that the free energy of an imperfect semiconductor or insulator crystal contains terms which 
arise from the ionizability of these imperfections and which represent chemical interactions between imper- 
fections of the same and different kinds. We show that these ionization terms, which involve the Fermi level 
and the parameters of the energy band model, explain the systematic differences between n- and p-type 
semiconductors in lattice vacancy concentration, in substitutional atom diffusion coefficients, and in ampho- 
teric impurity behavior. The ionization terms also explain the variation of solid-liquid impurity distribution 
coefficients with the crystal growth rate of certain semiconductors, and also the well-known “charge balance” 


effect in insulators. 


1, INTRODUCTION 


T is well known' that the solubility of an ionizing 
impurity in a semiconductor is affected by the 
electron and hole concentrations. This happens because, 
roughly speaking, the free energy needed to insert, say, 
a donor atom in a semiconductor lattice is reduced by 
the energy liberated in the ionization of the donor, i.e. 
by an electron falling from the donor level to the 
Fermi level. 
Reiss? has given a statistical treatment of this effect, 
showing that the chemical potentials of donor and 
acceptor impurities have the form 


Ma=Ba(p,T)+kT nXi+-Er 


kT (: 2 —) (1.1a) 
— n{ 1+2 exp-———_ },_ (l.la 
POT 


1C. Wagner and K. Grunewald, Z. Phys. Chem. B40, 455 
(1938) ; C. Wagner, J. Chem. Phys. 18, 62 (1950), J. Chem. Phys. 
19, 626 (1951), K. Hauffe, Halbleiter probleme, edited by W. Schottky 


(Friedrick ane und Sohn, Braunschweig, 1954), Chap. 5; 


C. Goldberg, s. Rev. 88, 920 (1952); F. A. Kroger and H. J. 
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e=Ba(P,T)+kT InXo— Er 
E,—Er 
—kT in( +2 op——), (1.1b) 


where X 4 and X, are the donor and acceptor concentra- 
tions, and Er, Ez, and E, are the Fermi level, donor 
level, and acceptor level, respectively. The main as- 
sumptions behind (1.1) are as follows: 

(a) The energy band model is adequate. (For defi- 
niteness the donor and acceptor levels are assigned 
statistical weight 2.) 

(b) The ionization interaction provides the only de- 
parture from regularity’ of the donor and acceptor 
solutions. 

(c) The difference between Gibbs and Helmholtz free 
energy is negligible. 

Using (1.1), Reiss calculated* the distribution coefhi- 
cient for an ionizing impurity atom between two phases, 
in terms of the concentration of other ionizing impurities. 
The results agree with experiment.’ 

In Sec. 2 of this paper, we present an alternative 


4E. A. Guggenheim, Mixtures (Oxford University Press, Oxford, 
1952). 
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method of derivation of Eqs. (1.1) which seems to us 
more simple and direct. 

In the main part of this paper we shall analyze several 
other phenomena which are affected by the ionization 
interaction of imperfections in semiconductors and insu- 
lators. In Sec. 3 an expression is derived for the fraction 
of amphoteric atoms (of a certain kind) which act as 
donors and the fraction which act as acceptors, in terms 
of the concentration of other ionizing imperfections. 
Possible application to copper impurities in the ger- 
manium lattice and germanium atoms in the gallium 
arsenide lattice is considered. 

In Sec. 4, the concentration of lattice vacancies is 
related to the concentration of other ionizing imper- 
fections, assuming the vacancies act as acceptors. It is 
then shown that substitutional atom diffusion coeffi- 
cients should be greater in m- than p-type semicon- 
ductors, under certain conditions. 

In Sec. 5, we shall show that one may introduce as 
convenient intuitive concepts a chemical potential for 
lattice vacancies and also a separate chemical potential 
for donor amphoteric and acceptor amphoteric atoms. 

In Sec. 6, we shall consider some questions concerning 
the distribution coefficients of ionizing impurities be- 
tween two phases. 

In Sec. 7, we shall show that the well-known phe- 
nomenon of “charge balance” in insulators is a conse- 
quence of the ionization interaction between impurities. 

In Sec. 8, we discuss the solid-liquid interface, showing 
a connection between the rate of crystal growth and the 
resulting nonequilibrium distribution of impurities be- 
tween the two phases. 


2. CHEMICAL POTENTIALS OF IONIZING IMPURITIES 
IN SEMICONDUCTORS AND INSULATORS 


We consider a semiconductor or insulating crystal 
which has an arbitrary uniform concentration of non- 
diffusing donors and acceptors in one region, a different 
uniform concentration in a second region, and a much 
smaller transition region® between. Now we introduce 
Na diffusing donor atoms and JN, diffusing acceptor 
atoms and calculate the equilibrium distribution of 
these diffusing atoms between the two regions. From 
this we shall finally be able to compute those parts of the 
chemical potentials of the diffusing impurities which 
arise from their ionizability. 

The equilibrium values of V,', NV, N.', N.? (the 
superscripts refer to the two regions) may be determined 
by minimizing the total Helmholtz® free energy F(V,T) 
which may be written as 


5 Dr. H. Reiss (private communication) has suggested that it 
would be convenient to examine theoretically the chemical 
potential of ionizing impurities by means of a p-m junction. 

6 Here we neglect the difference between Helmholtz and Gibbs 
free energy. The Gibbs free energy is the correct one to minimize 
at constant pressure and temperature, but the Helmholtz free 
energy is simpler to calculate. 
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In (2.1), Z, is a conduction band level or donor level 
(Ea); E, is a valence band level or acceptor level (E.); 
n, is the electron occupation number of level Z,: the 
maximum of n, is g,; p: is the hole occupation number 
of level E,: the maximum of p; is g:; and Nzq' is the 
number of lattice sites available for donors in region 1. 
The |n2 term in (2.1) comes from the assumption that 
each donor may be, at most, singly occupied, but has 
statistical weight 2, and that each acceptor may be, at 
most, occupied by a single hole, but the statistical 
weight is 2. F, is the part of F unchanged by transfer of 
donors or acceptors across the junction or by changes in 
the valence electronic state. 

We shall minimize F with respect to changes in Nq', 
N/#, N.', and N,? and also with respect to changes in 
the set n,/, n,*, pi, p?: these two sets of occupation 
numbers are coupled by three sets of constraints on the 
system : 





(2.1) 


Dn! —DL: p'—Na+N.'=const, 
dv .n2—-d: p?p—N#?+N.2=const, 


ga'— N4@'=const, 


(2.2a) 
(2.2b) 
(2.3a) 
(2.3b) 
(2.3c) 
(2.3d) 
(2.4a) 
(2.4b) 


The constraints (2.2) are the condition for charge 
neutrality.” The constraints (2.3) say that the addition 
of a donor (acceptor) increases the capacity of the donor 
(acceptor) levels by unity.* The constraints (2.4) con- 
serve the total number of donors and acceptors. 


ga¢—N/#=const, 
ga'—N,'=const, 
g.’— NV ,'=const, 
Ni+N/?=const, 
N'+N.?=const. 


™W. Shockley, Holes and Electrons in Semiconductors (D. 
Van Nostrand Company, Inc., ‘New York, 1950). 

8 The relative change in capacity of valence and conduction 
band levels is only of the order of the reciprocal of the total 
number of atoms, and we therefore neglect this relative change. 
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Applying Stirling’s approximation to (2.1) and repre- 
senting the constraints (2.2) and (2.4) by Lagrange 
multipliers Er', Er*, aa, aa, the minimization of F is 
expressed by 
0=6F—Er'd(>., n'—)> pi—N+N,') 
—Eri(d, ne—> p?—N?+N,’) 

—ad(Nd+N7)—ad(N+N,7). (2.5) 

In (2.5) the constraints (2.3) may be introduced ex- 


plicitly. Carrying this process through, one finds the 
usual’ electron and hole distribution functions: 


gs E,—Er 
= 1+ex( ) s¥d, 
kT 


Ns 


(2.6a) 


Ea— Er 
kT 


8a 
—=1+4 exp( 


Na 


Rt Er—E, 
—=1+exp ) ta, 
kT 


t 


) (donor levels), (2.6b) 


(2.6c) 


ga Er—E, 
—=1+} exp( 


a 


) (acceptor levels), (2.6d) 


for both regions, and the following diffusing donor and 
acceptor distributions: 


Qa~— Ey' 


(2.7a) 





N?@ 1 
r Ved 
Ned aan Ne 1— nq /gq kT 


N,' 1 datEr' 





nf - 
Nea'—N! 1—p.'/g.! kT 


with corresponding expressions for region 2. 

Now we shall express this same equilibrium in terms 
of the chemical potentials of the diffusing donors and 
acceptors, which we write as 


(2.8a) 
(2.8b) 


Ma=BartHae (donors), 


Ha=HaitHae (acceptors), 
where 


wa=Malp,T)+kT In[Ne/(Nee—Na)], (2.9) 
wer=Ma(p,T)+kT In[No/(Neo—No)]. (2.9b) 


Here ya; and ya: are the chemical potentials one would 
calculate if ionization were negligible and if the donors 
and acceptors there formed regular‘ solutions. That is, 
in the absence of ionization effects the entropy corre- 
sponds to random mixing and the energy is linear in the 
numbers of solute atoms. 
The thermodynamic condition for the equilibrium 
described by (2.7) is* 
Ma =p, (2.10a) 


Mal =p’. (2.10b) 


*A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953). 
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Substituting (2.7), (2.8), and (2.9) in (2.10), we find 
Mad —pae=Ep'—Er+kT In(1—na/ga') 
—kT In(i—n@/g2), 


Had —phad=Epx’—Ep'+hkT In(1—pao'/g.') 
—kT In(1—p.2/g.2). 


(2.11a) 


(2.11b) 


Remembering that the total donor and acceptor concen- 
trations are arbitrary, it follows from (2.11) that 


Mae= Erpt+khT In(i—na/ga)+fa, (2.12a) 
Mae= —Ert+kT In(1— po/ga)+ fa, (2.12b) 


where fig and fi, are independent of the donor and 
acceptor concentration. ya. and yo. have been defined so 
that 


Mae=0, when ionization of donors is negligible, 
Hae=0, when ionization of acceptors is neglibile, 
i.e., 
Hae=0, when Er—Eg>kT, (2.13a) 


Mae=0, when E,—Ep>>kT. (2.13b) 


This means that fig and fig may be evaluated and (2.12) 
rewritten as 


Mde= Er—EagtkT In2 


Er—Eu\) 


-#r nf 142 exp( )} (2.14a) 


Mae= Eqg—Epv+hT |n2 


Ea—Er\) 
~AT nf +2 exp( *) ‘ 
kT d 


This puts (2.8) in agreement with (1.1). Thus (2.14) is 
the correction one must make to the chemical potential 
if one wishes to account for the effects of ionization. For 
the case, Er= Erp=(E.+£a)/2, 


(2.14b) 





E.—Ez 


Mde= Mae +kT In2 


E,—Ea 
—kT inf 142 ep(——") (2.15) 
2kT 


3. AMPHOTERIC IMPURITIES 


If a certain impurity atom can occupy two kinds of 
site in a semiconductor or insulator lattice, acting as a 
donor in the one site and as an acceptor in the other, 
then the fraction of such amphoteric atoms in'[donor 
sites will depend upon the concentration of other 
ionizing imperfections. We shall calculate this depend- 
ence and, finally, discuss two possible applications. 
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The Helmholtz free energy of the system is 


F= F\+-NiaWatNiaWit>d: NsE.—)>.¢ PE: 


Na! 


Nia!(Nza— Na) ! 





—kT} (mat pa) In2+1n 


Naa! ge! 
x +> In 
Nia!(N za— Nia)! 8 ns!(ge—Ms)! 


+> In—————- }, 
t pil(ge— py)! 





(3.1) 


where W,—Wg is the energy to take an amphoteric 
atom from donor to acceptor site, Vig and Nj, are the 
numbers of donor and acceptor amphoterics, Vz4 and 
Nz are the numbers of available sites for the donor and 
acceptor amphoterics, and F; is that part of F which is 
indifferent to transfer of amphoterics from donor to 
acceptor sites and to change in electron occupation 
numbers. 

The equilibrium condition is that F be a minimum 
with respect to changes in the Vai, Na: and the n,, pi. 
These two sets of occupation numbers are coupled by 
the constraints 


ga— Nia=const, (3.2a) 


gZa—Nia=const, (3.2b) 


Niat+Nia=const, (3.3) 


Dos Me— Dot Pt— NiatNia=const. (3.4) 


Equations (3.2) state that when an amphoteric changes 
from donor to acceptor site the number of donor levels 
decreases by unity and the number of acceptor levels 
increases by unity. Equation (3.3) conserves the total 
number of amphoteric atoms. Equation (3.4) is a form 
of the charge neutrality condition.’ Representing con- 
straints (3.3) and (3.4) by Lagrange parameters » and 
Er, the minimization condition is 


0=6F—p6(Niat Nia) 


—Epi(d. n.— >t Pi—NiatNia), (3.5) 


in which (3.2) must be introduced explicitly. From this 
process there result the usual electron distribution 
functions (2.6) and the amphoteric atom distribution 
functions: 


Nia(i-—n 
ern) et Bw, 


4V zd 4V ld 


(3.6a) 


Nia “™~ Pa/ 5a 
urn (1— pa/ Sa) 


se Ni6 


)- —(W.—Er—p). (3.6b) 
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We shall consider the dilute case now: 
Nza>N ld, 
NaN. 


(3.7a) 
(3.7b) 
In this case, 
Nia Nea 1—po/fa W.- Wa—2Er 
si Seeeaaanitaas ex ( ). (3.8) 
kT 





xp 
Nug Noi 1—ma/ga 


One can see from (3.8) that the ionization interaction 
makes amphoteric atoms prefer minority type sites. An 
alternate form of (3.8) is 


Niat Nea Wa—Wa—2Er 
ime) 
Nia Ni kT 


(3.9) 


where V,,* is the number of ionized amphoteric donors 

and N,,~ is the number of ionized amphoteric acceptors. 
We may compare N,4/N i, in an exhaustion semicon- 

ductor with its value N,a‘/Nia‘ when the material is 

intrinsic ; 

(3.9b) 


Nia/Nia ( ~——) 
a j 
Nya*/Ni0' kT 


using Eq. (A5b), 


Nia/N ia N N \? i 
Nia*/Nia' 2n; 2n; 


—2 


(3.10a) 


=n?/N?, when N>2n,, (3.10b) 
where JN is the total Na— Na. 

As an example of an amphoteric impurity of the type 
considered above, one may mention germanium in the 
gallium arsenide lattice, with germanium acting as a 
donor in a gallium site and as an acceptor in an arsenic 
site. 

As a second example, one may consider an atom which 
acts as an acceptor when occupying a substitutional 
site in a germanium lattice and as a donor when 
occupying an interstitial site. Copper may be an im- 
purity of this type. 

In the latter example it may be anticipated that the 
diffusion coefficient is a linear combination of an 
interstitial atom coefficient and a substitutional atom 
coefficient, with the proportion of each depending upon 
the fraction of amphoterics in the two kinds of site. 


4. LATTICE VACANCIES AND DIFFUSION 


In those semiconductors and insulators in which 
lattice vacancies act as acceptors, it may be expected 
that the equilibrium vacancy concentration will depend 
upon the concentration of other ionizing imperfections. 
We shall calculate this dependence and then discuss how 
it affects the diffusion of substitutional impurity atoms. 
(The corresponding results for vacancies which act as 
donors may be obtained by similar arguments.) 
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The equilibrium number of vacancies, N,, is calcu- 
lated by minimizing the free energy, which we write as 


F= F,+N.W,+>D. n.E.— > PE: 


#, 


—kT (ne+pz) In2-+-In——_—_—— 
Nw\(N2—N,)! 


l 


+> In +> 


‘ ne!(g.—m,)! t 





In . (4.1 
Pil(gi— ps)! 


Here W, is the energy of formation of a vacancy, N, is 
the number of lattice points which may be vacant, and 
PF is the part of F which is independent of V,, ,, p:. We 
are ignoring, for simplicity, the change in vibrational 
free energy” caused by changes in V,. The minimization 
of F is with respect to changes in NV, and p;, m,. These 
occupation numbers are coupled by the constraints 


(4.2) 
(4.3) 


ga— N,=const, 
Loe M— dt pit N= const. 


Equation (4.2) is the assumption that each new vacancy 
adds one new acceptor level (of weight 2). Equation 
(4.3) is the condition of charge neutrality.’ 

If (4.3) is represented by a Lagrange parameter Ep, 
and (4.2) introduced explicitly, the minimization is 
expressed by 


0=6F—Eri(D. m.— Do: pit N,). (4.4) 


From (4.4), there result the usual electron distribution 
functions (2.6) and 


N,/N.z= {1+ (1—pa/ga) expl[(W.—Er)/kT]}—. (4.5) 


Plainly the equilibrium number of vacancies is greater 
in n-type than p-type semiconductors. 
When 


N,&KN;, 
N, exp[(Er—W,)/kT] 
wo, 1—pa/ fa 


(4.6) 
then 





(4.7) 


N,-/N.= expL (Er— W,)/kT J, 


where J,~ is the number of ionized vacancies. 

It ‘s interesting to compare N, for an exhaustion 
semiconductor with its value V,* when the semicon- 
ductor is intrinsic. In an exhaustion semiconductor, 
pa/gaK1, so that 

N./N,'=expl (Er—Er‘)/kT]. 
Using (ASa), one finds 


N./Nyi==N/2n-+[(N/2m)?+1]}. 


(4.8) 


(4.9) 


(4.10) 
When 


N=N.—Na—N>n, (4.11a) 


” N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940). 
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one finds 
N./N.'=Na/ni. (4.11b) 
When 
N=Na—-Na—N.K— 1, (4.12a) 
one finds 


N./N.t=n./ (Nort N,). (4.12b) 


Consider the relevance of the foregoing to diffusion 
theory. If one assumes that the diffusion of substitu- 
tional impurities proceeds by the vacancy mechanism," 
then the diffusion coefficient will be proportional to the 
vacancy concentration. If the vacancy concentration 
has its equilibrium value” it will be greater in n-type 
than in p-type semiconductors. Under these assump- 
tions, one may then expect systematically greater 
substitutional atom diffusion coefficients in n-type than 
p-type material." Such a systematic difference can be 
seen in data taken by Dunlap." 

Finally, we consider the analog of (4.10) for insulators, 
i.e., we calculate the ratio of NV, to its value N,=N a 
—Naq when N=0 (Nq=N.—N, and Er=Er when 
N=0). 


N,/N,=exp[(Er—Er)/kT). (4.13) 


Using (A8a) 


v.49 
—=—[Net®(N%4+16N Na)! ]. (4.14) 


N, 
Now consider the case where N?>16N aN ge~: we find 
N./N.=Ne*?/2N .. (4.15) 
Because e*’ is so large, we must have 


N/N.~0, 
i.€., 
Na—Na—N,.~0, (4.16) 


so that the vacancy density must very nearly cancel out 
the net unbalance of donors and other acceptors. We 
discuss the significance of this result for “charge 
balance” in Sec. 7. 


5. AMPHOTERIC IMPURITY ATOM AND LATTICE 
VACANCY CHEMICAL POTENTIALS 


We shall show, in this section, that one may introduce, 
as convenient concepts, a chemical potential for lattice 


uF, Seitz, Phase Transformations in Solids, edited by Smolu- 
chowski, Mayer, and Weyl (John Wiley and Sons, Inc., New 
York, 1951). 

2]. Bardeen and C. Herring, Imperfections in Nearly Perfect 
Crystals, edited by W. Shockley (John Wiley and Sons, Inc., New 
York, 1952). 

13 R. L. Longini, Phys. Rev. 99, 636(A) (1955). 

“At a colloquium given at the University of Pittsburgh 
(October 1955), C. Ramasastry reported that a group at Uni- 
versity of Illinois (J. Bardeen et al.) have measured the coefficient 
of self diffusion of germanium at 800°C and found it greater in 
n-type than p-type material. Assuming the vacancy mechanism of 
diffusion operating, they concluded that the vacancy concentration 
was higher in the m-type material because of the interaction, 
through the Fermi level, between donor impurities and vacancies 
acting as acceptors. 

1 W. C. Dunlap, Jr., Phys. Rev. 94, 1531 (1954). 
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vacancies, a chemical potential for donor amphoteric 
atoms, and also a chemical potential for amphoteric 
atoms in acceptor states. 

Denoting the chemical potential for an amphoteric 
atom by yu, we define 


(5.1a) 
(5.1b) 


with wae and ae defined by (2.14). The equilibrium 
condition (3.6) may be written now as 


Mai—Mar= Eat Eg—2Epr 


E.—Er 
#7 i +2 exp( )| 
kT 
=) (5.2) 
VI (5.2 
kT 


Now using (2.6), the condition that the electron distri- 
bution function also be that of equilibrium, (3.6) 
becomes 


Mdl=K— de, 


Hal=H— Kae, 


+kT inf 142 exo 


Nia 
N oz Nia 





Nua Nia 
kT nf 


Nia 


Er—Ea 
kT )] 

E.— Er 
kT ) 


Comparing (5.3) with (5.2), we see that 
Nia 


N sa— Nia 


—2Ert+Woa—WatkT nf 1 +2 exp( 


—#r if +2 ex( (5.3) 





Na— N la 
kT nf 


Nia 
= We—Waetna—er~Eo—Ex. (5A) 
Now for the case 

Er=Ep=(Eot+Ex)/2, 
(5.4) becomes [using (2.15) ] 
Nea—Nie 
Mi. 


Nia 


Nia—Nia 





kT nf |- W.—W.—2Er. 





Nia Nea—Nia Ni. | 
Nia Nia—Nia Nia Nea—Nia 


(5.6) 


=Udi— Mal > Mae Mde- 


This is just what one would expect on the basis of a 
naive use of separate chemical potentials, waite. and 
HaitMae, for donor and acceptor amphoteric atoms. 
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For lattice vacancies, we define a “chemical potential” 
(5.7) 


where fave is defined by (2.14b) and wav has the form 
(2.9b). (Again we assume the vacancy acts as an 
acceptor. If it acts as a donor quite similar arguments 


can be made.) 
Mav =Mavit+ELav— Ert+kT In2 
E,—Er 
AT i 142 exp( )} (5.8) 
kT 


Mov=Havith ave) 


From (4.7), the dilute case, and (2.6d) 


N, Er-—W, E,—Er 
in ) inf 142 exp( )} (5.9) 
N,; kT kT 


and, from (5.8) 
N, 
in ) 
N; 


Comparing this with the intrinsic case 


N, 
o(*) 
N,' 


which corresponds to Eq. (4.9). 

Thus also in the case of lattice vacancies, when their 
density is small compared to the density of lattice sites, 
we can again use the simple electronic chemical poten- 
tial approach. 


6. REMARKS ON DISTRIBUTION COEFFICIENTS 


Reiss and Fuller* have calculated distribution coeffi- 
cients for donor (acceptor) atoms between two phases 
when the acceptor (donor) concentrations are fixed. We 
wish to remark that lattice vacancies may form an 
appreciable fraction of the net imbalance of ionizing 
imperfections and that this fraction is not fixed but 
depends (in equilibrium) upon the position of the Fermi 
level. Therefore it would be preferable to express the 
equilibrium distribution coefficients in terms of the 
Fermi level directly. This is easily done. 

We wish to compare the number, NV‘, of impurity 
atoms in the solid with the number, V**, which would be 
in equilibrium with the same liquid if the solid were 
intrinsic. Denoting the chemical potentials of this im- 
purity atom by yp’ and yu in those two cases, we must 
have 


ems W.—BMavet Ecce 


= —I|n2. 
kT 


(5.10) 





Cink 
Mave —~Have 


kT 


(5.11) 


pip’. 
Using (2.8) and (2.9) again 


ba’ +e =i tHe’ 


N,‘- N - 
N is ps 


(6.1) 


(6.2) 


and 
N 8 


N,*—N* 


—petue’. (6.3) 





kT nf 
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Now using (2.14) we have, for donors 
Na 
Na'— Na 





Niaét—Na* 
kT nf 


Na* 


Er—E 





= Ep—Ep'—kT nf 142 exn( 


and, for acceptors 


‘)| (6.4a) 


y 


N ms wee) 


N,* 





kT nf 


NV sc’— N° 





E. 
=Er'—Ep—kT inf 142 exp( 
kT 


——*)} (6.4b) 


These formulas may be reduced to Reiss’ and Fuller’s 
formula® (2.10), for the special case of exhaustion 
semiconductors using (A5). 

The distribution coefficients, K=C,/C,z, in semicon- 
ductors are ordinarily measured for intrinsic materials. 
In the dilute case V*KN,* and Eq. (6.3) reduces to 


In(K/K*)= (we'—pe)/kT. (6.5) 
7. CHARGE BALANCE IN INSULATORS 


Charge balance in insulators (i.e., the number of 
donor impurities equals the number of acceptor im- 
purities) is a condition that has long been in current 
usage.” We shall here show that charge balance is a 
thermodynamic equilibrium condition which arises from 
the ionization interaction between impurities and from 
the presence of a large energy gap. 

In an insulator, | Er—Ey|>>kT even for only slight 
imbalance of donor and acceptor concentrations, ac- 
cording to (A8). But when (Er—Ey)>>kT, say, the 
crystal will strongly tend to “suck in” acceptor imper- 
fections in order to lower its free energy. Acceptor 
imperfections may be available in the form of impurity 
atoms, in which case (6.4) is relevant, or as lattice 
vacancies, in which case (4.16) and accompanying re- 
marks are relevant. Thus, an insulator decreases its free 
energy strongly by moving its Fermi level toward the 
gap center, thereby suppressing the free carrier density. 
Thus an insulator will remain insulating even with high- 
impurity concentrations. 


8. SOLID-LIQUID INTERFACE AND 
CRYSTAL GROWTH 


The Fermi level is displaced relative to the center of 
the energy gap by unbalance in impurity type. Then, 
since in equilibrium the Fermi level is the same in solid 
and liquid phase, it is clear that there is a variable step 
in electric potential of magnitude |Er'—Er| at the 
interface between solid and liquid (metallic) impure 
germanium. (This is in addition to the potential step 
arising from difference in work function in the intrinsic 
case.) 
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This potential step is smoothed over a layer of about 
10-* cm in the semiconductor (rather than in the metal) 
phase. The spatial variation in potential produces a 
difference in equilibrium impurity concentration in the 
surface layer from the bulk. The surface layer concen- 
tration is, in fact, nearly independent of the bulk 
concentration. 

It is clear that too rapid crystal growth will result in a 
nonequilibrium bulk concentration, vig., some compro- 
mise between the surface layer and equilibrium bulk 
concentration determined by the relative speed of 
crystal growth and diffusion. This effect is intensified 
when the impurity-produced potential step has the 
same sign as the intrinsic step and weakened when the 
two steps have opposite sign. Indeed such a dependence 
of distribution coefficient upon growth rate is observed!*® 
in n-type but not p-type germanium. This suggests that 
the intrinsic potential step makes the surface layer 
p-type by about 0.15 ev. (See Fig. 1.) It may also be 
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Fic. 1. Band model for solid-liquid interface in germanium. 


noted that diffusion of acceptor type impurities from the 
surface layer to the bulk is aided by the potential step 
while the diffusion of donor-type impurities is impeded. 
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APPENDIX: THE POSITION OF THE FERMI LEVEL 
IN THE BAND STRUCTURE 


The position of the Fermi level relative to the band 
structure is determined by the donor and acceptor 
populations, Vz and N,, through the charge neutrality 
equation,’ 


->. net+d: pi=Na—-NiEN, (Al) 
together with the formulas (2.6a), (2.6b), (2.6c), (2.6d). 
1 R. N. Hall, Phys. Rev. 88, 139 (1952). 


IONIZATION 


(Slightly different formulas would result from different 
assumptions concerning the donor and acceptor de- 
generacies.) Solving the resulting transcendental equa- 
tion for Er is complicated, (the case of nondegenerate 
donor and acceptor levels has been reviewed by 
Blakemore'’) but simple expressions for Er can be got in 
two important cases: the exhaustion semiconductor 
having nondegenerate carriers, and the insulator. 
In the exhaustion semiconductor (A1) reduces to 


(A2) 


where n, is the conduction band electron population and 
p. is the valence band hole population. If these obey 
nondegenerate statistics 


N=n.— po, 


n.=n; exp(Er—Er')/kT, 
pv=n,; exp(Er'—Ep)/kT, 


(A3a) 
(A3b) 


where 7, is the value of m, when Ng= N,=0 and where 
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Fic. 2. Fermi levels in semiconductors. The conduction band 
energy, E., is taken as reference level for all semiconductors. 


Er’ is the corresponding’ value of Er. 
Er'=(E.+E,)/2+hT In(N./N>»), (A4) 


where NV, and JN, are the effective’ number of states in 
the conduction and valence bands. Putting (A3) into 


(A2) gives 
Er—Er‘\, N iy os 
(AG) HT 0 
kT 2n; 2n; 
Er—Er' ? Pt 
ew(———") )+]] . (ASb) 
kT 


N N 
SHG 
2n; 2n; 
(See Fig. 2.) 


17 J. S. Blakemore, Elec. Commun. 29, 131-153 (1952). 
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In an insulator, in addition to a large energy gap, one 


has 
n. N, E,-E, 
kT 


Na N d 


bp N, F,—E. 
~=— exp( * )«t, 
b, N AT 


ev ¢é 


(A6a) 


(A6b) 


so that (A2) becomes 
N=n- Pa 
Using (2.6b) and (2.6d) in (A7), one finds 
Ery—-E 1 
exp(- )- —[Ne*?+ (N%e4+16N4)'Na] (A8a) 
kT 4N, 


or 


Ey-E 
exp(—— ) 
kT 


=4N [—NeS?+(N%e4+16NNa)'}", (A8b) 


where 


E=(E,+E,)/2 (A9a) 
and 
A=(Ea—E,)/kT. (A9b) 


(See Fig. 3.) 
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A Cr.0; single crystal was grown by the flame fusion method. It has rhombohedral symmetry and showed 
an antiferromagnetic Curie temperature (7) of 307°K. Below T, the magnetic susceptibility x perpendicular 
to the [111] direction is almost independent of temperature while the value of x parallel to [111] approaches 
zero at very low temperatures. According to the Van Vleck theory, this behavior indicates that the spins are 
aligned along [111]. Above 77°K the parallel susceptibility was found to be proportional to the } power of 
the temperature. Resonance measurements (23 500 Mc/sec) at the Curie temperature showed a shift in the 
peak of the absorption curve as a function of temperature. This shift was towards lower magnetic fields, and 
exhibited an anisotropy effect depending on the direction of the magnetic field which is in agreement with 
theory. From the temperature dependence of the resonance absorption and the Kittel theory of antiferro- 
magnetic resonance, an estimate of the anisotropy constant and its temperature dependence can be made. 





I. INTRODUCTION 


ROM powder measurements of magnetic suscepti- 
bility first made by Honda and Soné,' and neutron 
diffraction by Brockhouse,? chromium sesquioxide is 
known to be antiferromagnetic with a Curie tempera- 
ture in the region of 305° to 315°K. It has rhombohedral 
symmetry which can be thought of as a cube stretched 
along a body diagonal or along a [111] direction. The 
neutron diffraction results show that there is a single 
magnetic axis along which the electron spins are aligned ; 
however, this axis was not uniquely determined. Green- 
wald,® from x-ray diffraction measurements of Cr2Os, 
has found nonlinear changes in the lattice parameters 
with temperature; an expansion in the [111] direction 
and a contraction perpendicular to it. Knowing that a 
single magnetic axis exists and using the Li‘ theory of 
magnetocrystalline deformations, the x-ray study gives 
evidence that the spin axis is along the [111] direction. 
The discovery that electronic magnetic resonance 
effectively disappeared in an antiferromagnet was first 
made by Trounson ef al.5* using Cr2O3. There is a very 
abrupt disappearance of the absorption peak as the 
temperature of the material is lowered through the 
Curie point. Since the resonance measurements were 
made on powder material, detailed information about 
the resonance transition is difficult to obtain. This paper 
reports on both the magnetic susceptibility and micro- 
wave resonance for a single crystal of Cr,O; and com- 
pares the results with existing theory and data on 
polycrystalline materials. 


* A preliminary report of this work was given at the Baltimore 
Meeting of the American Physical Society [Phys. Rev. 98, 
1562(A) (1955) J. 

1K. Honda and T. Soné, Science Repts. Téhoku Imp. Univ. 3, 
223 (1914). 

2B. N. Brockhouse, J. Chem. Phys. 21, 961 (1953). 

3S. W. Greenwald, Nature 177, 286 (1956). 

4 Y-Y. Li, Phys. Rev. 100, 627 (1955). 

5 Trounson, Bleil, Wangsness, and Maxwell, Phys. Rev. 79, 
542 (1950). 

®L. R. Maxwell and T. R. McGuire, Revs. Modern Phys. 25, 
279 (1953). 


II. PREPARATION OF SAMPLE 


The single crystal was prepared by the Verneuil 
(flame fusion) technique’ using a powder obtained by 
the thermal decomposition of ammonium dichromate.® 
Chemical analysis® showed impurities of 0.3% by weight 
and a chromium content given by the formula Crj.950s. 
Since the oxygen was determined by weight difference 
a slight error in the chromium content, about 1%, 
could also lead to the above formula. From outward 
appearances, as well as from the measurements re- 
ported in this paper, the crystal seemed to be in 
excellent condition. The sample was annealed from 
1200°C at approximately one degree per minute. 


III. MAGNETIC SUSCEPTIBILITY 


The magnetic susceptibility measurements were made 
by the body-force method" using fields up to 10000 
gauss. The direction representing the minimum sus- 
ceptibility (x) was identified from the symmetry of the 
Laue x-ray pattern to be the [111] direction. In Fig. 1 
is shown the susceptibility perpendicular (x,) and 
parallel (x,,) to [111]. From 77°K to room temperature, 
Xi is proportional to T! while x, is almost temperature 
independent. There is, however, a very slight increase 
in x, at temperatures near 77°K. In the region of the 
Curie temperature the two susceptibilities differ by 
over 1%. At all temperatures, both x, and x, were 
independent of the magnetic field. The susceptibility 
measurement is difficult to make in the direction 
parallel to [111] because this is an unstable position. 
Since the specimen is mounted on the end of a long 
thin quartz fiber loosely coupled to a balance arm, 
there is a tendency for it to turn in the direction of 
maximum susceptibility (x,). Unless considerable care 


7A. Verneuil, Ann. Chim. et phys. 3, 20 (1904); J. Strong, 
Procedures in Experimental Physics (Prentice-Hall Publications, 
New York, 1946), p. 529. 

SE. J. Scott, J. Chem. Phys. 23, 2459 (1955). 

® Penniman and Brown, Inc., Baltimore, Maryland. 

0 5) R. McGuire and C. T. Lane, Rev. Sci. Instr. 20, 489 
(1949). 
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Fic. 1. Temperature-dependent magnetic susceptibility of a 
Cr2Os; single crystal perpendicular (x) and parallel (x,,) to the 
[111] direction. 
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is taken this can be misinterpreted as an apparent 
magnetic field dependence of x,,. 

The theory of antiferromagnetism proposed by Van 
Vleck" predicts that below the Curie temperature the 
susceptibility of a single crystal should decrease with 
decreasing temperature in the direction that the electron 
spins are aligned, while perpendicular to the spin axis 
the susceptibility is constant. This means that for 
Cr,O3 the spin system is aligned along the [111] 
direction. 

Van Vleck also calculated x,, as a function of tem- 


perature: 
3So(So+1)-'B’( y) ‘ 
Xn=Cu— (1) 
T—3S0(So+1)B'(y)6" 





where C y is the molar Curie constant, y’= 225|J,So|/kT, 
So is the spin-only value which for Cr*+** is $, and B’ is 
the derivative of the Brillouin function. The above 
equation is for a body-centered cubic lattice and is not 
strictly applicable to the corundum structure of Cr.O3, 
but it gives some idea of the behavior predicted by 
theory. Using the value #=—360 and 7,=307°K, 
Eq. (1) is plotted as the dashed curve in Fig. 2. The 
curve shown is actually a reduced plot in the sense 
that the susceptibility from Eq. (1) at the Curie tem- 
perature is made to agree with the single-crystal value 
at T, and the rest of the curve is proportionately re- 
duced. It is seen from the shapes of the two curves 


1 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 
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Fic. 2. Various magnetic susceptibility curves for Cr2O3. 


that there is only approximate agreement. Smart!” has 
pointed out a similar behavior for MnO. 

To compare the powder susceptibility with the single- 
crystal susceptibilities, the following relation is used: 


Xe= $Xut 3X1: (2) 


Xe is plotted in Fig. 2 in comparison with the experi- 
mental data of Honda and Soné.' Powder Cr,0; 
measured by us was also high in comparison with x-. 
The lack of agreement is significant in that it illustrates 
the difficulty of using powder and (x,—x,,) measure- 
ments on a single crystal to obtain x, and x,, indi- 
vidually. 

Bizette and Tsai'* have discussed the lack of agree- 
ment of susceptibility data between powder and single 
crystals of MnF». They conclude that in measurements 
of powder susceptibility the larger value of x is due to 
reorientation of the small crystallites of the powder in 
favor of x,. Thus x can increase with increasing mag- 
netic field. According to them, if particle motion is 
prevented by fixing the grains in paraffin, the suscepti- 
bility remains field-independent. 

Nagamiya" has obtained formulas for the dependence 
of the susceptibility with the applied field which shows 
that it varies proportionally to the square of the field 
and inversely as the anisotropy constant. For those 
compounds such as Cr,O3; which show no field de- 
pendence of susceptibility, a large anisotropy might 
therefore be expected. 


IV. MICROWAVE RESONANCE ABSORPTION 


The microwave study of Cr.O; crystal was made 
with apparatus described by Maxwell and McGuire® 
using a frequency of 23 500 Mc/sec. At approximately 
34°C the resonance disappears as the temperature is 
lowered. Its disappearance has three important charac- 
teristics. The resonance curves become broader and at 


= y.S. paiaie: Phys. Rev. 86, 968 (1952). 


3 H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954). 
4“ T, Nagamiya, Progr. Theoret. Phys. (Japan) 6, 350 (1951), 
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Fic. 3. Microwave resonance absorption at 23 500 Mc/sec with 
the static field parallel and perpendicular to the [111] directions 
for a series of temperatures. 


the same time shift toward lower magnetic fields as 
shown in Fig. 3. In addition, there is a temperature 
difference between equal g values (Fig. 4) depending on 
whether H is parallel or perpendicular to [111]. In 
powder measurements the shift in resonance as well as 
the anisotropy of g were not explicitly observed.® 

The two sets of absorption curves (Fig. 3) were taken 
under identical conditions except that the crystal was 
rotated from [111 ] parallel to [111] perpendicular to H, 
the applied static magnetic field. The specimen was 
located in the center of a full-wave cavity, and the 
microwave field was perpendicular to H. During a 
measurement sequence involving a rotation of the 
crystal, the temperature of the cavity was maintained 
constant within approximately 0.03°K and the micro- 
wave power was also kept constant. This means that 
the relative amounts of absorption can be compared. 
We see that the absorption is strongest for H per- 
pendicular to [111]. The nonsymmetry of the absorp- 
tion as it shifts to lower magnetic fields makes it 
difficult to estimate half-widths. 

The disappearance of the resonance absorption below 
the Curie temperature was explained by Kittel,!® who 
derived the resonance condition: 


w/y= Hot Ha(Hat2H 2) }}, (3) 


where H, and Hg are the anisotropy and exchange 
fields, respectively, and y is the gyromagnetic ratio. 
There is an effective field added or substracted from 
the applied field Hy which can account for a shift as 
found above. Although Eq. (3) will be applied to these 
data measured near the Curie temperature, it must be 
remembered that (3) was derived for magnetic satura- 
tion and a cubic lattice. 

If Hx is considerably smaller than Hz, the effective 


16 C. Kittel, Phys. Rev. 82, 565 (1951). 
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field reduces to 
Aeu=+([2H 4H x |= +[2K }}, (4) 


where we have made the substitutions K=H4M and 
Hxz=)M, with M the magnetic moment per unit volume 
for a sublattice, K the anisotropy constant, and A the 
molecular field coefficient. 

It is known that the ferromagnetic anisotropy con- 
stant, K, is strongly dependent on the temperature and 
is given at low temperature by the relation K(T)/K (0) 
=>(Mr/M>)™, where m= 10. According to theory'® the 
“tenth-power” gradually drops with increasing tem- 
perature. The above statements refer to ferromagnetic 
anisotropy in a cubic crystal. 

Near the Curie temperature of an antiferromagnet, 
we assumed K(T)=B(T,.—T)"; then, from (4), 


Hea= (24B)*(T,—T)”’*. (5) 


The data shown in Fig. 4 can be used to establish 
approximate values for m and K using (5). This can 
only be done, however, if 7, is chosen and for this 
analysis a value of 7,=34.48°C was taken. Inspection 
of Fig. 4 indicates that this 7, is below the point where 
the shift in resonance is first observed. It is perhaps 
equivalent to neglecting the small tail that is associated 
with magnetization curves at the Curie temperature due 
to short-range order. Hs; is given by the difference in 
the resonance fields above and below the Curie tem- 
perature. When H, 4 is plotted with respect to T.,—T 
on log-log paper, a value of n=7/2 is found. Fields 
below 200 gauss are neglected. Large values of m in 
Eq. (5) lead to an estimate that K can easily have 
values 10° to 10" ergs/cc at low temperatures. Large 
anisotropy energies such as these are in agreement with 
values Li® found necessary to explain deformations in 
the crystal structure of antiferromagnetics at the Curie 
temperature. 

In the powder sample of Cr2O3, no shift in resonance 
was observed.* What is observed, however, is a very 
pronounced lack of symmetry of the resonance curve 
toward lower magnetic fields somewhat similar to that 
shown in Fig. 3. This can be interpreted as a distribution 
of resonance curves depending on the angle each crystal- 
lite of the powder makes with the magnetic field. It is 
a direct consequence of the anisotropy occurring when 


TABLE I, Experimental values of the resonant field combinations 
expected to equal 1 and 2, respectively, near T, and 0°K. 








For Te For 0°K 
1.005 

1.005 

1.09 

1.25 

1.45 

1.37 











16 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 
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H is parallel or perpendicular to [111] as shown in 
Fig. 4. 

It has been pointed out by Wangsness'’ that these 
resonance data obtained just below the Curie tempera- 
ture now enable one to make a quantitative test of the 
detailed predictions of the semiclassical theory of anti- 
ferromagnetic resonance. For this purpose it is most 
convenient to use the formula given by Nagamiya"™ for 
the resonance field Ho as a function of frequency and 
the angle @ made by the constant field with the direction 
of spin alignment: 


[a? cos*@+-a(1+-a) sin*é cos’6 jh‘ 
—[(1+a?+ 2aG?) cos?0+ (1—G?) sin?6]h? 
+(1—G?)*=0, 


where h=Ho/H,, a=1—(xu/x.), G= (2H4He)'/H,, 
and H,=w/¥ is the resonance field in the paramagnetic 
state. If we let 02=0 and +/2, we get two equations for 
H,, and H,, respectively, from which G can be elimi- 
nated to give the following relation which involves only 
experimentally determined quantities: 


(aH,,?+H,?)/H,H,=1+a. (6) 


Since H,>#H,,, the above equation is easily seen to 
predict that H,> H,, for all values of a#0 which agrees 
with our results. Near the Curie temperature (a~0), 
we should expect our data to approximately satisfy the 


relation H,?/H,H,=1, and if results were available 
near 0°K (a~1), they would be connected by the 
formula (H,,?+H,?)/H,,H,=2. In Table I, we give the 
experimental values of both of these combinations, 
although, of course, our data were obtained only near 7,. 
We see that the results satisfy the relation applicable 
at T, quite well, the agreement being extremely good 
very near to the Curie temperature.'® Surprisingly 
enough, they also agree closely with the value predicted 
for the formula derived for 0°K. In principle, Eq. (6) 
could be used to determine a from the resonant fields 
and thus should enable one to study the temperature 
dependence of the susceptibilities near the Curie tem- 
perature where the resonances are observable; in our 

17R. K. Wangsness, Bull. Am. Phys. Soc. Ser. II, 1, 126 (1956). 

18 A possible source of the discrepancy at the points furthest 
from 7, is that the very broad lines observed make it difficult to 


determine the exact values of the resonance fields, and experi- 
mental errors in temperature measurement might be present. 
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the resonant magnetic field both parallel and perpendicular 
to [111]. 


case, the results obtained for a in this way were not 
consistent, since small errors in H,, and H, result in 
large uncertainties in a. 

Since Cr.Ox is not cubic, the agreement of our data 
with Eq. (6), which was derived for cubic symmetry, 
seems sufficiently good to show that the semiclassical 
resonance theory is quite adequate for use even close 
to the Curie temperature. 
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Measurements have been carried out on the longitudinal magnetization of pure rods in the intermediate 
state between normal and superconduction. The observed “paramagnetic” flux increase is dependent on 
the externally sustained current, external magnetic field, and temperature only. The dependence is much 
the same for the metals studied. There is a threshold current to be exceeded before the flux increase is 
observed. The threshold is linearly dependent on the external magnetic field; the slope of the threshold 
curve is the same for the metals studied. The results compare favorably with existing theory, except for 
the threshold. An upper limit has been placed on the relaxation time for the currents responsible for the 
flux increase. The effect of the physical purity of the sample has been observed. 





INTRODUCTION 


N the so-called paramagnetic effect’ one finds that 

a solid rod of superconducting material may, under 
certain conditions, contain more magnetic flux than 
can be ascribed to external magnetic fields. If the rod 
carries a high current along its axis and is in a small 
external magnetic field parallel to that axis, then the 
longitudinal flux content will exceed the flux due to the 
applied field when the metal is in the transition region 
between the normal and superconducting states. The 
excess flux may be several times as large as the flux due 
to the external field. It has been established? that the 
extra flux is due to a circular component of the applied 
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2 Meissner, Schmeissner, and Meissner, Z. Physik 130, 521, 529 
(1951) ; 132, 529 (1952) ; W. Meissner and R. Doll, Z. Physik 140, 
340 (1955); A. Sellmaier, Z. Physik, 141, 550 (1955). 

3 J. Thompson and C. F. Squire, Phys. Rev. 96, 287 (1954). 


current and not to some basically atomic paramag- 
netism. Theoretical explanations have been proposed,*:® 
but are in need of further experimental data. For this 
reason results obtained earlier on tin’ have been 
extended to two other superconductors: indium and 
thallium. Measurements of the flux content of the 
single-crystal specimen rods of pure metals have been 
made at constant values of current, external magnetic 
field, and temperature; thus assuring that measure- 
ments were made on equilibrium properties. We have 
also carried out experiments which place an upper limit 
on the relaxation time necessary for the extra longi- 
tudinal flux to establish itself or to die out. 


MEASUREMENTS OF APPARENT PERMEABILITY 


The longitudinal flux content of the cylindrical 
specimen (A) is measured by moving a concentric 
detection coil (B) from the sample to a normal con- 
ductor of known flux content (C) and observing the 
deflection of a ballistic galvanometer (G) connected to 
the coil. See Fig. 1. The experimental apparatus and 
procedure is essentially that described by Thompson 
and Squire.’ The sample is initially established in the 
superconducting state (with zero frozen flux) and in a 
specified external magnetic field, less than the critical 
field. Then a small current is turned on and the flux 
content of the sample (i.e., galvanometer deflection) 
measured for various steady currents in the supercon- 
ducting, intermediate, and normal states. See, for 
example, Fig. 2. Potentiometer measurement of the 
current in the specimen permits high accuracy; how- 
ever, it was found that precision of 0.1 amp was ade- 
quate to obtain a smooth function as in Fig. 2. 

It will be useful to talk in terms of apparent relative 
permeability,? K=ji/uo when describing the effect. If 
6 is the galvanometer deflection when the coil is moved 
from the sample to the copper and 4; is the deflection 
when the sample is in the pure superconducting state, 
then K is given by 

K=1+ (6/|6:|) 

‘H. Meissner, Phys. Rev. 97, 1627 (1955). 


5 C. J. Gorter, Conference de Physique des basses temperatures, 
Paris, September, 1955 (unpublished), paper No. 126. 
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Fic. 2. Typical transition curves, these are for indium. Similar 
curves obtain for tin and thallium. Deflections were obtained at 
constant B, J, T by moving the coil from position (A) to position 
(C) as indicated in Fig. 1. 


and is a function of the current and field at which 6 is 
obtained. See Fig. 2. Thus K is zero in the supercon- 
ducting state, unity in the normal state, and greater 
than unity in the paramagnetic region. We shall give 
special notice to the maximum value, Km. 

Both horizontal and vertical components of the 
earth’s field were compensated or taken into account in 
field calculations. Temperature was determined from 
vapor pressure of the helium bath, and was regulated 
to +0.001 K deg near the tin and indium critical tem- 
peratures, and within +0.002 K deg for the thallium 
data. 


MEASUREMENTS OF RELAXATION TIME 


The curves labeled B’ and B” in Fig. 2 are the transi- 
tions one obtains at two different external fields, B’ 
and B”, and at slightly different temperatures. It is 
apparent that the flux content at a given current is 
quite different, e.g., there is more flux in the sample at 
the low field, B’, at 17 amp than at the higher field at 
the same current. Transition curves taken at the same 
temperature show the same general behavior as Fig. 2 
though the peaks are closer together. In the following 
discussion we will always be dealing with curves taken 
at the same temperature, but will refer to Fig. 2 for 
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illustration. One might inquire if the field were quickly 
increased from B’ to B”’, would the galvanometer 
deflection obtained when the change occurs ever 
indicate a flux decrease in the sample? The answer was 
found to be yes and the relaxation time found to be 
quite short. Experiments were carried out to ascertain 
the behavior of the flux change with such field changes. 
First, two transition curves were taken at some fixed 
temperature. Then the current was set at some value, 
the external field switched from B’ to B”’, and the 
galvanometer deflection recorded (called initial deflec- 
tion below). About seven seconds after the field was 
changed the coil was lifted from the sample to the 
copper and the flux measured. This flux measurement 
was repeated if the flux content did not correspond to 
curve B”’ until the proper value was reached. Next, the 
process was reversed, the field quickly changed from 
B” to B’, and flux measured at field B’ until equilibrium 
was again reached. This procedure was repeated at 
various currents, yielding the flux change in the coil 
when a field change occurs. The net change in the 
sample alone may be determined by correcting for: the 
leakage flux in the superconducting state due to the gap 
between the coil and the sample; and the frozen flux 
which may occur if a field decrease puts the sample in 
the superconducting state. In the superconducting 
state the flux change is zero, and in the normal state 
the flux change is simply due to the external field 
change. The corrected data are shown by the crosses 
in Fig. 3. By referring to the original transition curves 
we can predict what this change should be for any 
current by noting the difference in the galvanometer 
deflection obtained by moving the coil in the constant 
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Fic. 3. Comparison of expected and measured deflections after 
corrections. Field change from 2.37X10-* weber/meter® to 
4.89X 10 weber/meter* with the coil fixed about the super- 
conductor. The solid curve is the expected deflection, the crosses 
are the actual deflection obtained. A positive sign indicates that 
om flux change went in the same direction as the external field 
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Fic. 4. Magnitude of the peak paramagnetism as a function of 
the current and field at which it was obtained for thallium. Solid 
lines are fitted to the experimental points by least squares. Results 
for tin and indium are similar. 


fields, B’, B’. Here we must remember the fact that 
the deflection obtained in the superconducting state 
depends on the external field even though the induction 
in the sample is zero. Results of the comparison are 
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Fic. 5. Threshold for the paramagnetic effect in thallium. For 
currents at the transition above J» extra flux is observed, for 
currents less than J» only the usual transition. Each point is 
obtained from Fig. 4 by extrapolation to unit permeability. 
Similar lines result for tin and indium. 


shown in Fig. 3 for thallium, and a flux increase in the 
sample is found when the external field is decreased in 
the neighborhood of 11 amp. 


RESULTS 


We carefully ascertained that the maximum flux 
content, i.e., Km, exists when the total field due to the 
current and to the external solenoid equals the critical 
field. The magnitude of the effect for each metal 
was determined at various fields, temperatures, and 
currents. The magnitude of the maximum paramag- 
netism was found to increase linearly with current for 
a given external field, once some threshold current 
dependent on the field had been exceeded. The curves 
of K,, versus current using different fixed external fields 
are shown in Fig. 4 for thallium; similar curves obtain 
for tin and indium. The lines drawn through the points 
are fitted by the method of least squares. Each point 
corresponds to a different temperature or current and 
external field combination where the total field equals 
the critical field. 

The intercept of the line of K,, versus current for 
some field gives the threshold current characteristic of 
that field. These current intercepts with their associated 
fields yield the threshold curve shown in Fig. 5 for 
thallium. The considerable scatter is due to the derived 
nature of the quantities involved. One may represent 
the threshold curve by’ 


Iop=I,+vydB, 


where d is the sample diameter, all quantities in mks 
units. Paramagnetism is observed for currents greater 
than J. Experimental values of y and J, are given in 
Table I, with values reported by other workers. With 
thallium there exists a sharp discrepancy between our 
results and those reported by Meissner ef al.*?; we 
indicate that thallium is more like the other supercon- 
ductors. 

Meissner* has developed a theory attempting to 
explain the paramagnetic effect in terms of the inter- 
mediate state structure postulated by London® and 


TABLE I. Parameters of the threshold curve [9:=7,+~7dB for 
various superconductors. 








Specimen Ig (amp) + (meters/henry) Reference 


Tin ! ; (0.21+0.05) X 107 present work 
; 0.17 107 a 
0.23X 107 b 
Indium 1 (0.21+0.01) X 10” present work 
1 i ; (0.21+0.01)< 10? present work 
. 0.17X 107 a 
(0.21+0.01) x 10? present work 
0.09X 107 a 





Thallium 








® See reference 2. 
> Y. Shibuya and S. Tanuma, Phys. Rev. 98, 938 (1955) 


®H. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. I, p. 120. 
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Fic. 6. Comparison of experimental data and theory due to Meissner.‘ The abscissa is go=yol/rdB,,. The equation of the line 
is Kn= (3) go (1+ ¢2)!—1]. J is the sample current, Bzo the external field, and d is the sample diameter. 


Pippard.’? The model assumes that the intermediate 
state is made up of grains of superconducting material 
in a matrix of normal metal. The grains tend to line up 
with the long axis parallel to the total magnetic field, 
which is spiral in the system studied. Thus the path 
of least resistance is a spiral and the spiraling current 
acts like a solenoid to produce the extra flux. This 
theory yields a value of the maximum permeability, 
K,,, for a given transition as a function of the ratio: 
¢go= Beo/Beo, where Byo=yuol/md, I is the current, and 
Bzy the external field at the point of the maximum. A 
parameter of the theory is the ratio of the length, /, to 
the diameter, a, of the superconducting grains less 
one, i.e., C= (//a)—1. Thus C= © corresponds to long 
thin grains and C=0 to spherical grains. The theoretical 
curve of Fig. 6 is based on C= ~, which is also equiva- 
lent to a uniform current distribution. Lower values of 
C displace the curve shown down and to the right. 

A comparison of the data reported here and the 
theoretical curve is given in Fig. 6. Note that the theory 
gives the same result for all superconductors, and 
implies that there is no threshold current to be exceeded 
before the effect is observed. The experiments seem to 
support the contention that the effect is the same in 


7A. B. Pippard, Phil. Mag. 41, 243 (1950). 


all superconductors; however, the data indicate that 
a threshold probably exists. 

A comparison of the deflection obtained when the 
field is changed from one value to another and the 
expected deflection indicates that the flux change 
occurs just as expected. This is true for all the samples 
tested, if the crystals were pure and homogeneous.* The 
relaxation time for the currents responsible for the 
extra flux is estimated to be less than 0.1 second as a 
result of the experiments on good single crystals, and 
quite probably much less. We are presently investi- 
gating this point. Thus even when a decrease of the 
external field causes an increase in the flux in the 
sample, the currents causing the flux increase are set 
up quite rapidly. 


8 For one imperfect indium sample, the time variation of the 
flux content after the field was changed indicated an exponential 
decay (or increase) of the form exp(t/40), tin sec. The points were 
taken over several transition sequences and indicate that the long 
delay was reproducible. Another sample was grown and particular 
paints taken to insure its chemical and physical purity; it was 
also annealed after mounting. For that crystal the relaxation 
time was short as in the cases of the original tin and thallium 
crystals. Both indium samples gave the same results for the mag- 
nitude of the paramagnetism at a given current and field. The long 
relaxation time for the imperfect crystal is probably due to flux 
trapping by grain boundaries similar to that which occurs in 
frozen flux experiments. 
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It is certain that the long tail of the peak extends 
far beyond the critical field, so that there is extra flux 
in the sample after the sample has become normal 
conducting according to the Silsbee hypothesis. London® 
found a similar tail for the resistance approach to 
normal resistance when the transition is made with 
current alone in zero field. Theoretical description of 
the paramagnetic flux behavior beyond the peak is not 
available. 

In conclusion one notes the similarity in behavior of 
the superconducting metals tested, and the agreement 
with Meissner’s theory, at least beyond the threshold. 
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These facts support the argument that the effect is a 
property of the intermediate state. The fast response 
time coupled with the reversible nature of the transition 
again emphasizes the dependence on current and field, 
not on method of measurement or history of the 
specimen. 
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The octahedral sites in the spinel structure form one of the anomalous lattices in which it is possible to 
achieve essentially perfect short-range order while maintaining a finite entropy. In such a lattice nearest- 
neighbor forces alone can never lead to long-range order, while calculations indicate that even the long- 
range Coulomb forces are only 5% effective in creating long-range order. This is shown to have many 
possible consequences both for antiferromagnetism in “normal” ferrites and for ordering in “inverse” 


ferrites. 


I. LATTICE OF OCTAHEDRAL SITES 


HE ferrites are a class of oxides of iron-group 
metals, many of them of technical importance as 
ferromagnets, which crystallize in the spinel structure 
or structures closely related to it. The ideal ferrite has 
the formula ABO, (e.g., NiFe2O,) and the smaller 
metal ions A and B occupy certain interstices between 
the large oxygen ions, which latter are arranged in an 
approximation to the cubic close-packed structure. 


Fic. 1. Photograph of a model of the spinel lattice. The dark 
balls are oxygen; the tetrahedral sites are connected to their 
neighboring oxygens by four diagonal bonds, the octahedral by 
six vertical and horizontal ones. 


The structure is shown in Fig. 1.! The distortion of 
the lattice of oxygen ions is such that a cell of 32 oxygens 
has cubic symmetry again. There are, for each oxygen, 
one interstice surrounded by an octahedron of oxygen 
and two surrounded by a tetrahedron ; half of the former 
and only one-eighth of the latter are occupied by metal 
ions. This means that in the unit cell there are 8 “tetra- 
hedral sites” and 16 “octahedral sites.” 

In a “‘normal” spinel, the 8 A ions occupy the 8 tetra- 
hedral sites, the 16 B ions the octahedral ones. In an 
“inverse” spinel, 8 of the B ions occupy the tetrahedral 
sites, the other 8 and the 8 A’s occupying the octahedral 
sites. Ferrites are known which range all the way from 
purely normal to purely inverse. We are here interested 
in two problems, both having to do with ordering on the 
octahedral sites: (a) the problem of atomic ordering in 
inverse ferrites; (b) in normal ferrites with small or no 
magnetic moments on the A ions, the problem of anti- 
ferromagnetic ordering of spins. 

To attack these problems we need to study carefully 
only the crystal lattice of the magnetic ions, particu- 
larly that of the octahedral sites. The occupied tetra- 
hedral sites form a diamond-type lattice, the octahedral 
sites (see Fig. 2) a somewhat more complex cubic 
lattice which could be generated from this tetrahedral 
site lattice by displacing it through half the cube edge 
and then placing an atom at the center of each bond, 


1T. F. W. Barth and E. Posnjak, Z. Krist. 82, 325 (1932). 
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rather than at the original sites. The lattice of octa- 
hedral sites is thus identical with the lattice of oxygen 
atoms in high-temperature cristobalite. 

The fact the consequences of which we wish to explore 
in this paper is the following: on this lattice one can 
create perfect order, in so far as nearest neighbors are 
concerned, and nonetheless have a finite entropy; in 
other words, assuming nearest neighbor interactions 
only, one can find a number W of configurations of 
N(x) A atoms and N(1—x) B atoms which all have 
the lowest possible energy, W being such that InW is 
proportional to N. This statement can be proved 
explicitly when x is } or less than or equal to } (corre- 
spondingly, also > $) and seems likely to be true for all 
other values a fortiori since } and } are the values at 
which the best-looking long-range ordered arrange- 
ments occur. 


Il. THE ZERO-POINT ENTROPY 


Of course neither of our two problems corresponds 
exactly to the situation in which this lattice can be 
shown rigorously to have a zero-point entropy. This 
situation is essentially the Ising model with only 
nearest neighbor forces. In the prob em of ordering of 
metallic ions in the octahedral sites, one can expect the 
Ising model to be statistically sound, since there are 
only two states of each site, and the problem is essen- 
tially classical; but the interaction is not only between 
nearest neighbors because a large fraction of it is 
Coulomb energy.? However, we shall later show that 
the Coulomb energy of the different structures of 
perfect short-range order does not differ by very much; 
in particular, we calculate explicitly the energies of a 
class of structures containing 2%! members and find 
them all within 5% of the lowest. Thus there will be 
considerable meaning to a calculation of the zero-point 
entropy in this case. 

In the case of antiferromagnetic ordering, the inter- 
action will probably be short-range, because of the 
rather large distances and long chains of atoms con- 
necting those B-sites which are not nearest neighbors; 
however, the counting of states and the whole statistical 
problem will be complicated by the fact that spins are 
quantum-mechanical vectors and not classical scalars 
as in the Ising model. Thus we have no hope of making 
quantitative estimates of zero-point entropy in this 
case. However, two lines of evidence indicate that none- 
theless most lattices which have zero-point entropy in 
the Ising model will also be at least disordered at 
absolute zero in the real quantum theory of antiferro- 
magnetism. First, if one thinks of the spins as classical 
vectors these lattices usually have an even greater 
zero-point entropy due to the extra freedom of rotation. 


2de Boer, van Santen, and Verwey, J. Chem. Phys. 18, 1032 
(1950). 

3Not quite always; the triangular lattice [G. H. Wannier, 
Phys. Rev. 79, 357 (1950) ] is an exception in which one can find 
an ordered configuration of real vectors. 
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Fic. 2. (a) Perspective view of the lattice of octahedral sites 
< spinel; (b) Projection of octahedral site lattice on (100) 
plane. 


Second, Stern‘ has shown that the antiferromagnetic 
spin wave theory indicates that such systems will not 
order. 


‘F. Stern, Phys. Rev. 94, 1412 (1954). 
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In this section, then, we present some results relating 
to the Ising model ordering problem, as applied to the 
lattice of octahedral sites of the spinels. 

First we discuss the 50-50 problem: x=}. Here we 
find that our problem is very closely related to the old 
problem of the zero-point entropy of ice. The lattice 
we are discussing can be seen to be made up of tetra- 
hedra of sites connected at their corners [see Fig. 2(a) ]. 
These tetrahedra are themselves arranged in a diamond 
lattice. If, instead, they were arranged in a lattice of 
hexagonal symmetry (as in high-temperature quartz 
rather than cristobalite) the resulting lattice would be 
identical with ice. We have, then, a lattice which we 
might call “cubic ice.” 

We wish to put on our sites an equal number of + 
and — signs, in such a way that we get the maximum 
number of +-—pairs. This can easily be seen to be 
possible only by putting on each tetrahedron two +’s 
and two —’s; if any tetrahedron has three +’s and 
one —, or vice versa, the effect is merely to substitute 
one like pair for one unlike pair, which of course is 
unfavorable. 

In ice, the corresponding criterion of the Pauling 
theory® is that two of the protons be near the oxygen 
(which is at the center of the tetrahedron) and two 
farther away. This seems very similar and is actually 
an identical criterion, for one can divide the tetrahedra 
of our lattice into two sets with opposite orientations 
such that all those in one set touch only those in the 
other. Then let the +’s on one set mean “proton near 
the oxygen atom,” and vice versa for the other set, and 
the identity of the two problems is obvious. 

Pauling has estimated the entropy in the ice problem, 
and since this estimate is immediately applicable here 
and since we shall use a similar method later we repeat 
his derivation. If we take only one of the two sets of 
tetrahedra (both contain V/4 members, where JN is the 
number of sites of the lattice), we can make 6%/4 
arrangements satisfying the condition that two + and 
two — be on each, since there are 6 arrangements of 
each tetrahedron. 

Now we approximate the number of these that are 
acceptable to the second set of tetrahedra by saying 
that the probability that any one of these tetrahedra is 
correct is 2 (as it is) and that the probabilities of 
different ones are uncorrelated (as they are not). Then 
we have 


W y= (8) (6)"*= (9/9)", (1) 
Seny=h InW=R In(y/$)=0.202R. (2) 


(Note that all entropies quoted in this paper are per 
mole of octahedral sites, which is } mole of ferrite.) 
Onsager® has proved rigorously that this estimate is 
actually a lower limit; one might estimate that it is 
probably no more than 10-20% wrong. 

SL. Pauling, The Nature of the Chemical Bond (Cornell Uni- 


versity Press, Ithaca, 1938), p. 303. 
6 L. Onsager (private communication). 
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The case of x=} is also of special interest since 
lithium ferrite (LiFes;Os) corresponds to this, and is 
actually one of the few ferrites which do have long- 
range order. One can here set a rigorous lower limit 
(see Appendix I) of S>0.081R. Pauling’s method gives 
S=0.131R, and is probably again an underestimate by 
a small factor. This answer is obtained as follows: 

The first set of tetrahedra has 4%‘ configurations of 
1+ and 3—. The probability of any single one of the 
second tetrahedra then being 1+ and 3— is 4(})(2)* 
= (2)*. In the spirit of Pauling’s technique, we reduce 
the total number of configurations by this factor for 
each tetrahedron. Then 


W=(3)™x 40", 


3 
S=4R In(27/16)=0.131R (8) 


For values of x less than }, the zero-point entropy is 
obviously finite. We can find (actually in an infinite 
number of ways) a set of V/4 sites, none of which are 
neighbors of each other. We have x atoms to assign 
to these sites, which can be done in 


(AN) /[(4QN—Nx) (Nex)! 


ways. The logarithm of this number is proportional 
to N. 

Values in this range, as well as in the range }<x<}, 
are not of particular interest, although it is almost 
certain that all possible values of x lead to a zero-point 
entropy. This is the major conclusion of this section. 


Ill. THEORY AND EXPERIMENT ON 
ATOMIC ORDERING 


If the forces between atoms in ferrites were short- ’ 
range, we should predict that there would be no cases 
of long-range ordering on the octahedral sites, but 
rather that short-range order should set in at a rather 
high temperature. However, some of the forces are 
Coulomb ones and no doubt there are other forces of 
longer than nearest neighbor range. 

We have calculated Coulomb ordering energies of 
various structures with x=} and 3 in order to verify 
our guess, based on the last section, that there should 
not be a very great Coulomb energy difference between 
the different structures of perfect short-range order. 
In Fig. 3 is shown the ordered structure postulated by 
Verwey, Haayman, and Romeyn’ for FeO, (again 
showing only the octahedral sites). The lattice of octa- 
hedral sites, when visualized from a 100 direction, can 
be seen to be made up of lines of atoms laid down in 
011 directions. The lines in the same 100 planes are 
exactly twice as far apart as their own internal spacing, 
which is d=a/2v2, a being the cubic unit cell edge. In 
successive 100 planes of the cell these lines lie at 90° to 
each other: 011, 011, 011, etc.; while the lines two 
planes apart fall in the spaces of the previous set. In 


7Verwey, Haayman, and Romeyn, J. Chem. Phys. 15, 181 
(1947). 
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two of the possible sets of 100 planes these lines of the 
reference 7 ordered structure are alternating ABAB 
etc.; they also have a particular relationship to each 
other (lines of the same 100 plane “in phase,” i.e., 
A closest to A and B to B). It is easily seen, however, 
that any structure made up from a set of 011 and 011 
alternating lines having any relative phase whatever is 
one of the short-range ordered structures for x=}. 
These do not make up all short-range ordered struc- 
tures, but only a set of ~2%! of them, since there 
remains only the freedom to choose one 100 plane of the 
lattice arbitrarily. The Coulomb energies of this set 
of structures can be quite accurately calculated by the 
original Madelung method.°® 

In the Madelung method, one divides the lattice into 
neutral lines of atoms and calculates both the self- 
energy and the potential at external points of these 
lines. This potential falls off rapidly with distance, 
making it easy to sum up the interactions of the lines 
with each other to rather good accuracy. In the present 
case the method is particularly suitable because the 
lines in successive planes do not interact, since they 
cross each other exactly half-way between the two 
kinds of charges. Thus it is only next-nearest neighbor- 
ing lines which interact; third nearest again do not and 
further neighbors can be neglected. 

The self-energy of ordering of the lines is, for order- 
ing of charges g: and g» and on the same basis (per 
molecule, i.e., pair of octahedral sites) as reference 1, 


Esert= — ((g1— 92)?/2d } In2 


2/ (4) 
= — 0.9802 (q:—92)*/a. 


The potential caused by an alternating line at a distance 
nd directly opposite one of the positive atoms of the 
line can be written, to three-figure accuracy, 


Gopp= (4/d)Ko(nm). (Sa) 


Each line has 6 next-neighbor lines with which it can 
interact, two at m=2 in its own 100 plane and four at 
n=V3 in the next-neighbor plane. At most four can be 
(on the average) opposite in sign; the most favorable 
case is that in which these are all the n= v3 lines, which 
happens to be the order of reference 7 (Fig. 3). One can 
show by adding up expressions of the form (5a) that 
the additional energy is then 


(Einter) min= — 0.0206 (gi— 
leading to a total energy 
Evot= me 1.001 (q:—q2)?/a (6) 


q2)*/a, (Sb) 


in accordance with reference 1. The most unfavorable 
case is that of all lines “in phase,” which has an 


8 Not in the structure of reference 7, but in all others, one finds 
hexagons of alternating A and B, in general a number of order V 
of them. These may be rotated through 60° without changing 
short-range, order. These two operations (sliding lines and turning 
hexagons) probably generate all possible structures, 

9 FE. Madelung, Physik. Z. 19, 524 (1918), 
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Fic. 3. The Verwey-ordered structure on the octahedral sites 
(projected on 100 plane). 


energy of 
(E inter) max = +0. 0310(g¢ gi— 


with a total of —0.9492. All of the 2%! structures it is 
possible to make out of alternating lines lie between 
these limits and thus within 5% of the minimum; one 
suspects that actually the remainder also lie primarily 
in this range. 

The total ordering energy (6) is of order of magni- 
tude 2-3 ev, i.e., > 10*°K. The extra energy to be gained 
by long-range order is, however, of order a few percent 
of this or 500-1000 degrees K. This may be still further 
reduced by polarization screening effects, so that the 
transition temperature 100°K for Fe;O0, is not sur- 
prising.’ However, it seems certain that Fe;O, will be 
short-range ordered far above the transition tempera- 
ture. In fact the observed entropy change in the transi- 
tion has been found to be little more than 0.3R' per 
mole of octahedral sites rather than the R(In2)=0.69R 
to be expected in a transition from complete disorder to 
complete order, in rough agreement with Eq. (2). Long- 
range ordering on the octahedral sites is observed in no 
other AB,O, inverse ferrite, although the normal vs 
inverse ordering, with its only slightly larger motivation 
in Coulomb energy, often occurs. This fact is probably 
explained by the above considerations: that the energy 
to be gained by long- as opposed to short-range ordering 
is very small, while the entropy change is still large. (We 
appeal here to the qualitative relationship T,« Au/As.) 
Thus the transition temperatures are too low and the 
ions are not mobile enough to permit ordering. 

There does exist one proven case of atomic ordering 

J. H. Van Santen, Philips Research Repts. 5, 282 (1950), 
has shown that Coulomb and other long-range effects should in 
any case tend to create short- rather than long-range order and to 
lower transition temperatures. It is however not clear whether 
our considerations are logically independent of Van Santen’s, so 


that we do not rely on his effect. 
1 J. E. Kunzler (private communication). 


q2)?/a, (7) 
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on the octahedral sites: the ferrite LiFesOs, which has 
been shown! to have 1 Li to 3 Fe ordered on these sites 
and to have a transition at 1200°K. The ordering energy 
of the observed arrangement has been computed else- 
where! to be 

Evva= —9.712(91—92)?/a. (9) 


In Appendix II we calculate the energies, not of this 
but of a group of structures of multiplicity 2"! included 
among the linearly ordered structures. All of these 
structures have lower Coulomb energies than (9), the 
lowest being 


Emin= —0.751(g:—92)?/a, (10) 


some 5% below (9). This indicates that Coulomb energy 
is not the motivation for the long-range ordering, which 
suggests that perhaps some kind of valence force is at 
work here due to the chemical dissimilarity of Li and Fe. 
Under these circumstances we do not consider it too 
surprising that the transition temperature is so much 
higher than that of Fe;O,, since these unknown forces 
are clearly in control of the situation. 


IV. ANTIFERROMAGNETISM ON THE 
OCTAHEDRAL SITES 

Our comments on this subject are necessarily very 
brief and qualitative, both because (as already men- 
tioned) the theory cannot apply directly to quantum- 
mechanical vectors and because the observational data 
are sketchy and unclear. 

First we should emphasize that the present notions 
cannot, unfortunately, help to explain the complex 
patterns observed by Corliss and Hastings’? for ZnFe.O, 
and ZnCr.O, since in these substances what short- 
range order exists points to a ferromagnetic nearest- 
neighbor interaction. 

For classical vectors with nearest neighbor interac- 
tion, instead of the 6 best ways of arranging each 
tetrahedron there are an infinity: all ways in which 
Stot=0. For quantum-mechanical vectors S, there are 
only 2S+-1, but of course the situation is much more 
complicated than that. One can only expect that for 
reasonably large S the classical behavior is not too 
badly approximated. If so, the least-energy state may 
be any complicated combination of vectors pointing in 
various directions, with actual long-range order only 
enforced by what one expects to be rather small second- 
neighbor forces. 

Antiferromagnetism in the octahedral sites has been 
invoked in the theory of Yafet and Kittel," which 
suggests that with antiferromagnetic coupling on the 
octahedral sites and a relatively weak coupling of these 
with the tetrahedral sites, the octahedral sites will 
remain antiferromagnetically ordered but will turn to 
some extent into the direction opposite to the tetra- 
hedral sites, thus giving a total magnetization which 


12. Corliss and J. Hastings (private communication). 
3 Y, Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
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however will not be related simply to the atomic mo- 
ments. We suggest that this phenomenon may occur 
but that the order on the octahedral sites will be, at 
least at higher temperatures, short- rather than long- 
range. 
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APPENDIX I. RIGOROUS LOWER LIMIT TO THE 
ZERO-POINT ENTROPY IN THE 3-1 CASE 


We here exhibit a group of ordered states of the 3-1 
order problem on the octahedral sites which have an 
entropy 0.0809R. In order to do this it is useful to look 
at the lattice from still another viewpoint, along a 111 
axis. In the 111 direction there are planes of atoms in a 
triangular lattice of triangle edge 2d, interspersed be- 
tween denser planes (3 times as many atoms) which 
have the so-called “kagomé”’ lattice. Figure 4 shows 
this lattice with the atoms in the two adjoining planes. 
Note that each small triangle in the kagomé lattice is 
associated with an atom in one of the two neighboring 
planes, either above or below the plane; these triangles 
and the atoms associated with them form tetrahedra 
which must contain three A and one B atom apiece to 
satisfy the perfect nearest neighbor ordering. 

Our set of states are those in which, in all of these 
tetrahedra, the B atom is in the triangle belonging to 
the Kagomé lattice. Figure 5 shows a small portion of 
the Kagomé lattice having this structure: 42B. Now 
we associate with the points at the centers of the large 
hexagons of the Kagomé lattice plus or minus signs 
according to the rule that every A atom represents a 
+— bond, every B a ++ or —-—. That this rule 
works is clear from Fig. 5. These + and — form a 
triangle lattice in the perfect antiferromagnetic order; 
and from any arrangement of such a lattice we can 
make a perfect arrangement of the A.B kagomé lattice. 
But the zero-point entropy of the triangular lattice has 
been calculated by Wannier*: to be 


(So)a=0.323R, (A1) 


so that, since there is one triangle site to every four 
octahedral sites, we get the zero-point entropy of our 
set of states to be 


Soot (A 3B) > 35a = 0.0809R. (A2) 


This is the result quoted in the text. 


(1s: S) F. Newell and E. Montroll, Revs. Modern Phys. 25, 373 

J. ‘Wahl has pointed out that due to a trivial error in the last 
step a numerical result for Sp in Wannier’s paper is 0.323R, 
not 0. 4 
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Fic. 4. (111) projection of the lattice of octahedral sites, showing 
the “kagomé” plane lattice and adjacent sites. 


APPENDIX II. COULOMB ENERGIES OF 
SOME STATES OF THE 3-1 CASE 


We calculate here the Coulomb energies of a still 
different set of states of the A;B case. This set of states 
resembles those of the AB case which we investigated 
in Sec. III very closely. In fact, we again divide the 
lattice into lines in 011 and 011 directions. However, 
we make only one set of lines alternating, the other set 
being all A. This gives us a 3-1 ratio and makes the 
nearest neighbors of all B atoms A. Again we can expect 
that the best arrangement will put coplanar lines in 
phase, those out of the plane and only v3d away out of 
phase. This happens to be the ordered situation one gets 
by taking the triangular lattice planes of Appendix I 
to be B and all of the Kagomé planes A. We should 
mention that the ordered structure observed by Braun! 
for LiFe;Os belongs to neither this group nor to that of 
Appendix I; we stated in the text that its Coulomb 
energy is quite poor. 

Our technique now is to make A be a charge of —1, 
B of +3 (we must have a neutral lattice to get con- 
vergent answers). We can eliminate the contribution 
of the all-A lines by a trick. We consider the ABAB 
lines to be the superposition of +1 +1 +1 --- and 
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Fic. 5. A portion of the kagomé lattice with A2B ordering and 
the equivalent triangular lattice. 


+2, —2 +2. +++: 
3—1 3-1=1 1 1 1 
+2-—2 2-2 

= git qe. 


(A3) 


The all-A lines have charges —1=q;. g: and g3 taken 
together are simply the ordered arrangement of Fe30,, 
and have an energy 


Ea.a= i (1.001 /a)X (2)? (A4) 


per pair of sites. The alternating arrangement g2 simply 
does not interact with either g; or gs because in both 
cases there are as many +— as ++ pairs at any dis- 
tance. Thus Eq. (A4) gives the entire contribution 
including self-energy of q; and qs. 

The energy of g2 is simply exactly the same thing we 
calculated in Sec. III, except that there are only half as 


many sites and (Ag)?=16. It depends on the relative 
phasing of the lines and varies from 
Eamin= — (1.001/a)< (16, (2). 
to (AS) 
Eqomax= — (0.949/a)X (16/2), 
so that for the whole lattice we add (A4) and (AS) and 
take into account that the charge difference is 4; we get 


Enin= — (0.751/a) (4g)?, 


(A6) 
— (0.725/a) (Aq)?. 


Emex= 
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Lifetime of Positrons in Superconducting Lead* 


B. GREEN AND L. MADANSKY 
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Comparison of the mean lifetime of positrons in lead at 4.2°K with that at 10°K indicates (a), no change 
greater than 2X10~ sec in the short-lived component, and (b), no more than 0.3% abundance of a com- 


ponent with lifetime greater than 2X 10> sec. 





T was conjectured by Dresden! that the mean life of 
positrons in a superconducting metal might be 
longer than that in the same metal in its normal state 
if the superconducting electrons did not interact with 
positronium. Early experiments by Millet? and Stump 
and Talley* suggested such an effect. Millet apparently 
observed a long-lived component in superconducting 
lead of 3.5X10-* sec, while Stump and Talley indicated 
a general increase in the lifetime in lead from 1.5X 10-" 
second at room temperature to approximately 5X 10-" 
second at 4.2°K. (The transition temperature for lead 
is 7.2°K.) 

We have attempted to verify these effects. Lifetime 
distributions were obtained by the method of delayed 
coincidences. Two plastic scintillators were placed 120° 
apart close to the source. Anode pulses from 6342 RCA 
photomultipliers, one of which was artificially delayed, 
were fed to a coincidence circuit of resolving time about 
10-* sec. Pulses from the last dynodes were analyzed as 
to pulse height. Only a narrow range of 0.511-Mev 
pulses from the Compton peak were accepted from one 
tube; only the 1.3-Mev nuclear gamma-ray pulses 
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Fic. 1, The Dewar flask. 
Over-all height, 18 inches. 
Leads to the heater and 
thermometer pass through 
the bottom of the inner 
vessel. The space between 
vessels is evacuated for 
thermal insulation. 
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* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1M. Dresden, Phys. Rev. 93, 1413 (1954). 

2W. E. Millet, Phys. Rev. 94, 809 (1954). 

*R. Stump and H. Talley, Phys. Rev. 96, 904 (1954). 


(from the Na**), from the other. Then triple coinci- 
dences among the two dynode pulses and the fast 
coincidence pulses were counted. 

The lead source consisted of a small cylinder drilled 
halfway through along its axis. Both single crystal and 
microcrystalline lead were tried. Na* in a HCI solution 
(about } microcurie), was evaporated in the hole, 
which was then plugged with lead. The source was 
placed in the tip of the copper rod on the bottom of the 
inner vessel of a brass Dewar flask shown in Fig. 1. 
For the 4.2°K measurement, the inner vessel was filled 
with liquid helium and the outer vessel with liquid 
nitrogen. To get a 10°K measurement, the heater was 
turned on and the temperature measured by a carbon 
resistance thermometer.‘ For the 77°K measurement, 
the inner vessel was filled with liquid nitrogen. The 
delay distributions obtained at 4.2°K and 10°K are 
shown in Fig. 2. The distributions at room temperature 
and 77°K showed no distinguishable differences from 
this. 

As a check on the apparatus, the lifetime of positrons 
in polystyrene was also measured. The result for the 


Fic. 2. Delay dis- 
tributions in lead at 
4.2°K and 10°K. 
Left-hand flags rep- 
resent 4.2°K; right- 
hand flags, 10°K. 
Delay to the right of 
the origin represents 
delay of the 1.3-Mev 
gamma-ray pulses. 
An increase of life- 
time would shift the 
centroid of the curve 
to the right. The 
upper points lie too 
closely to re- 
solved. The _inter- 
vals at the right give 
the standard devia- 
tions computed from 
the total number of 
counts at each point. 
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long-lived component was 2.0+0.5X 10-* sec compared 
to the result of Bell and Graham® of 2.3 10-° sec. 

We conclude from these results that no change 
greater than 2X 10-" sec occurs in the lifetime of most 
of the positrons as the lead becomes superconducting. 
Further, any component with lifetime as long as 2 10-° 
sec is present to less than 0.3%. 

The recent suggestion of Wallace® that the polariza- 
tion of the wave functions of unbound electrons makes 
an important contribution to the shortening of the 
decay time in metals probably accounts for the negative 
results. The results also seem to be in agreement with 


5R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 
®P. R. Wallace, Phys. Rev. 100, 738 (1955). 
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the conclusions of the recent experiments of Shafroth 
and Marcus’ and Stump.’ The recent work of Graham 
et al.® also verifies these results. 
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Superexchange Interactions and Magnetic Lattices of the Rhombohedral 
Sesquioxides of the Transition Elements and Their Solid Solutions* 
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A semiempirical analysis of the superexchange interactions responsible for the formation of the magnetic 
lattices in Cr,O; and a-Fe2O; is given. The difference between the two magnetic lattices is attributed to the 
fact that Cr** has a less-than-half-full d-shell and Fe** a half-filled d-shell. We predict that the Cr,O;-type 
magnetic lattice should be found in V203,Ti203, and TiFeO;. One of the superchange interactions in the ses- 
quioxides is compared with the A —B interaction in magnetic spinels. The magnetic phase diagrams of the 
systems FexO;—Cr20; and TiFeO;—Fe20; are tentatively outlined from theoretical considerations. A 
ferrimagnetic structure is proposed for the crystals of the composition Ti2/;Fe4;s03 which are found in nature 
and are conspicuously related to certain problems in rock-magnetism. The predictions derived from our 
semiempirical analysis should be tested by neutron diffraction experiments and magnetic measurements. The 
experiments of Forestier and of Pouillard on the FexO;—Cr2O; system are discussed. 


I. INTRODUCTION 


RAMER’S idea of the superexchange interaction! 
between two cations through an intervening anion 

was fruitfully developed by Anderson? in 1950. His con- 
clusion in regard to the sign of the superexchange 
interaction was that if the magnetic ion has the 3d shell 
at least half-filled, the effective exchange integral must 
be negative (antiferromagnetic coupling), and that if 
the 3d shell is less than half full the effective exchange 
integral must be positive (ferromagnetic coupling). The 
first prediction is invariably supported by all experi- 
mental findings; but, although CrTe and CrOz are 
ferromagnetic in accordance with the second prediction, 
MnO», CrCls, CrSb, VOs, etc., are antiferromagnetic. 
In Anderson’s original treatment the perturbation cal- 


* Work supported by the U. S. Army Signal Corps and the Office 
of Naval Research under contracts with the Carnegie Institute of 
Technology, Laboratory for Magnetics Research. 

1H. A. Kramers, Physica 1, 182 (1934). 

2 P. W. Anderson, Phys. Rev. 79, 350 (1950). See also the review 
article by J. H. VanVleck, J. phys. radium 12, 262 (1951). 


culation included only the off-diagonal matrix elements 
between the excited states in which the same magnetic 
ion, M, or M2, has an excess electron. More recently, 
Anderson and Hasegawa* found that the terms involving 
matrix elements between the excited state in which M, 
has an excess electron and that in which M, has an 
excess electron should not be ignored. The contribution 
of these terms always leads to an antiferromagnetic 
exchange irrespective of the number of 3d electrons in 
the magnetic ion. Therefore, in the case of the less- 
than-half-filled 3d shell the interaction can be ferromag- 
netic only when the Anderson terms have a larger con- 
tribution than the Anderson-Hasegawa terms. Other 
arguments in favor of a negative effective exchange 
integral are mentioned by Anderson and by Polder.‘ 
According to Anderson, the large number of antiparallel 

3’ P. W. Anderson and H. Hasegawa (unpublished). See the re- 
a by Nagamiga, Yosida, and Kubo, Phil. Mag. Suppl. 4, 


4D. Polder, Physica 9, 709 (1942); J. phys. radium 12, 274 
(1951). 
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Fic. 1. The Cr.O; lattice. 
The large circles are the 
cations and the small ones, 
the oxygen ions. 


configurations in the 3d shell may compensate for the 
energy being higher than that of parallel configuration. 
Polder showed that the crystalline field may lower the 
energy of the antiparallel configurations of 3d electrons. 
In effect, both of these suggest that the Hund rule may 
not operate in some cases and so, even in the case of 
cations having less-than-half-full d shell, the Anderson 
terms may also be negative. Therefore, the sign of the 
superexchange between two cations having less-than- 
half-full d shells depends on the relative positions of the 
ions involved, the crystalline field, and the wave 
functions in such a complicated way that no general 
rule can be formulated. For the superexchange inter- 
action between a cation having a less-than-half-full 
d shell and one having 5 or more d electrons, the con- 
tribution from the Anderson terms must be greatly 
lessened, because the contribution of half the terms, in 
which one of the p electrons of the oxygen ions is excited 
to a 3d level of one of the cations, tends to cancel out 
that of the other terms. As a result, the interaction 
arises mostly from the Anderson-Hasegawa terms and 
is probably negative. In the following, we shall carry 
out a semiempirical analysis on the magnetic lattices of 
Cr203 and a-Fe,O; where Cr** has a less-than-half-full 
d shell and the d shell of Fe** is half-filled. 


Il. THE SESQUIOXIDES 


Among the sesquioxides of the transition elements in 
the first long period, a-Fe,O;,° Cr2O3,° and V2.0; 7 are 
antiferromagnetic at lower temperatures. They are all 
of the same rhombohedral structure. The magnetic 
lattices of a-FesO; * and Cr,O; * have been determined 


bd Bizette, Squire, and Tsai, Compt rend. 207, 449 (1938). 

6 J. Foex and M. Graff, Compt. rend. 209, 160 (1939). 

7 E. Haschek and W. Klemm, Z. anorg. u. allgem. Chem. 242, 63 
(1939). 

8 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 

* B. N. Brockhouse, J. Chem. Phys. 21, 961 (1953). 


by neutron diffraction method. The magnetic moments 
of the Cr ions in Cr,O; are arranged in + — + — 
sequence along the [111] diagonal, but those of Fe 
ions in a-Fe,O; are ordered in + — -- + sequence. 
(There are two antiferromagnetic states for a-Fe2O; 
with the same magnetic lattice; they are different only 
in the orientation of magnetic axis.) It is worthwhile to 
look into the exchange interactions which are responsi- 
ble for the formation of the observed spin lattices. In 
the cubic monoxides, e.g., MnO, this is no problem, 
once we accept the importance of superexchange.? For 
the rhombohedral sesquioxides, a careful examination is 
necessary in order to reach an understanding. The 
difficulty is, for the most part, due to the crystal struc- 
ture which is shown in Fig. 1. A group containing two 
nearest cations, e.g., A and B, along the rhombohedral 
axis and the three closely packed oxygen ions in a (111) 
plane, midway between the two cations, may be re- 
garded as a pseudo-molecule, although the crystal is 
definitely not of the molecular type. There are six 
oxygen ions close to each cation instead of only three. 
The distance between a cation and an oxygen ion in the 
pseudo-molecular group is slightly larger than that be- 
tween a cation and one of the three nearest neighboring 


oxygen ions outside of the pseudo-molecular group. 


For a-Fe:O;," these distances are p=1.97 A and 
qg=2.07 A calculated from the structure parameters 
a= 5.427 A, a=55°16', u=0.105, and v=0.295. In Fig. 
2, six Fe** ions and three neighboring oxygen ions are 
shown, with the ionic radii of Fe** and O-? (0.67 A and 
1.32 A, respectively) properly represented. Four of the 
six Fet* ions, A, B, C, and D form a sequence on a [111] 
axis, and the other two, A’ and B’, are respectively 
away from A and B by a rhombohedral edge. The 
oxygen ions are either above or below the plane of the 
six Fe** ions as indicated in the figure. The ionic radius 
of Cr** (0.65 A) and the linear dimension of the Cr.03; 
unit cell are both about 3% smaller than those in 
a-Fe,O;. Therefore, Fig. 2 applies as well to the case 
of Cr2O3. It is quite clear that direct exchange inter- 
actions are of no importance, since the neighboring 
magnetic ions are effectively shielded by oxygen ions, 
and those not quite shielded by oxygen ions, such as 


Fic. 2. The overlap between certain cations and their neighbor- 
ing oxygen ions in a—FeQ3. Fe and O ions are drawn to the Gold- 
schmidt ionic radii. 


PR. W.G. Wyckoff, Crystal Structures (Interscience Pub- 
lishers, Inc., New York, 1948), Vol. 1. 
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B and A’, are located too far away to cause overlap in 
the distribution of 3d electrons. In order to discuss the 
indirect exchange interactions, we list in Table I several 
groups of M,—O—Mz, (two magnetic ions and one 
intervening oxygen ion). Only those involving close 
contracts of oxygen and cations are included, e.g., the 
distance of M—O is either p or g. The next nearest 
distance of M—O is about § times # or q; therefore, any 
configurations of M,;,—O— Mz, other than those given 
in Table I, may be left out of consideration. According 
to Anderson, the angle M;—O— M, should be 180° to 
obtain a maximum strength of the superexchange on 
account of the dumbbell-shaped orbits of the 2 elec- 
trons of the oxygen ion. A 90° M,—O— M, angle is most 
unfavorable for producing a spin coupling. Therefore, 
(a), but not (b), is the dominant interaction which 
causes the coupling of spins on the cations of two 
neighboring pseudo-molecular groups. It is not hard to 
see that the coupling caused only by (a) or by (a) and 
(b) does not cover the three-dimensional magnetic 
lattice. The interaction (c) should be responsible for the 
spin coupling in a pseudo-molecular group. In spite of the 
M,OM; angle being nearly 90°, (c) must be a strong 
interaction. An explanation is as follows: In the pseudo- 
molecular group there are three oxygen ions geometri- 
cally equivalent with respect to the cations [see Table 
I: n=3 for (c)]. An appreciable overlap between the 
m orbits of the group of three oxygen ions and the 3d 
shell of the cations in the MO; group might be expected. 

It is highly significant that the spin coupling caused 
by the superexchange interaction (a) is ferromagnetic! 
in Cr2O; but antiferromagnetic in a-Fe20;. This indi- 
cates that, in this case, the sign of the effective exchange 
integral is determined by the Anderson terms. On the 
other hand, in both Cr.O; and a-Fe:O;, the spin 
coupling in a pseudo-molecular group is antiparallel, in 
spite of the fact that Cr** has less than 5 electrons in 
the d shell and Fe** has a half-filled d shell. Therefore, 
the fact that CreO; and a-Fe,O; possess different anti- 
ferromagnetic lattices must be attributed to the dif- 
ference in the number of their d electrons and the 
operation of the Hund rule. As a result, we may predict 
that V2O; should have the same antiferromagnetic 
lattice as Cr2O3, but not that of a-FeO;, because V**, 
similar to Crt’, has a less-than-half-filled d shell. TisOs 
has the same rhombohedral lattice as Cr2Os, etc. and is 
probably antiferromagnetic. Similar to the case of V20s, 
the arrangement of the magnetic moments in Ti,Os; 
should be of the Cr2O;-type. We should remark that the 
predictions stated above and those to be included in 
Sec. IV are derived from a semiempirical analysis. It is 
necessary to test them by neutron diffraction studies 
and magnetic measurements. 


1 The combined effect of a negative exchange and a positive one 
causes the formation of the antiferromagnetic lattice of Cr2O3. It 
is trivial to note that when two or more groups of exchange inter- 
actions are responsible for the spin order in an antiferromagnet, it 
is not necessary that all of them have negative exchange integrals 
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TABLE I, The configurations of M;—O— M; with close contacts 
between M and O. The distance of Mi-M: and the angle 
ZM,OM:‘ are calculated for a-Fe20;. » is the number of oxygen 
ions forming the same triangular configuration with the same 
pair of cations. 











Spin coupling in 
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3.18 A 103°38’ 
2.97 A 85°37’ 
2.89 A 88°20’ 





Ill. THE A-B EXCHANGE INTERACTION IN 
MAGNETIC SPINELS 


Our general conclusion on the sign of the effective 
exchange integral of the simple M,—O— M; configura- 
tion such as (a) finds strong support in the accumulated 
data on magnetic spinels.” In a magnetic spinel the 
dominant exchange interaction comes from the con- 
figuration M4—O—Mz,, where A and B, respectively, 
denote the tetrahedral and octahedral site. The dis- 
tances M4—O and O—Msz, and the angle M4,0M sz, 
depend on the cubic edge and the oxygen parameter, 
which vary slightly from one spinel to another. Our 
calculation shows that in the magnetic spinels with 
which we are concerned, M4—O is very close to 2.05 A, 
O— Mz 1.90 A, and M40M sz, is about 120°. Therefore, 
the M4—O—Msz is certainly very close to the con- 
figuration (a) of Table I (for both m=1). For con- 
venience we shall write M (+) for a magnetic ion having 
five or more 3d electrons and M (—) for that having less 
than five 3d electrons. In the following paragraphs our 
predictions of the sign of the exchange integral are 
compared with experimental findings on ferrites and 
chromites. Some of the observations have been made by 
Gorter”: on a similar theoretical basis. 

(i) The exchange M,4(+)—O—Ma,(+) is negative 
(antiparallel spins). We have found correspondingly 
that in ferrites Fe,t*—O—Feg*, Fe,*?—O—M ,**(+), 
and M,**(+)—O—Fe,* are coupled in antiparallel 
spins, where Mg** may be one of the divalent ions, 
Mn?, Fet?, Cot, Ni*, and Cu*. 

(ii) The exchange M4(+)—O—M(—) is negative 
and much weaker than M,4(+)—O—M,(+). It is 
found in chromite that M4t?—O—Crg** is again 
negative; M 4+? may be any of the divalent ions Mn**, 
Cot?, Ni*t®, and Cu**. (These chromites are normal 
spinels.'®) The strength of the exchange interaction may 
be estimated from the transition temperature by using 
| J| «T.. We found that J(M4(+)—O—Crg*) is only 
ca. #y or less of J(Fea—O—Ma(+)). Similar evidence 
in the sign and magnitude of M,4(+)—O—Ceg,** is 


12 For a general review of magnetic spinels, see, e.g., Fairweather, 
Roberts, and Welch, Repts. Progr. Phys. 15, 142 (1952); also 
E. W. Gorter, Philips Research Repts. 9, 295, 321 (1954). 

18 FE. W. Gorter, Philips Research Repts. 9, 403 (1954). 

4 Schindler, McGuire, Howard, and Smart, Phys. Rev. 86, 599 
(1952). 

16 FE, J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 
(1947). 
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found by Gorter from measurements on the system 
Lio. sFee.s_zCr,04(0< «¢ 2). These experiments find the 
saturation moment of chromite too small to be explained 
by the M,4—O—Crz interaction alone. It is believed 
that the Crg—O—Crz interaction, which is also nega- 
tive, exerts a profound influence here. On the other 
hand, the effect of Fes—O—Feg exchange in ferrites 
has no influence in the same aspect. From the recent 
work on the low-temperature antiferromagnetic transi- 
tions of ZnFe,O,'*!7 and ZnCr.O, '7"8 (T.~10°K for 
both), we may conclude 


J (Crg—O—Crg)=J(Fegs—O-— Fez) 
~ (1/100) J[Feat*—O—Ma(+)] 
= (1/10)J(Ma(+)—O-Cre*). 


We see that the comparative importance of the B—B 
interaction in chromites is due to the weakening of the 
A—B interaction. 

(iii): The exchange M 4(—)—O— M,(—) is positive. 
This prediction has not been subjected to the test of 
experiments. In the chromites investigated so far, the 
Cr* ions occupy B sites. If an appreciable fraction of 
Cr* ions could be forced into A sites by incorporating 
into the lattice elements, which have a stronger prefer- 
ence for B sites, we might expect to observe a positive 
A—B interaction. 


IV. SOLID SOLUTIONS OF DOUBLE SESQUIOXIDE 


The magnetic phase diagrams of the systems to be 
considered in this section are undoubtedly more compli- 
cated than that of the MnO—CoO system studied by 
Bacon ef al.’ The Néel temperature of the latter 
changes linearly with the composition and the same 
magnetic lattice as both CoO and MnO are found 
throughout the whole range of the system. 


A. Fe 20 3-Cr,O 3 System 


Wretblad” obtained by x-ray methods the lattice 
parameters of Fe.,Cr,O; for «=0, 3, 1, $, and 2 from 
which he concluded that Fe,O; and Cr.O; form a con- 
tinuous series of solid solutions. This was confirmed by 
the work of Pouillard.** The Cr** and Fe** ions are prob- 
ably distributed at random among the lattice sites, in 
contrast to the situation in TiFeO; (see subsection B). 
The exchange interaction (c) is always negative irrespec- 
tive of the degree of occupancy of the d shell, therefore, 
in a double sesquioxide the magnetic moments of the 
cations in a pseudo-molecular group must be anti- 
parallel when a magnetic order comes into existence. 
Since J (Cr—O— Fe) of the configuration (a) is opposite 

sL, M. Corliss and J. M. Hastings, Proceedings, International 
Conference on Crystallography, Paris, July, 1954 (unpublished). 

17S. A. Friedberg and D. L. Burk, Phys. Rev. 98, 1200 (1955). 

18 Hastings, Corliss, and Goldman, Pittsburgh Diffraction Con- 
ference, November, 1954 (unpublished). 

1%” Bacon, Street, and Tredgold, Proc. Roy. Soc. 
A217, 252 (1953). 


2” P. E. Wretblad, Z. anorg. u. allegem. Chem. 189, 331 (1930). 
21 E. Pouillard, Ann. Chem. 5, 164 (1950). 
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in sign with J/(Cr—O—Cr) of the same configuration, 
and has the same sign as J/(Fe—O—Fe) but weaker in 
strength, we expect that the Néel temperature T, 
decreases as the composition moves away from either 
pure Cr,O; or Fe,O;, and that in the magnetic phase 
diagram the region of the Fe.O;-type magnetic lattice 
on the Fe-rich side is wider than that of the Cr2O3-type 
on the Cr-rich side. Within either of these regions the 
net moment of antiparallel Cr—Fe pairs should effect 
the variation of susceptibility versus temperature, intro- 
ducing deviations from the Curie-Weiss law. No ferri- 
magnetism can be expected, if the distribution of Fe 
and Cr ions is random as we maintain. In a region 
midway between x=0 and 2, Fe—O—Fe, Fe—O—Cr, 
and Cr—O—Cr are found in approximately equal 
probability, and so contradictory influences on the spin 
ordering are inevitable. There are, at least, three possi- 
ble situations: (a) The Fe,O;-type order passes over to 
the Cr,O;-type order through a region in which the two 
different types of order coexist; (b) No long-range 
magnetic order exists in this region which is bordered 
by boundaries of finite width in which the disordered 
state and one of the two types of magnetic order co- 
exists; and (c) A magnetic lattice of a type different 
from both those of FeO; and Cr.Os. 

In 1924, Forestier” observed that a sudden change 
of thermal expansion, which indicates a phase transition, 
occurs in a— FeO; at 675°C, and that the transition 
temperature decreases as the amount of Cr.Q3 incor- 
porated in the solid solution increases. ‘The same curve 
of the transition temperature versus composition was 
later obtained by Pouillard by recording the appearance 
of a wexk ferromagnetism.”.™ Both of these dilatomet- 
ric and thermomagnetic phenomena are indications of 
the antiferromagnetic transition in Fe,O3. The experi- 
mental data have shown that the continuous series of 
Fe2_zCr,O3 may be divided into three regions. 


(i) In the region from x=0 to x=0.90 the Néel 
temperature 7, decreases linearly from 675°C to 230°C. 

(ii) In the Cr-rich side (x>1.52) no transition is 
found by either of the two methods. 

(iii) In the middle region (0.90<x*<1.52) T, de- 
creases very slightly as the Cr content increases. 


From our viewpoint given in the preceding paragraph 
the magnetic lattice in the first region must be of the 
Fe,O;-type and that in the second region the Cr2O3;- 
type. It is known that the Néel temperature of pure 
Cr203 is 41°C * which is not properly covered in the 
Forestier work and that no parasitic ferromagnetism is 
associated with Cr.O; and, therefore, the Pouillard 
method produces no indication of phase transition in 
the region near Cr2O3. Our predictions on the decrease of 
T,, with compositions and on the relative widths of the 


2 G. Chaudron and H. Forestier, Compt. rend. 179, 763 (1924). 
% L. Néel, Revs. Modern Phys. 25, 59 (1953). 

*% Yin-Yuan Li, Phys. Rev. 101, 1450 (1956). 

26 S. Greenwald, Nature 167, 379 (1951). 
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regions of the two magnetic orders are confirmed by the 
experiments. The region midway with 0.90<*<1.52 is 
not quite clear. The situation is summarized in Fig. 3. 


B. Ilmenite and the Ilmenite-Hematite System 


Ilmenite (TiFeO;) has the same rhombohedral sym- 
metry as hematite (a—Fe,0;3) and Ti,O;. In ilmenite, 
which may be viewed as the 1:1 solution of TiO; and 
Fe,0;, the Fe and Ti ions are distributed in such an 
order that the ---Fe Ti Ti Fe--- sequence is observed 
along the [111] axis." Each pseudo-molecular group 
contains one Ti and one Fe ion. The lattice sites oc- 
cupied by Fe ions and those by Ti ions in the ilmenite 
structure will be referred to later as the iron sites and 
titanium sites, respectively. In a naive picture the va- 
lence state in ilmenite can be either Fe**Tit*O; or 
Fe+Ti+0O;. To be more accurate, we should think in 
terms of the comparative importance of these two states 
in their contributions to the actual crystalline state. 
The x-ray absorption experiment of Hamos and 
Stscherbina*® indicated that Fet?Ti*O; alone may well 
represent the valence state of ilmenite. More recently 
Chevallier?” carried out magnetic measurements on 
TiFeO; from room temperature down to the liquid 
nitrogen temperature. He found that in this tempera- 
ture region ilmenite is paramagnetic with a Curie 
constant c=0.0260 per gram. According to his calcula- 
tions the effective number of Bohr magnetons is 
bs=5.49. From this value he concluded that the 
valence state in ilmenite is entirely Fe+?Ti*4O;. (For 
the Fet+*Ti+*O; state the paramagnetic susceptibility 
should yield a value for pz approximately equal to 6.2.) 
This conclusion is commonly accepted at the present. 
However, an examination of Chevallier’s calculation 
shows that the correct result should be pg=5.65, though 
the values of pz for Fe*® in most ionic compounds are 
between 5.22 and 5.52. In view of this and the fact that 
the Ti and Fe ions all have the same coordination in 
Ti.O3, FeTiO;, and Fe.03, we must not entirely neglect 
the Fe+*Ti+*O; state. It is essential for the following 
discussions that the magnetic Ti** ions furnish the 
necessary link for the superchange interactions to affect 
a magnetic ordering. In the Fe**Ti**O; state of ilmenite 
we find Tit?—O—Fet* on both the (a) and (c) con- 
figurations (see Table I). From our consideration of 
Sec. II both these interactions must be negative. 
Therefore, FeTiO; must have the Cr.0;-type magnetic 
lattice, if an antiferromagnetic transition can be found 
in this compound. The magnetic order along the [1 1 1] 
axis is ---Fe 1 —Til Tif —Fe| ---. The magnetic 
moments are completely compensated among each 
kind of ions, though not in a pseudo-molecular group. 
We can anticipate only an extremely low temperature 
for the transition, for the Fe**Ti**O; state is not the 


26 |. v. H4mos and W. Stscherbina, Nachr. Ges. Wiss. Géttingen. 
Math. physik KI., Fachgruppen 232 (1933). 
27 R, Chevallier, Bull. soc. chim. France 20, 973 (1953). 
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Fic. 3. The magnetic phase diagram of the Fe2_-Cr:O; system. 
The solid curve on the left is drawn from the experimental data of 
Forestier and Pouillard. The dotted curve on the right is sketched 
in accordance with our theoretical consideration. 


dominant one and Tit*—O—Fet* should be compara- 
tively weak (see Secs. I and III). Should ilmenite possess 
a hematite-type magnetic lattice, i.e., ---Fe T —Til — 
Ti! —FeT ---, a strong ferrimagnetic resultant about 
four Bohr magnetons per formula would be expected. 
An interpretation of the ferrimagnetism of ferromag- 
netic crystals approximately of the composition 
Tis;sFes303 found in nature®* will be given in the 
following on the basis of the realization of the Fe.0;- 
type magnetic lattice in ilmenite structure when the 
iron content is increased. 

According to Pouillard,”' the TiFeO;— Fe.O; system 
forms two limited series of solid solutions, both of the 
rhombohedral symmetry. One is that from TiFeO; to 
a limit near the composition Tis/sFeg3;03 (or Fe2O; 
2TiFeO;) and the other from Fe,0; to TiysFes5/303 
(or TiFeO; 2Fe20;). We shall call the latter the titano- 
hematite series and the former the ferro-ilmenite series. 
Presumably, the ferro-ilmenite has basically the ilmenite 
distribution ; i.e., the iron sites are mostly taken by Fe 
and the titanium sites occupied indiscriminately by 
Ti and Fe as the chemical composition demands. In 
the region near the ilmenite end of the ferro-ilmenite 
series the magnetic lattice must be of the Cr,0;-type in 
which all the magnetic moments are paired-off when 
ordered. The titano-hematite is presumably anti- 
ferromagnetic of the Fe:O;-type. If the Fe.0;-type 
magnetic lattice crosses into the Fe-rich end of tne ferro- 
ilmenite series, the moments on the iron sites cannot be 
balanced by those on the titanium sites. The ferro- 
ilmenite Tiz/sFes303 should have a saturation moment 
about (8/3) wz per formula, if we assume that for this 
composition the Tit* state is dominant. (Fet* has a 
moment of 5 wz and Ti** one of 1 wg.) The latter 


%T. Nagata ef al., J. Geomag. Geoelect. 5, 168 (1953). Also 
T. Nagata, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, 1953 (Science Council of 
Japan, Tokyo, 1954), p. 714. 
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Fic. 4. The general features of the magnetic phase diagram of 
the TiFeO;—Fe.O; system sketched in accordance with our 
theoretical considerations. The scale of this figure has no exact 
meaning. 7,,: Néel temperature. H: Titano-hematite structure. 
I: Ferro-ilmenite structure. The subscripts are: P: paramagnetic; 
A: antiferromagnetic; F: ferrimagnetic. The antiferromagnetic 
lattices of H4 and J, are of different types (see the text). The 
part of the phase diagram midway between TiFeO; and 
Tiz/sF e420; is hard to predict for the same reason as discussed in 
Sec. IV A. 


assumption may not be quite correct for ferro-ilmenites, 
but it certainly should be correct for the titano- 
hematites near the Fe,O; end. The magnetization vs 
temperature curve of the natural crystals of Tis/sFe4);03 
has been measured by Néel and Pauthenet.”® They 
found a saturation moment of about (5/3) ws per for- 
mula at liquid He temperature. That the experimental 
value is smaller than (8/3) ws is expected, since the Ti 
ions in Tis/3Fe«sO3 cannot be entirely of the Ti* 
state. Furthermore, in the actual distribution of cations 
in TieysFe«30s, a part of the iron sites might be taken by 
Ti. If this fraction is 1— f, the net moment per formula 
in Bohr magneton is 


Sf+ (1— f)—5(4/3— f)— (f-) =8(f-9), 


assuming that the Ti ion is triple-charged. For a value 
of f=} the above equation gives the observed (5/3) 
up. This distribution of cations is perhaps more reason- 
able than our previous supposition that the iron sites 
are all taken by Fe in Tis;3Fe4303. Since the net moment 
is so much effected by the ionic distribution, we expect 
that the magnetic properties of this compound might 


See reference 28. 


change with heat treatment. In Fig. 4 the magnetic 
phase diagram of the TiFe;— Fe.O; system is sketched 
in accordance with our theoretical expectations de- 
veloped so far. Our ideas on the antiferromagnetic 
structure of ilmenite and the ferrimagnetic structure of 
Fe-rich ferro-ilmenites are different from those of 
Nagata** and Néel.® A neutron diffraction study on 
these compounds is necessary to settle the problem. 

Finally, we shall give a brief discussion of the self- 
reversal of the thermal remanent magnetization* found 
by Nagata” in certain rock fragments containing both 
ferro-ilmenite and magnetite grains. Nagata has inter- 
preted this phenomenon by adopting Néel’s idea that 
the magnetization of one magnetic constituent when 
caused by the field of another magnetic constituent may 
result in the demagnetization direction of the latter. 
The ferro-ilmenite grain, which has a Curie tempera- 
ture (250°C) much lower than magnetite grain, is 
magnetized in the close neighborhood of the latter and, 
therefore, frequently in the demagnetization direction. 
As the temperature decreases, the magnetization of the 
magnetite grain remains almost constant but that of 
the ferro-ilmenite increases linearly with the decrease 
of temperature.”® As a result, a reversal of the direction 
of magnetization of rock fragment is observed. This 
explanation does not depend on the details of the 
ferrimagnetic lattice assigned to the ferro-ilmenite. 
Néel recently suggested that because of the existence of 
a solubility gap near the composition Tis/3Fes;03 the 
latter would segregate into two phases at lower tem- 
peratures, a less Fe-rich ferro-ilmenite and a titano- 
hematite. He speculated that upon the decrease of the 
iron content in Tis/3Fey;0; some of its sublattices 
would reverse the direction of magnetization, which 
leads to a reversal of the net magnetization. This mecha- 
nism of self-reversal does not fit within the framework 
of the present treatment. In our model the ferrimagnetic 
net moment would decrease when the ferro-ilmenite is 
deprived of Fe, or completely vanish if the iron content 
falls within the 74 region (see Fig. 4). 
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Pyroelectric currents produced by light flashes have been observed and measured in single crystals of 
guanidine aluminum sulfate hexahydrate from room temperature down to —180°C. At room temperature 
the currents are about one-tenth of those produced in equivalent barium titanate crystals, the difference 
being due mainly to the lower value of the pyroelectric coefficient. Since the pyroelectric current is a smooth 
function of the temperature over the range studied, it is concluded that the spontaneous polarization and 
the specific heat also are smooth functions of temperature over the same range. There is no evidence of any 


phase transition or Curie point. 


At the lowest temperatures the direction of polarization can be reversed by applying a steady field to the 
crystal. However, the relaxation time for switching is very long compared to its value at room temperature, 
this being in accord with the known frequency dependence of the coercive force. 





INTRODUCTION 


OME of the electrical properties of the newly 
discovered ferroelectric material guanidine alumi- 
num sulfate hexahydrate,' hereinafter referred to as 
G.A.S.H., have been given by Merz ef al.? In particular, 
the spontaneous polarization, P,, and the coercive 
field, E., were measured by means of the dielectric 
hysteresis loop over a temperature range from — 50°C 
to +80°C. Measurements at higher temperatures were 
not possible since the crystal decomposed rapidly. The 
lower temperature limit arose from the fact that the 
coercive field increased more and more rapidly as the 
temperature was lowered, eventually making it im- 
possible to obtain the hysteresis loop. It was of interest 
to determine whether this fairly sharp rise in the 
coercive field heralded a transition with an anomaly in 
the spontaneous polarization. Obviously, this effect 
cannot be studied by the ac dielectric hysteresis loop 
technique. However, one can make use of the pyro- 
electric effect to study the state of polarization of a 
crystal, even when it is impossible to reverse the direc- 
tion of polarization by an applied field. 

A dynamic method for studying the pyroelectric 
effect has been described fully elsewhere.’ Two suitable 
electrodes are applied to the crystal which is subjected 
to brief, intense flashes of light. During the flash the 
temperature of the crystal changes at the rate (d7/dt) 
and consequently, the spontaneous polarization changes 
at the rate (dP/dt). This rate of change of the polariza- 
tion is recorded as a current, i, in an external circuit, 
where 7 can be written: 


-o(2)-1(2) (3) 


1 Holden, Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
(1955). 

2 Merz, Remeika, Holden, and Matthias, Phys. Rev. 99, 626(A) 
(1955). 

3A. G. Chynoweth, J. Appl. Phys. 27, 78 (1956). 


where A is the area of the crystal. During a light flash, 
the rate of heating is constant and hence, (d7/d?) varies 
as C,~', where C, is the specific heat of the crystal at 
constant stress. Thus, i= (B/C,)(dP/dT), where B is a 
constant. Varying the temperature of the crystal causes 
i to vary since both C, and the pyroelectric coefficient, 
(dP/dT), are temperature-dependent. Frequently, how- 
ever, the rate of variation of C, is much smaller than 
that of (dP/dT) in which case, the changes in 7 are 
reflecting mainly the changes in (¢dP/dT). 


EXPERIMENTAL 


It is known that the hysteresis loop of G.A.S.H. is 
generally asymmetrical about the polarization axis. 
Some crystals show a slight bias in the direction of the 
coercive field while others may be biased by as much as 
2 or 3 times the coercive field, the amount of bias de- 
pending on the original location of the unit in the 
parent crystal. Consequently, the experiment to be de- 
scribed was performed on two sets of crystals: one set 
was biased only slightly (referred to below as unbiased) 
while the other was highly biased. The crystals were 
cleaved to a thickness of the order of 5X 10-? cm and 
semitransparent gold electrodes of up to 6 mm diam- 
eter were evaporated onto opposite major faces of the 
crystals. Connections to these electrodes were made by 
strips of silver foil affixed to the electrodes by minute 
spots of air-drying silver paste. One face of the crystal 
was placed directly on a copper block, the electrode on 
this face being grounded. The temperature of the copper 
block could be varied down to liquid nitrogen tem- 
peratures. Light from a tungsten lamp was focussed on 
the crystal and its beam was chopped to give pulses a 
few milliseconds in duration. The pulses of pyroelectric 
current were amplified and measured on an oscilloscope. 

Before taking measurements, the unbiased crystals 
were polarized at room temperature with a saturation 
dc field. The biased crystals were already polarized to 
saturation. During a run, no field was applied to the 
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crystal. Readings were taken while the temperature of 
the crystal was raised slowly from — 180°C. 


RESULTS 
(a) Magnitude of the Pyroelectric Current 


It is of interest to record first the magnitude of the 
pyroelectric currents produced in G.A.S.H. as com- 
pared with those produced in BaTiO;. For a given 
light intensity, W, the pyroelectric current i is given by’ 


i/W=A(dP/dT)/JdpC,, 


where J is the mechanical equivalent of heat, d is the 
electrode diameter, and p is the density of the crystal. 
Consequently, for a given substance at a constant tem- 
perature, id/A should be a constant for all samples. 
Experimentally, i, d, and A were determined for several 
samples of both G.A.S.H. and BaTiO; and it was 
found that (id/A) was about 10 times greater in BaTiO; 
than in G.A.S.H. at room temperature. (The values of 
(id/A) for different samples of a given material had a 
scatter of about +50% around the average.) This 
indicates that for samples of equal dimensions, the 
pyroelectric current produced in G.A.S.H. is about one- 
tenth of that produced in BaTiOs, at room temperature. 
From this ratio, and knowing the values of (dP/dT) 
and p for both substances and C, for BaTiOs, it is 
estimated that the specific heat of G.A.S.H. is about 
0.3 cal/g/°C. In the absence of any actual measure- 
ments of the specific heat, this figure seems quite 
reasonable for this type of substance. 


(b) Spontaneous Polarization 


The pyroelectric current as a function of temperature 
is shown in Fig. 1 for both biased and unbiased crystals. 
It will be noticed that both show similar behavior, the 
difference in magnitude being due solely to differences 
in size of the crystals. The fact that the current shows 
no evidence of any discontinuity between — 180°C and 
+70°C indicates that the function (dP/dT)/C, varies 
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Fic. 1, The temperature-dependence of the pyroelectric current 
for biased and unbiased crystals. The difference in magnitude is 
not significant. 
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smoothly throughout the above temperature range. 
From this it is inferred that both C, and (dP/dT) are 
smooth functions of the temperature and consequently 
there is no evidence of any phase transition occurring 
between — 180°C and +70°C. 

The above observation can be brought out more 
clearly by fitting the pyroelectric current data to 
hysteresis loop measurements. From the latter the 
coercive force and the polarization were measured down 
to a temperature of about — 60°C. The results are shown 
in Fig. 2. If it is assumed that C, varies only slightly 
over the temperature range of the experiment, then the 
pyroelectric current is approximately proportional to 
(dP/dT). Consequently, a graphical integration under 
the pyroelectric current curve over a given temperature 
range gives the change in polarization (in arbitrary 
units) for that temperature range. Such data can then 
be fitted to the polarization as measured directly from 
the hysteresis loops. The result of this fitting is shown 
in Fig. 2, where the way in which the spontaneous 
polarization continues to increase as the temperature 
decreases is indicated. 


(c) Low-Temperature Hysteresis 


As the above results show, the coercive force deter- 
mined from the 60-cps hysteresis loop increases very 
rapidly around —50°C. However, it was found that 
the polarization of the crystal could be reversed, even 
at —180°C, simply by applying a steady field in the 
appropriate direction since by doing so, the direction 
of the pyroelectric current could be reversed. Switching 
was found to occur in all the unbiased crystals tested. 
However, it took place slowly though at a rate de- 
pending on the field strength. It was found that when a 
steady field was applied at — 180°C, with a magnitude 
equal to that of the 60-cps coercive force at room tem- 
perature, switching took about 30 sec to be completed. 
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Fic. 2. The coercive field (at 60 cps) and the spontaneous 
polarization as a function of temperature. The circles represent 
the polarization as measured from the hysteresis loop while the 
squares indicate the manner in which the polarization varies as 
the temperature is lowered, the data being obtained from the 
—- current measurements and assuming that the specific 

eat remains fairly constant over the temperature range covered. 
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Such behavior indicates that as the temperature is 
lowered, the relaxation time for the switching process 
increases enormously. This accounts for the apparent 
increase in the coercive force and its frequency de- 
pendence? when studied using an alternating field. 


CONCLUSIONS 


The pyroelectric current experiments show that there 
is no phase transition or lower Curie point in a tempera- 
ture range down to — 180°C. The pyroelectric current 
and, hence, the spontaneous polarization are both 
smooth functions of temperature. In the absence of 
specific heat data, it is not possible to give the exact 
variation with temperature of the polarization though 
it seems reasonable to conclude that it increases 
smoothly with decreasing temperature and shows no 
sign of approaching a maximum or a discontinuity. 

An interesting result of these studies is that the direc- 
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tion of polarization can be reversed by a study field 
even at —180°C, contrary to what one would expect 
from the temperature variation of the coercive force as 
measured at 60 cps alone. This indicates that a relaxa- 
tion time associated with the switching process in- 
creases rapidly as the temperature is lowered. However, 
in the absence of any theory of the origin of the ferro- 
electricity of G.A.S.H. it would be too speculative to 
discuss here the possible origins of the relaxation time 
and the reasons for its temperature dependence. Never- 
theless, the pyroelectric technique may prove to be 
very useful here as it allows detailed studies to be made 
of the behavior of the relaxation time, particularly 
when it is very long. 
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A thermodynamical treatment by Brovetto, Cini, and Ferroni of the Overhauser effect in metals and non- 
metals is extended to apply to nuclear relaxation processes other than that due to the contact interaction. 
Justification for the method is then presented by an application of the theory of the thermodynamics of 
irreversible processes using the point of view of the Onsager relations. According to a condition obtained for 
the validity of the method, the expressions derived for the population of adjacent nuclear Zeeman levels for 
Boltzmann and for Fermi statistics for the electrons hold essentially over the entire range of field and 
temperature at which the related experiments may be performed. 

Perturbation theory is applied to the case of several nuclear relaxation mechanisms, and the results are 
shown to agree with the thermodynamical results to second order in a power series expansion. 

A calculation of the small effect of the nuclear-electron dipolar interaction in reducing the Overhauser 


effect in metallic lithium is reported. 


I. INTRODUCTION 


N elegant thermodynamic treatment of the Over- 

hauser effect! has been given by Brovetto and 
Cini.? In a subsequent paper, Brovetto and Ferroni® 
discuss the Overhauser effect on the basis of statistical 
mechanics. These interesting papers share the disad- 
vantage that they only consider nuclear relaxation via 
the contact part of the hyperfine interaction, thus 
restricting the validity of their conclusions to special 
(although important) cases. In addition, and more 
serious, the application of conventional thermodynamics 


* Now at St. Louis University, St. Louis, Missouri. 

t Now at the Ramo-Wooldridge Corporation, Los Angeles 45, 
California. 

1A, W. Overhauser, Phys. Rev. 92, 411 (1953). 

2P. Brovetto and G. Cini, Nuovo cimento 11, 618 (1954), 
hereafter referred to as BC. 

3P. Brovetto and S. Ferroni, Nuovo cimento 12, 90 (1954), 
hereafter referred to as BF. 


and statistical mechanics to a system in a steady state 
rather than in thermal equilibrium (as in the Overhauser 
effect where the electron spin resonance is saturated) 
would seem to merit some justification. It is our purpose 
in this paper to consider these features more fully. 

In Sec. II, we extend the results of BC and of BF to 
include other nuclear relaxation processes. In Sec. III, 
we invoke the thermodynamics of irreversible processes 
to justify the use of the equation of reaction equilibrium, 
the main pillar on which the thermodynamical and 
statistical arguments rest, and discuss the implications 
of our results with respect to high nuclear polarization at 
low temperatures. In Sec. IV we present a calculation 
for the particular case of Li’ of the effect on the nuclear 
polarization of a nuclear relaxation process other than 
that resulting from the contact interaction, and show 
that the results of a kinetic calculation using perturba- 





1024 W. A. 


tion theory agree with the thermodynamical results to 
second order. 


Il. THERMODYNAMICAL AND STATISTICAL 
ARGUMENTS 

The contact part of the hyperfine interaction, 

K= (44/3)y.7-h°e- [5(r), contains a nuclear relaxation 

process in which the relaxation of a nuclear spin is 

always accompanied by an electron spin flip in the 

opposite sense. This situation is described by the reac- 
tion equation 

644+ Mm e_4tMm, (1) 


where ,, denotes a nucleus with component m of the 
spin angular momentum 7 in the direction of the ex- 
ternal magnetic field Ho, and es; refers to electrons 
whose spin components are parallel (+) or antiparallel 
(—) to Ho. With this interaction, the BC thermo- 
dynamical method leads to the familiar result for the 
nuclear population ratios: 


M »/M n= exp (yat |vel )\hHo/kT ), 


for complete saturation of the electron spin resonance. 
The quantities y, and y, are the electronic and nuclear 
gyromagnetic ratios respectively. This expression is 
independent of relaxation times only because all re- 
laxation processes other than (1) have been ignored. 
Since other nuclear relaxation processes are known to 
exist, it is of interest to generalize the expression for the 
nuclear population ratios to include in addition to (1) 
the following physically independent nuclear relaxation 
processes : 

Cyt Mm 44+ Mm, (2) 


huni. (3) 


Processes (1), (2), and (3) occur in the dipolar part of 
the hyperfine interaction, and process (3) appears in 
other interactions as well. 

Let f®, f®, and f® denote respectively the fraction 
of nuclei having spin reversed which relax by each of 
these three processes. If we assume that no other 
nuclear relaxation processes occurs, it is clear that 


SOF SOF IO= i (4) 

Multiplying (1), (2), and (3) by f®, f®, and f® 
respectively and adding, we obtain 

(fO— fest tm (fO— f eytnan. (5) 


It is seen that the f’s are related to the nuclear relaxa- 
tion times by 
f=T,/T, (6) 


where 7, is the total nuclear spin relaxation time, and 
T,°® is the nuclear relaxation time associated with the 
ith process where (i)= (1), (2), (3). 

We assume that the equation of reaction equilibrium 
holds for the reaction (5), i.e., 


(fO— fps ytmai= (f— f)u_st+um. (7) 
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The y’s are the chemical potentials for the various 
components which enter into (5). Using elementary 
methods of thermodynamics‘ one may readily derive the 
law of mass action: 


(N_4/Ny)P°-!) (Mn/M ma) = Key (8) 


as a consequence of the equation of reaction equilibrium. 
Here NV; denotes the number of ¢,.; and M,, denotes the 
number of m,, per unit volume. 

The so-called equilibrium constant K, may be de- 
termined by integrating the Van’t Hoff equation, 


(d/dT) nK,=AU/RT*, (9) 


in which 


AU=—[ynt (fO—f®)|-v6| uHoN 


is the variation in the internal energy of the spin systems 
during process (5), and NV is Avogadro’s number. The 
result is 


NL, (gM ¢@)) Mn 
( Ny, ) Ma-1 


IC +f fly Pe}, ay 
=exp} [vat (f—f)|ve| H—}, 
, : : kT 


(10) 


where the constant of integration for Eq. (10) is de- 
termined by the condition that at infinite temperature 
the population of each level is the same. It is convenient 
to write this in terms of the saturation parameter, s, 
defined in the usual way': 


s=1—(N_,—N,)/(N_—N)), (12) 
where 

N_j°/NP=exp(|v-|*4Ho/kT) (13) 
is the electron population ratio in the absence of a time- 
varying field (i.e., s=0). Substituting (12) and (13) into 
(11), we obtain, after some manipulation, an expression 
for the ratio of the populations of adjacent nuclear 


Zeeman levels: 
M »/M m1=expap; 


ap=[ynt (f—f)|ve| eHo/kT 
—2(fo— f) 
Xtanh~[(1—s) tanh(|y.|#Ho/2kT) ], 


which is equivalent to Eq. (1) of our previous com- 
munication.® 

The above discussion leading to Eq. (11) is implicitly 
restricted to Boltzmann statistics, and this limitation is 
also explicitly introduced by Eq. (13). To demonstrate 
somewhat more transparently the implicit restriction to 
classical statistics imposed by the thermodynamic 


(14) 
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p. 331 and E. A. Guggenheim, hg gg (North Holland 
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method, it is convenient to consider the simple case of 
pure electron relaxation in a static field. 


C4 4e_4, 


which leads to the following equation of reaction 
equilibrium : 
K+}. 


This in turn leads to the law of mass action in the form 
N_j°/N\°=K,. Van’t Hoff’s equation again determines 
the equilibrium constant, 


K.=exp(|e|%Ho/kT)=N°_4/N%, 


so that the Boltzmann distribution results. 

The case of Fermi-Dirac statistics is more con- 
veniently treated from the statistical point of view 
adopted by BF. Their argument may also be generalized 
to include relaxation processes (2) and (3) as well as (1). 
They develop the following expression for the difference 
of the chemical potentials corresponding to electrons 
with spin up and to electrons with spin down: 


My —H4Ss| ye |tHo. (15) 


Here higher order temperature-dependent terms are 
negligible. Combining this with (7) and omitting the 
details which may be found in BF, we obtain the 
following general result for Fermi-Dirac statistics: 


M »/M m1=exparp; 
arp=[ynts|ye| (f?—f®) Ho/kT. 


The statistical method may also be applied to 
Boltzmann statistics and leads to Eq. (14). 

One may now obtain expressions for the nuclear 
polarization by substituting ag and arp in the usual 
definition ; 


(16) 


: i 21+1 27+1 
P=> mM,/1X Mn=— coth( ; «) 
a =I 21 2 


1 a 
—-- coth(~). (17) 
21 2 


This result differs from BF only in the definition of 
the a’s. 

It is to be noted that Eq. (14) for Boltzmann sta- 
tistics and Eq. (16) for Fermi-Dirac statistics agree in 
the limit s=0 (no time-varying field) for which 

M »/M m= exp(ynAtH/kT), (18) 


and also in the limit s=1 (complete saturation) for 
which 


Mn /Mms=exp{lynt (f—f™) |ve|) eHo/kT}, (19) 


a result previously obtained by Kittel® using another 
argument. 


°C. Kittel, Phys. Rev. 95, 589 (1953). 
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For values of s other than the limiting values of zero 
and unity, it is clear that the nuclear polarization is 
dependent upon the electron statistics. However, since 
(14) and (16) agree to second-order terms, i.e., 


expaz1+arp+4arp’+ higher-order terms, 


the dependence is not a very sensitive one. 

It should also be pointed out that for f= f@ the 
Boltzmann distribution (18) results for the nuclei, 
independent of the value of s, while for f®>/® we 
obtain an inverted Overhauser effect in which the 
higher lying levels are more populated than the lower 
ones. This can be seen from (19) and has also been 
pointed out by Abragam.’ The importance of f®, which 
is implicitly included in the general results (14) and (16) 
as a consequence of (4), should not be overlooked. 

It is clear that the above methods do not provide a 
means of calculating the f’s themselves. This can be 
done by an independent kinetic method using perturba- 
tion theory. An example of such a calculation for the 
particular case of Li’ is given in Sec. IV and in the ap- 
pendix. 

In the preceding discussions, we have tacitly assumed 
the applicability of conventional thermodynamics and 
statistical mechanics. But if one is to take the results 
seriously, one must not violate the fundamental as- 
sumptions on which the thermodynamics and statistical 
mechanics rest. The assumption of the validity of the 
equation of reaction equilibrium for the steady-state 
situation that obtains in electron resonance experiments 
at saturation power levels would appear to be just such 
a violation. Since the arguments invoked above rest 
squarely upon this assumption, one would have greater 
confidence in the method and could attribute greater 
reliability to the results if the use of the equation of 
reaction equilibrium under these circumstances could be 
justified from a fundamental point of view. It is our 
object in the following section to present such a justi- 
fication. 


III. APPLICATION OF THE THERMODYNAMICS OF 
IRREVERSIBLE PROCESSES 


The treatment of certain thermodynamic problems 
outside of thermal equilibrium is the domain of the so- 
called thermodynamics of irreversible processes. It is 
not our purpose to present here a discussion of the 
underlying philosophy or an exhaustive exposition of 
the methods themselves. These are best obtained from 
the literature on the subject, and particularly from the 
excellent book by De Groot.* However, since the topic 
is perhaps alien to some workers in the field of spin 
resonance in solids, it seems appropriate to give a brief 
outline of the basic ideas and assumptions. 

Fundamental to the theory is the so-called Onsager 
theorem and for our purposes it is appropriate to con- 

7A. Abragam, Phys. Rev. 98, 1729 (1955). 


8S. R. De Groot, Thermodynamics of Irreversible Processes 
(North Holland Publishing Company, Amsterdam, 1952). 
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sider this theorem as a new principle of thermodynamics 
and to accept it as an axiom. Onsager’s theorem con- 
cerns the symmetry properties of transformation coeffi- 
cients which appear in phenomenological laws describing 
irreversible processes (for example Fourier’s law be- 
tween heat flow and temperature gradient). Such 
phenomenological relations have the general form 


J <= > LizX x. 


k=1 


(20) 


The X’s are given the unfortunate name of “forces” 
and could be, for example, a temperature gradient, a 
concentration gradient, a potential gradient or a 
chemical affinity. These “forces” can give rise to certain 
irreversible phenomena such as heat flow, diffusion flow, 
electrical current and chemical reaction rate, which are 
called “fluxes” and denoted by J. The coefficients Lj 
are called the phenomenological coefficients. The Li; 
are, for example, heat conductivity, diffusion coefficient, 
electrical conductivity, and chemical drag coefficient. 

Onsager’s theorem states that provided the fluxes J; 
and the forces X ; are chosen properly, the matrix of the 
phenomenological coefficients L;; is symmetric: 


Lie=Lii (i, R=1, 2, -+-m). (21) 


These are known as the Onsager reciprocal relations. 
The choice of the fluxes and forces is not unique. The 
proper choice for which (21) holds is often most easily 
made by calculating the entropy production per unit 
time, which may be shown to be given by 


AS=> 5 J:X;. 


In summary, it is appropriate to quote De Groot 
“. . we may say that the thermodynamic theory of an 
irreversible process of arbitrary complexity consists in 
finding the conjugated fluxes and forces J; and X; by 
calculating the entropy production AS and secondly in 
the study of the phenomenological equations (20) and 
the Onsager reciprocal relations (21).” 

The determination of the entropy production per unit 
time is thus an important part of the calculation. De 
Groot presents two methods for calculating (22) and 
gives many examples of their application. For both 
methods one generally needs the laws of conservation of 
mass, energy, and momentum and also the second law 
of thermodynamics expressed in the form of an equality. 
Thus, one writes for the change of the entropy of a 
system in a certain time interval 


dS=d,S+diS= (dQ/T)+4;5, 


where d,S is the entropy and dQ is the heat supplied to 
the system by its surroundings, and d;S is the entropy 
produced inside the system by irreversible processes, 
which is of course essentially the same as AS. Calcula- 
tions of entropy production are based on two hypotheses, 
one that the entropy production is a positive definite 


(22) 


(23) 
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quantity, and the other that the Gibbs relation 
TdS=dU+dW-> ipwadN; (24) 


is used to calculate (23), and holds even outside of 
thermal equilibrium. Here U is the energy, W the work 
done by the system, NV; the occupation number, and y; 
the chemical potential of the ith component of the 
system. The last term is usually written as — >> ;n.dM,, 
where M; is the mass of the ith component, but for our 
purposes the form in (24) is more convenient. This 
involves only a difference in the definition of the 
chemical potentials. 

These two assumptions, along with (20) and (21) 
form the basis for applications of the thermodynamics of 
irreversible processes, and it is in this general framework 
that we shall discuss the thermodynamics of the 
Overhauser effect. For further background and for a 
discussion of the region of validity of the theory, see 
De Groot.® 

Our system contains both electron spins and nuclear 
spins as well as the lattice. In the previous section we 
have focused attention upon the nuclear spin system 
alone and considered situations in which the nuclear 
spin could relax in several independent ways. For the 
present considerations it is necessary to take the 
electron spins into account as well, and to realize that 
they may relax either accompanied or unaccompanied 
by a nuclear spin flip. Thus we may write down the 
complete set of reaction equations as follows: 


C44 4m ej tm, 
—Cy¢t Rani — Cyt he, 
Binsin, 

C44 6_-}. 


Although the physical interactions giving rise to each 
of these processes are certainly independent, the equa- 
tions are not mathematically independent. By taking 
linear combinations of any independent set of two 
equations, it is possible to obtain the other two. For our 
purposes, a suitable mathematically independent set of 
reaction equations can be formed by multiplying the 
above set by f®, f®, f®, and f™, respectively, and 
adding the first three equations together. The result is 


(fO— fest ttm iS (fP—f)est+mm, (A) 
JP ey fe. (B) 


These equations may now be interpreted in terms of 
electron spin-flip processes. Equation (A) represents the 
case in which an electron spin relaxes accompanied by a 
nuclear spin flip, and Eq. (B) represents an electron 
spin relaxing unaccompanied by a nuclear spin flip. The 
quantity [f%—/®] is the net fraction of the total 
number of electrons having spin up which relax with an 
accompanying nuclear spin flip, and f’ is the fraction 
of the total number of electrons having spin up which 
relax without an accompanying nuclear spin flip. 
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It is convenient to consider processes (A) and (B) as 
chemical reactions, the energy for which is supplied by 
the lattice. The problem then becomes one of appro- 
priately setting up the expression for the entropy 
production, thereby determining the forces and the 
fluxes. In our case this is simply done by separating 
Eq. (24) into an external part supplied by the sur- 
roundings, 


d.S=dW/T, 


and the internal entropy production resulting from the 
action of the irreversible “chemical reactions,’ i.e., 
relaxation of nuclear and electronic spins, 


'% 
dS=-— : urd N ,, 


k=1 


where the V, are given by 


Ni=M,, No=Mn-1, N3;=N_1, Ny=Mn,. 


In order to cast (25) into the proper form, the 
following definitions are useful : 


(a) the chemical affinity for the jth reaction, 


4 
A;=— 2 weve; 
k=1 


(b) the forces, 
X;=A,/T, 


where T is the temperature of the lattice; 


(c) the reaction rates (fluxes), 


where >. ; d;N,=dN;, and conservation of the number 
of particles is expressed by }>,-1' dN;,.=0. 

It is clear from these definitions that the quantities 
vj represent the fraction of the total number of 
particles of component & which react according to 
process 7. In our case, v,; is therefore given by the 
matrix 


A —(fM—f) —| 
nm ( — f® 0 


(fM— f) ) 
{™ 0 y 


The minus signs appear because of the convention that 
the quantities v;; are counted positive for the substances 
on the right-hand side of the reaction equation, and 
negative for the substances on the left-hand side. 

Equation (25) may now be written in the desired 
form as the product of forces and fluxes. 


AS=d,S/dt=> ; XjJj. (26) 
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We now assume the validity of the linear phenomeno- 
logical equations corresponding to Eqs. (A) and (B). 


Ja=LaaXatLapX ns, 


z (27) 
Jp=LpaXat+LepX pz. 


Since processes (A) and (B) are mathematically as well 
as physically independent, we must have 


Las= Lea 4 0, 


ie., the processes are not coupled and the Onsager 
relations are satisfied in a trivial way. From the mathe- 
matical point of view, the condition for the chemical 
reactions to be independent is that the rank of the 
matrix ||v,;|] must be equal to the number of reactions.® 
This is true in the present case since the rank of |{v,,;|! is 
equal to two, and this is just the number of reactions, 
As a first application of the above results, we consider 
the system of nuclear and electronic spins and the 
lattice to be in thermal equilibrium in a static magnetic 
field. In this case, the chemical forces vanish, i.e., 
X4=0=X zx. It then follows from (a) that 


Myy=ey and pm=Um—1, 


which is, of course, the general condition for equilibrium. 

When there is, in addition, a time-varying magnetic 
field at the electron-spin Larmor frequency, the electron- 
spin system is forced out of its thermal equilibrium 
distribution. The chemical potential of the system of 
electrons with spin up is no longer equal to that of the 
system of electrons with spin down. The difference be- 
tween the chemical potentials is maintained by the 
time-varying field, the effect of which may be repre- 
sented by a fixed “chemical force,” 


X p= Ap/T= {® (u44—m_y)/T. 


We are interested in the steady-state condition re- 
sulting from a time-varying magnetic field of fixed 
intensity. The properties of the stationary state may be 
found” by calculating the minimum entropy production 
subject to the constraints imposed on the system, which 
in this case take the form Xg=constant. The required 
condition dAS/dX 4=0 is satisfied if 


JaPhigX {=0 or Ag=0. 


Using (a), we obtain the equation of reaction equilib- 
rium (7): 


(J — fyb tm a= (f= J) 4 tt 


It should be emphasized that the results of this 
application of the thermodynamics of irreversible 
processes apply to both Boltzmann and to Fermi- 
Dirac statistics for the electrons and that the only 
restriction is imposed by the assumption of the linear 
relations (27) between forces and fluxes. For most 


9 See reference 8, B. 17. 
1” Reference 8, p. 79. 
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transport phenomena the linear relations form a very 
good approximation, but for chemical reactions they 
have a more restricted region of validity. The necessary 
condition" for a good approximation is that the chemical 
affinities be small compared to kT. This leads to the 
condition that 

f® |ye|hHoKkT. (28) 


Except for the factor f, Eq. (28) agrees with an 
expression for the region of validity of the principle of 
minimum entropy production obtained in the case of the 
Boltzmann statistics by Klein.” If,.in our model, f‘® 
were exactly equal to unity, there would be no enhanced 
nuclear polarization. 

Since { decreases sharply with decreasing tempera- 
ture because of the inverse dependence of the corre- 
sponding relaxation time upon temperature,” it may be 
expected that the condition (28) will be fulfilled over 
essentially the entire range of field and temperature at 
which the related experiments may be performed. This 
has the important consequence that expressions (14) 
and (16), giving the nuclear population ratios for 
Boltzmann and Fermi statistics, respectively, are valid 
over the same range of field and temperature. Further 
support for these equations is presented in the next 
section, where it is shown that their power series 
expansions agree to second order with the kinetic 
method using the perturbation treatment. 


IV. COMPARISON WITH THE RESULTS OF 
PERTURBATION THEORY 


In order to illustrate the perturbation method of 
determining the f’s and to compare the results of 
perturbation theory with Eq. (16), we present an 
explicit calculation. This treatment follows the papers 
of Overhauser and Korringa™ in which further details 
may be found. 

We are interested in the contribution to f, f®, and 
{® made by the total hyperfine operator: 


4dr Ynve fl-e 3(I-r)(o-r) 
KH! =—7.7,h'1 -08(r) — “(—- —) 
3 2 ¢* r5 


rXp 
- rv). (29) 
r 


The first term is the contact interaction and contributes 
to nuclear relaxation according to process (1). The 
second term is the dipolar term and contains relaxation 
mechanisms (2) and (3) as well as (1).!* The last term is 


4 Reference 8, p. 166. 

Martin Klein, Phys. Rev. 98, 1736 (1955). See also W. A. 
Barker and A. Mencher, Phys. Rev. 100, 1224 (1955). 

8 Albert W. Overhauser, Phys. Rev. 89, 689 (1953); R. J. 
Elliott Phys. Rev. 96, 266 (1954); Y. Yafet, informal Westing- 
house Laboratory report, 1955 (unpublished). 

“4 J. Korringa, Physica 16, 601 (1950). 

16 The form of the dipolar interaction given by Bloembergen, 
Purcell, and Pound [Phys. Rev. 73, 679 (1948)] shows this 
explicitly. 
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a spin-orbit interaction and may contribute to proc- 
ess (3). 

The determination of the f’s requires, according to 
their definition (6), a calculation of the total nuclear 
relaxation time as well as the relaxation time corre- 
sponding to the particular mechanism in question. To 
this end one must calculate W mm’, the number of nuclei 
per unit volume which undergo a transition from the 
state m to the state m’. This may be done by perturba- 
tion theory using Fermi statistics in a straightforward 
extension of Overhauser’s application® to the contact 
term. The population ratio of adjacent nuclear levels is 
obtained from the condition for a steady state, 


Wan 1, a+ W m1, a+ Wm-1, n™ 


= Waa +Wa, a1 Waa-i™, 
and the result is 


[ae*/T, (e?—1)]+-[b/T, (e®—1)] 
Man +[ce*/T,,® (e*—1)] (30) 
Mn. [a/To(e*—1)]+[be*/T,(e*—1)] 
if J+ (pera (ety) 


a= (ynts|ye|)*Ho/kT, 
b= (—YatS| Yel )2H0/kT, 
c= Vat o/kT. 


Equation (30) reduces properly in the appropriate 
limits. If the contact term dominates, 7,%XT,®, 
T,°KT,, and 


M »/M ms exp (yats | Ye| \hHo/kT ], 





where 


(30a) 


which is Overhauser’s original result. If process (2) 
dominates, 
M mn/M msexpl (Y¥a—5|Ye| )#H0/kT], 


which is an inverted Overhauser effect. If process (3) 
dominates, 


(30b) 


Mn/M m—s2exp (yshH/kT). (30c) 


In each of the above limits there is exact agreement 
with Eq. (16) for the corresponding limit. If no single 
process dominates, agreement of (30) with (16) is only 
approximate. This is not surprising since (30) is obtained 
by perturbation theory. The relationship between (30) 
and (16) can be stated more explicitly by expanding 
(30) and using the definition of the f’s, Eq. (6). This 
leads to 


M »/Mm+1=1+arp+}arp*+higher order terms, (31) 


which provides independent support for Eq. (16) and 
also for Eq. (14) since ag and arp are equivalent to 
second order [see following Eq. (19) ]. 

It was of interest to determine the extent to which 
the last two terms ‘n the total hyperfine operator (29) 
reduce the effectiveness with which the contact term 
produces nuclear polarization when an Overhauser effect 
experiment is performed. For this purpose the electronic 
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wave function is necessary. Fortunately such a calcula- 
tion has been performed by Jones and Schiff'* and more 
exactly by Kohn" for the case of metallic lithium. They 
found a P-state admixture of 73% in the wave function 
along with a 20% S-state admixture. The contact term 
matrix element vanishes for P-state wave functions, but 
the dipolar matrix element does not, and the large 
amount of P-state might suggest a contribution which 
is not negligible. As reported earlier® we calculated the 
effect on the nuclear polarization of the dipolar term 
using the wave function of Kohn and found the contri- 
bution of f® to be less than 1%. The spin-orbit term 
only contributes to f®. We did not evaluate /®, 
however, since the combined contribution of the dipolar 
and spin orbit terms to /® is considerably less than f®. 
Some of the details of the calculation of f® are given in 
the Appendix. 
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APPENDIX 


In this section we present some other results con- 
nected with the calculation of the f’s. In order to calcu- 
late numerical values for the relaxation times, we need 
detailed information concerning the spatial part of the 
wave function. If the wave function is a pure S-state, 
only the contact part of the hyperfine interaction 
contributes and M,,/M,»_. is given by Eq. (30a). If the 
(1984) Jones and B. Schiff, Proc. Phys. Soc. (London) A67, 217 


7 W, Kohn, Phys. Rev. 90, 590 (1954) and private communi- 
cation. 
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wave function is a pure P-state, the contact term does 
not contribute, and there is competition between 
processes (1), (2), and (3) in the dipolar term. In this 
case, we find after averaging over the angles, that 
f{: f: f©=2:12:3, and hence 


Ma 10 hH 
~e0| (1e-—sly I 
Man-1 17 kT 


For the case of Li’ where there is a preponderant 
P-state admixture as well as an S-state component, both 
the contact and the dipolar terms contribute to T,“. 


That is, 
1 1 1 


T,© T, we TOD 


In terms of Kohn’s wave functions, we find in agree- 
ment with Korringa’ and Overhauser® although in 
slightly different form, 


T° = Oaht®/[ 8m ey Py x eokTCoRo' (0) J, 
where Cy and Rp are defined by Kohn." We also find 


R? (r) 2 
———dr 


r 


T 2? =1125ah! / [tomer crete 


and 


R?(r) 2 
T,? =375rh8 /  tomerer.tekT Ci f ———ir | 


r 


where C, and R; are also defined by Kohn. Combining 
Eq. (6) with the four preceding equations, we have 


f® T, T,0? 
a —— 6 / (1 
f® T,® /( * - ) 


& fs | 


Using the wave function kindly supplied to us by 
Professor Kohn, we find by numerical integration that 
f/f <0.01. 


where 


T°)? 
—— = 125Cy'R,*(0) 


T,¢ 
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The most general form of the Hamiltonian of an electron or hole in a semiconductor such as Si or Ge, 
in the presence of an external homogeneous magnetic field, is given. Two methods of obtaining the corre- 
sponding energy levels are discussed. The first should yield very accurate values for the magnetic field in 
the (111) direction for either Si or Ge. The second is a perturbation method and is expected to give good 


results only for Ge. 





INTRODUCTION 


| ig! collaboration with W. Kohn, the author has 
recently! treated the problem of cyclotron resonance 
for degenerate bands in semiconductors such as Ge and 
Si. In particular, it was predicted that for such bands 
there would be characteristic quantum deviations from 
the usual classical result at sufficiently low tempera- 
tures. These effects now seem to have been observed 
by Fletcher® for Ge. Working at 1.3°K to 4.2°K, and at 
very low power levels, he found that in addition to the 
usual “classical” absorption frequencies for light and 
heavy holes placed in an external magnetic field, there 
were also new absorption lines which increased in 
intensity as the temperature was lowered. This is just 
what one would expect on the basis of the quantum 
theory, since lowering the temperature populates the 
lower energy levels of the system more abundantly, 
and these are the ones that show marked deviations 
from the classical theory. 

It is the purpose of the present paper to set up in 
the most general manner possible the theory of the 
energy levels in a magnetic field for holes—which 
occupy a degenerate band—in a semiconductor such as 
Ge or Si. This is done in Sec. I. In Sec. II this general 
theory will be specialized, and the techniques available 
for actually solving the resultant equations will be 
given. 

No numerical results or detailed comparison with 
experiment will be given in this paper. Such comparison 
will be the subject of a later paper. It may be said, 
however, that although the numerical work is not yet 
complete, there are already very strong indications 
that many of Fletcher’s new lines are indeed those 
predicted by the theory given here. 


I. GENERAL THEORY 


(1) We shall first consider, for illustrative purposes, 
the case in which there is no spin-orbit coupling, and 
indeed, all effects of electron spin are neglected. In this 


. This work was performed in “ont at the University of Michigan 


and in part at the Bell Telep 
New Jersey. 

1J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
See also W. Kohn and J. M. Luttinger, Phys. Rev. 96, 529 (1954). 
We shall refer to the former paper as LK from now on. 

? Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955). 


one Laboratories, Murray Hill, 


case the energy levels are determined by Eq. (IV.14) 
of LK. The result may be stated as follows: consider an 
electron (of charge —e) in an external homogeneous 
magnetic field of magnitude H, the direction of which 
we shall call’ the “3” direction. The “1” and “2” 
directions will be any two perpendicular to each other 
and to H, which form a right-handed coordinate 
system with H. Let the vector potential representing 
H be A. We shall always choose for A the “Landau” 
gauge 


A3=0. (1) 


The energy levels of the electron, in this external field, 
are then given by solving the coupled equations* 


| Diree( not A0) (pete) [P= BF) (2) 


In (2) the repeated indices a and 6 are summed over 
x, y, z. The summation over j’ is a summation over the 
number of degenerate states for the band edge in 
question, which would be three for Ge (say). The 
quantity . is just the usual momentum operator 
(1/i)(0/dx_), and the F; are related to the wave 
function of the system by the equation 


¥=L 5 Fi(0)o;, (3) 


the ¢; being the degenerate solutions of the unperturbed 
problem. Finally the quantities D;;*°, are a set of 
numbers defined by 


i= — Hx», Ag= 


1 Pii*ige® 
Djy* a8 = = Sirdar X Bie 


€o7~ & 


(4) 


where the summation over i is over all those states of 
the unperturbed problem not belonging to the degen- 
erate set j, €9 is the energy of the degenerate set, ¢; the 
energy of the ith unperturbed state, and finally the 
p;@ are just the momentum matrix elements between 
the different bands, evaluated at the degeneracy point. 

In deriving (2), LK assumed that the symmetry 
property D;;**= Dj, was valid. By inspection of (4) 
one can see that there i is no general reason for this to be 
so, and it will be true only in very special circumstances. 


3 Units are chosen so that #=1. 
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The only general symmetry which is valid is (D;j**)* 
= Dj: ;§*, which follows at once from the Hermiticity 
of the momentum matrix elements ;;*. Nonetheless, 
Eq. (2) is still correct, as may very easily be seen by 
carrying through the derivation just as in LK, but 
without the aforementioned symmetry.‘ 

From this result, it follows that the cyclotron reso- 
nance equations contain extra constants which are not 
included in either the expression for the energy surfaces 
or in the impurity state problem. To see this we proceed 
as follows. Define 


ka= pat (e/c)Aa. (5) 


If there is no external magnetic field the different 
components of k commute. Then in (2) only the part 
of D;;** symmetric in a and @ will contribute, the 
antisymmetric part giving nothing since kakg is sym- 
metric. Thus the expression for the energy as a func- 
tion of ka is a function only of the “symmetric 
constants” D,;;*8+D,,;°*. If the external magnetic 





Ak?+ B(k+k,?) 
Cheky 
Chk.k, 


D= 


Here A, B, and C are the three real constants: 
A=Dxx"™, 
B=Dxx"", (9) 
C=Dxy*’+Dxy™. 


This result was obtained by ignoring the noncommu- 
tivity the components of k in the presence of a magnetic 
field. Now the question arises: how many new inde- 
pendent constants are brought in by the antisymmetric 
parts of the D;;**, and what is the explicit represen- 
tation of the operator D in terms of them? Since all 
the D;;**, are real, there will be no correction to the 
diagonal elements of D. Let us take a typical off- 
diagonal term: 


Dxy=Dxy™"kkyt+Dxy"k,k:z, 


all other constants vanishing by symmetry. Defining a 
new “antisymmetric constant” K by 


K=Dxy*"—Dxy", 


(10) 


(11) 
we may write (10) as 
Dxy=C{ksky} +3K (kapky), 
where we have employed the notation 
{kaky} =3(keky+h,ke) (13) 
for the symmetrized product. Using (6), (12) becomes 
Dxy=C{k2ky}+ (K/2i) (e/c)H:z. (14) 


4 Thus, though the final equation (IV.14) is generally valid, the 
preliminary equation (IV.13) is not. 


(12) 


Cheky 
Ak + B(ki-+k2’) 
Ckyk: 
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field is present, however, then the different components 
of k do not commute. In fact, we have 


(Re ky) = (1/1) (e/c)H. (6) 


the other commutators being obtained by cyclic permu- 
tation of the indices. Therefore the “antisymmetric 
constants” D;;*8— D;;-8¢ also contribute to the energy 
levels in a magnetic field. 

Now for a band like the valence band of Ge or Si, 
it is well known that the symmetrical constants may 
all be expressed in terms of three independent ones. 
The explicit representation is given by (V.9) and (V.10) 
of LK, for example. At k=O there are three real 
degenerate functions which transform like x, y, z under 
the operations of the cubic point group. Denote these 
functions by X, Y, Z, respectively. Defining a matrix 
D by its elements 

Dj j= Dj aks, (7) 


the symmetry of the diamond lattice requires that D 
have the form 


Chk, 
Chyk; 
Ak?+B(k2+k,?) 





The same analysis for Dyx gives 
Dyx=C{kzk,} — (K/2i) (e/c)H,, (15) 


and the results for the other off-diagonal components 
may be written down by cyclic permutation. Thus there 
is one extra constant K which enters the energy-level 
formulas. D then consists of two parts 


D=D‘)+p), (16) 
D‘*) is just given by (8) with kaks—{kaks}. For D 
we obtain 
0 —iH, iH, 
iH, 0 —iH,||. 
-—iH, iH, 0 


eK 
D4) ws 
S12 


(17) 


Both the expression for D‘) and that for D‘S) become 
much more transparent if we express all matrices in 
terms of “spin” matrices corresponding to spin unity. 
Let us define the three matrices 


0 0 
0 0 
0 1 


0 0 
0 0 
—f 0 
0 —1 
i 0 
0 0 














These matrices have the commutation rules of angular 
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momentum, i.e., 


(I,J y) - il, (I,,T2) - il, (1,, 2) st ily, (19) 


and also satisfy 

20 0 

0 2 Ol, 
00 2 


T2+-17+I7= (20) 


so that they correspond to unit spin.’ 
In terms of the matrices just defined we have 


D'S) = Ak’— (A —B) (k27 2+ k,l ?+ k2I,?) 
—2C ({kaky} {Tol y}+ {Ryke} {Ty 2} 
+{kke}{T2T2}), (21) 


D4) = (e/2c)K (IH t+ 1,H,+1.H.) = (e/2c)K 1-H. (22) 


It is possible to give the extra term D) a simple 
physical interpretation, in the limit where the binding 
of the electrons is very tight. In that case the “effective 
masses” A, B, C must be very small, and the electron 
is essentially always bound to one ion or the other. 
Thus we are finding how the degenerate levels of an 
electron bound to an atom are split in the presence of 
a magnetic field. If u is the Bohr magneton, then this 
splitting is just given by 


ul-H=(e/mc)1-H, (23) 


which is exactly of the form (22). To check this inter- 
pretation, we have to show that K, as calculated from 
(11) with the use of tight binding wave functions for 
k=0 has the value 1/m. A straightforward calculation 
reveals this to be true. 

(2) The problem of finding energy levels in a mag- 
netic field is completely described, for no spin-orbit 
coupling, by the “Hamiltonian” (16), and (21) and 
(22). Before we go on to the spin-orbit case, which is 
the practical one, it is very convenient to obtain these 
results by another method of analysis. 

The Hamiltonian D must be a three-by-three matrix, 
every element of which is a quadratic function of the 
components of k. Now let us consider the matrices 
I,, Iy, I, and their products. The nine matrices 1, /,, 
Ty, I2, 12, 17, {Tely}, {1,12}, {1-12} are easily seen to 
be linearly independent, and, therefore, any arbitrary 
3X3 matrix may be expressed in terms of them. 
(Products of more than two J’s can occur, but since the 
I’s are 3X3 matrices, any cubic expression may clearly 
be reduced to lower orders, e.g., J2=J,, etc.) Now, 
further, we can allow the /,, J,, J, to transform (if we 
make a coordinate transformation) just like an axial 
vector,® since the J’s are angular momentum matrices. 
That is, whenever we transform coordinate systems we 


5 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, New York, 1949), p. 144. The representation 
chosen there differs from ours. 

6 If we let them transform like an ordinary vector, they would 
all change sign under an inversion, which would violate the 
commutation rules. Therefore, a canonical transformation cannot 
change the sign of all the J’s. 
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transform J, as well as k,. This just corresponds to a 
numerical canonical transformation on D, and cannot 
change any of its characteristic values. We now require 
that, expressed in terms of the 7, and the ka, the 
Hamiltonian D should be invariant under the operations 
of the cubic group. Clearly this will insure that the 
Hamiltonian will give us results which transform cor- 
rectly with respect to the transformations of the cubic 
point group, which is the symmetry group of k. 

Now k transforms like an ordinary vector and, 
therefore (see Appendix A), like the representation 7; 
of the cubic group. Since I transforms like an axial 
vector, it belongs to the representation T; of the cubic 
group. Let us classify the irreducible representations 
which may be constructed with the J,. 

(a) The zeroth power of J, contains only the unit 
matrix. Therefore, it only contains the identity or A, 
representation. 

(b) The first powers of J, are just the irreducible 
representation 7». 

(c) The second powers of J, (that is the reduction of 
I,,Jg) contains the representation 


T2XT2=A1+E4+Ti4+T,, (24) 


which (see Appendix A again) may be decomposed 
into a symmetric part and an antisymmetric part, i.e., 


(T2XT2)s=A1tE+T1, (T2X7T2)4=T2. (25) 


The antisymmetric part just consists of terms like 
I,1g—IglI2, which may be reduced by means of the 
commutation rules to the vector I again, so this is 
nothing new. For the symmetric part one easily sees 
the quantities belonging to A,, E, and 7; are, respec- 
tively, 

Ay: [7+17+12=P=2, 

E: I2—I,7, I7—I;, 

Ti: {7.1}, {I,].}, ie. 


That is, the A; is just proportional to the unit matrix 
and gives us nothing new. Thus, out of the 7, we can 
construct four independent irreducible representations, 
one belonging to each of Ay, E, 71, T>. 

Consider on the other hand the k,. Since the Hamil- 
tonian must depend on k, quadratically, we ask what 
irreducible representations are contained in T,X 7}. 


TiX T,=Ai+ E+ Ti+ To, (26) 
(T:X7T1)s=Ai+ E+ Ti, (27) 
(TXT) a=T>. (28) 


Therefore, we have 4 independent irreducible represen- 
tations, one belonging to each of A,, E, 7:1, T2. Com- 
bining this with our result for the J’s, we see that there 
are at most 4 independent invariants made of their 
products. That is, we must construct out of the J’s 
and k’s quantities which are invariant, i.e., which 
belong to A;. Only the product of two identical irre- 
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ducible representations can contain the identity repre- 
sentation, as may be easily verified for this particular 
group, from the direct products given in Appendix A. 
It is very easy to write these four invariants explicitly. 
From the symmetrical part of &, products we have the 
three invariants 

ki+k/+k/=k’, 

kIT 2+k/7l+k7l,, 

(haky} {Tol y} + (Ryke} (1 yl} + (Rekz} (LT 2}, 
while from the antisymmetrical products we have the 
single invariant 


(ky ke) Let (ke,R2) y+ (Rzky)1 2. 
Using (6) we see that (30) is equivalent to 
H,J,+H,I,4+Hd:. 


(29) 


(30) 


(31) 


Therefore, the most general Hamiltonian possible is 
given by 


D=ayk?+ax(k2l e+hly+kel 2) 
+as({Reky} {121} + (kyke} {1,12} + (kk2} {121 2}) 
ta(Hels+H,I,+Hil;). (32) 


This is clearly identical with (21) and (22), by suitable 
choice of the a;.7 The advantage of this method over 
the original one is that it can be generalized almost 
word for word to the case where spin-orbit coupling of 
arbitrary strength is present. 

(3) If spin-orbit coupling is present, the original 
sixfold degenerate level (the extra factor of two coming 
from spin) breaks up into a fourfold and a twofold 
degenerate one. It is generally believed that the fourfold 
degenerate level lies higher and hence is the important 
one for the cyclotron resonance experiments at low 
temperatures. We shall deal with the fourfold case 
here. The result for the twofold case is given in Ap- 
pendix B. It may in fact prove possible by suitable 
external excitation to make observations on the latter 
case, though there is no evidence that this has been 
done as yet. 

Since the band edge is fourfold degenerate, the 
Hamiltonian D will now be four by four. We now 
introduce any three 4X4 matrices, J,, J,, J:, which 
satisfy the commutation rules of angular momentum, 


i.€., 
(JanJy)=iJ » ete, (33) 


and 


J P+J f~+JP=§(§+1) = 15/4. 


(34) 


That is, these are the angular momentum matrices for 
a state with spin 3. It is easily seen that the following 
16 matrices are linearly independent: 


7 That the a; are real follows from the requirement that the 
Hamiltonian be Hermitian, 


IN SEMICONDUCTORS 


Ja tn Ja Jé, Ip, (IS fi (FF), (I Se; 
{(J—-J?)J2} =V2, (J ?-J2) Jy} 

=V,, {((J2—J,)J,)=V,, 
IS, IF, IF, IS StI SJ J 


and, therefore, any arbitrary 4X4 matrix may be 
expanded in terms of them. 

Now all the results we have derived for the no 
spin-orbit case apply equally well to the spin-orbit case. 
J, transforms as T; for the same reason that J, did. 
Thus the invariants (29) and (31) are all still possible, 
with the simple replacement of J,—J.. To see whether 
anything new arises, we must then investigate whether 
any invariants can be constructed out of the cubic 
expressions occurring in (35). It is very easy to see by 
calculating characters that 


wi yw rz belong to 4 
J, J, J2 belong to T», 
J2JyJ+J.J J 2 belongs to A». 


(35) 


Since A» occurs nowhere in the reduction of kakg we 
have at once that this last term cannot occur, since we 
cannot form an invariant with it. In the kaks decompo- 
sition only {k,k.}, {k.kz}, {k2k,} transform like 7), 
and only (k,,k:), (R:,R2), (R2,ky) or Hz, Hy, H., trans- 
form like T;. Therefore we get only two new invariants: 


V {Ryk.}+V,{k.k2}+V {Rk} (36) 
and 


J 2H AJ pH, +J AH: (37) 


Thus there would seem to be in general six constants 
necessary to describe the Hamiltonian for the spin-orbit 
case. However, an investigation of the time-reversal 
properties of (36) shows that this cannot occur. In the 
case where there is no magnetic field present, the 
Hamiltonian of the system certainly must be invariant 
under the operation of time-reversal, since the original 
Hamiltonian has this invariance property. Now time- 
reversal must simply change the J, into —J,. This is 
true because the J, are the matrix representations of 
the orbital angular momentum operator L, for a state 
with j= §. But L, is an odd operator (it contains the 
velocity or momentum linearly) and therefore J, is 
odd. If there is no magnetic field, the terms like (29) 
and (36) still occur, while (31) and (37) do not. All 
the invariants in (29) contain J, an even number of 
times, so they are allowed by time-reversal. The 
invariant (36), on the other hand contains J, three 
times; it therefore changes sign under time-reversal, 
and is not allowed. Thus the most general Hamiltonian 
for the spin-orbit case is 


D=Bi\R’+Bo(k2J oP +k J P+keJ,) 
+Bs({Roky} {J 2Jy}+ {kk} {JyJ.} 
-+- {k.kz} {JJ 2})+6.(H.J2+HyJy+H,J:) 


+6(HJ+H,Jy+HJ2). (38) 
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That is, five constants are necessary to describe the 
energy levels. It should be emphasized that we have 
nowhere made any assumption about the strength of 
the spin-orbit coupling, and this means that in general 
the constants f; are in no way related to the a,. (If the 
spin-orbit coupling is small, however, we can relate 
them.) If we are not dealing with an external magnetic 
field, but just want the shape of the energy surface, or 
want to deal with the impurity problem, then the last 
two terms of (38) vanish, and the band is described by 
three constants. If now we choose the following repre- 
sentation for the J., J,, J;: 


0 v3i/2 0 0 
—v3i/2 0 1 0 

0 —1 0 v3i/2))’ 

0 0 —v3i/2 0 


0 v3/2 0 0 
v3/2 0 1 0 

0 1 0 v3/2\ 

0 eae ys Gee 








and write 


B2= —3(A—B), 
B= —4, 


then we see at once that (38) is identical with the first 
four rows and columns of (v. 13) in LK, which was 
obtained on the basis of very weak spin-orbit coupling. 
The only difference is that A, B, and C are no longer 
necessarily given by (9). Since these are parameters 
which we fit to experiment, this makes, in general, little 
difference. Thus the form of the Hamiltonian is totally 
unchanged no matter how strong the spin-orbit coupling 
is, as long as no magnetic field is present. This is no 
longer true when a field is present, since the last term 
of (38) represents a new invariant which gives no 
contribution when the spin-orbit coupling gets ex- 
tremely weak (i.e., 8; approaches zero as the spin-orbit 
coupling does). To see this in detail, and also to see the 
relationships between the a; and 6; (which are very 
convenient to have if we want to make estimates of 
the 8;), let us consider the case of very small spin-orbit 
coupling. Then the Hamiltonian corresponding to the 
no-spin orbit point of view is 


D=AR— (A—B) (Rol 2+kT 7+ k?I,?) 
—2C({Reky} {Tol y}+ (Ryke} {1,12} + (Reks} {Tl 2}) 
+(e/2c)K1-H+u(e-H). (41) 


(40) 


LUTTINGER 


In (41) the last term is new, and represents the inter- 
action of the electron’s spin magnetic moment with the 
external magnetic field. The quantity @ is of course the 
Pauli spin matrix vector. The space on which (41) 
operates is the direct product of the 3X3 space of the 
T,, and the 2X2 space of @, so that (41) is really a 6X6 
matrix operator. This electron spin term is usually 
quite small, but we include it for completeness. Now, 
in the limit of infinitely weak spin-orbit coupling, (41) 
may be transformed directly into the correct spin-orbit 
Hamiltonian. This is done in Appendix B. The result 
is the following: 


D=(3A+B/4)P—3(A—B) (kJ 2+hk, J p+ke2) 
—3C( {Roky} {J oJ y} + (hyhe} (Ty } + (hekz} {J oJ 2}) 
+ (e/3mc)(mK+1)J-H. (42) 


Comparison with (38) shows that for the case in which 
the spin-orbit coupling is very weak, we have 


8,= (3A+B)/4, 

62= —43(A—B), 

Bs= —4C, 

B4= (e/3mc) (mK +1), 
Bs=0. 


Therefore, the constant fs is only introduced by the 
spin-orbit coupling. For Si, this correction will probably 
be utterly negligible, but for Ge, in which the spin-orbit 
splitting is comparable though somewhat less than the 
band separation, it might have observable effects. 


Il, DETERMINATION OF THE ENERGY LEVELS 


(1) In the previous section we have set up the 
general Hamiltonian (38), the characteristic values of 
which give the allowed energy levels of the system. We 
now turn to the actual problem of determining these 
characteristic values. Unfortunately it has not proven 
possible to find a general solution of the problem. We 
have, however, developed what seem to be excellent 
approximation methods which are applicable to the 
experimental situation so ‘far realized. Since we are 
dealing with the upper band edge (i.e., with holes in 
the valence band) the energy levels will in general 
decrease as we go to more excited states. In order to 
think of the energy level scheme in the more usual 
way, we shall deal from now on with the negative of 
(38) as our Hamiltonian. It then proves convenient to 
introduce the dimensionless constants 1, Y2, Ys, x, and 


q by 
(1/2m)y:= —3(A+2B), 
(1/2m)y2= —§(A—B), 
(1/2m)ys= — $C. 


(1/m) (3x+1)=—K, 


(¢/mc)q=—Bs, (44) 
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D, (38), (44), and (40) yield 


When we replace D by — 


Sy2 
p=—| (n+) rae TI+k eT +keJ2) 


—2ys({Raky} {I oJ y}+ (kyke} vt 2} + {hake} {J oJ }) 


e e 
+-«J-H+-9(JH.+J,'H,+J#H,)}. (45) 
¢ ¢ 

We shall limit ourselves to the case in which the 
momentum along the magnetic field (&;) is zero. Clearly 
by the commutation relations (6), which hold in any 
rectangular coordinate system, k; commutes with k; 
and k, and is, therefore, a constant of the motion. The 
energy levels will depend parametrically on ks in some 
involved way. The same is true for degenerate bands, 
even in the classical limit. Since the allowed values of 
ks will be thermally distributed, there will be a broad- 
ening and shift of the absorption line due to k3. This 
effect has been investigated in the classical limit.* The 
shift in resonance frequency depends on w,7, where w, 
is the resonant frequency and r is a measure of the 
relaxation time for the holes. For w,r=7.5 the shift 
was only about 3% (for Ge), and it decreases rapidly 
with increasing w,r. For Fletcher’s experiments there 
are w,r’s of perhaps 30 or 40, so the effect should be 
very small indeed. Further, it is possible that the effect 
is still smaller in the low-temperature quantum case 
since large k; are not excited. In fact, at absolute zero, 
there should be no shift at all. We therefore feel justified 
in tentatively taking k;=0. It is easy, though tedious, 
to include the ks dependence in the calculations given 
in Sec. II(2), and we hope to return later to a detailed 
verification of this assumption. 

With k;=0 the Hamiltonian (45) is still not soluble 
for an arbitrary direction of the magnetic field. How- 
ever, if the magnetic field is in the (111) crystallographic 
direction, it becomes possible to reduce the problem 
rigorously to a much simpler algebraic one which 
requires at most finding the characteristic values of a 
4X4 numerical matrix. To see this we must first 
express k in its (1,2,3) components. One simple choice 
for the 1 and 2 axes gives 

1 1 1 1 1 
kz=——h,— —k. + —k3=—k,— — kp, 
Wo VB... VE...2/6.... 2 
1 1 


1 
k= =) ae ky+— aT bap ko, 
V6 v2 v3 /6 v2 


2\! 2\! 
k,=— (-) a ea in (-) hi. 
3 v3 3 


The situation is considerably simplified if we also 
transform the J in the same way as the kz when we 
choose a new direction of magnetic field. (This actually 

M. Luttinger and R. R. Goodman, Phys. Rev. 100, 673 


(1988). H. J. Zeiger, Phys. Rev. 98, 560(A) (1955), also private 
communication. 


(46) 


S:=4L(a+al) (J2— 
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corresponds to quantizing our original degenerate states 
along the direction of the magnetic field). That is, 


we put 
1 1 1 
J2=—)i-—Jat-—J 
/6 v2 v3 


1 
Jy=—Jit- rae 
V6 v2 He 


2\3 1 
J=—( ) Jit+—J +. 
3 v3 


It is easily seen that the transformation is a canonical 
one—it is just a rotation—so that the characteristic 
values of (45) are left unchanged by it. Further, by (6) 
(ki,k2) = (1/1) (e/c)H, 
so that p and q defined by 
ki=(eH/c)'p, ke= (eH/c)'g, 
are canonical variables, i.e., 
(6,9) =1/i. (49) 
We shall often make use of the creation and destruction 
operators at and a defined by 
at=(1/V2)(p+ig), a=(1/v2)(p—ig). 
These operators have the commutation rule 
(a,at)=1. (51) 
They also have the following properties: If we call the 


harmonic oscillator eigenfunctions “,, then we know 
that 


(48) 


(50) 


3 (p+ @?) n= (atat+4)un=(n+4)un, (52) 


or 


(53) 
(54) 


AtdUn=NUn. 
Further 
Atty = (n+ 1) Meng, 
if the phases of the u, are properly choosen. 
In terms of these operators, we may write (45) as 


AU n= npr, 


eH 
D=—{[11—13(5/4—J 3?) ](N +3) 


mc 
—¥2S1— ¥xSatKkl 3+ 953}, 
where V=ata, 
Si=3L(@ +a") (JP—J2—v2{ iJ 3}) 
+ 2i(a?— al) ({Ji:J2} +V2{JoJs}) ], 
J?4+V2{IiJ3}) 
+i(a’—al?) (2{J,J2} —V2 | J2Js}) ], 
S3=1/3V2[— (5/2)J:3—2v2I 8+ (41/4)V2J 5 
+ (41/8) Ji+3{Ji(J2—J#*)} J. 


We shall measure all energies in units of eH/mc from 
now on, so we may drop this factor from (55) and all 
subsequent energy expressions. 

It is convenient to introduce a specific representation 
for the J, at this point. Although it is possible to solve 
the problem with the conventional representation for 
the J,, we prefer to choose another which simplifies 


(56) 
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the results somewhat in both this and the following 


section. Let us put 


0 0 v3/2 0 
oe" \3/2 

v3/2 1 

0 v3/2 


| Oo 0 
0 0 

V3i/2 i 
0 v3i/2 











Finally, (55) becomes 


| (yi tvs) (N+4) +9x+23¢, 8 —gia? 
—gial? (y¥i—¥3) (N +4) —9x— 13¢/8 
—g2a? 0 
—q/v2 goa? 
where 


(yi-— 3) (N +4) +4«+13¢/8 
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In terms of (57) we have 


0 a ~—v2ai? 
at? 0 0 
—v2e2 0 ' 0 
0 v2a? at? 


0 2a? V2a?? 
“|| 2a? 0 0 
—v20 0 0 

0 —v2a? 2a? 








23/2 e.* 
OG: cmGafe. 0 

0 0 
—2v2 0 0 





— geal? —q/v2 
0 goal? 
— gia? 


(vitys)(N +4) — }«--23/8 


» (59) 


—giat? 


g1= (2yst+72)/V3, 
£2>= (3)3(ys—72). 


Dy= Ey. 


and 


We must solve the Schrédinger equation 


Inspection shows that the following Ansatz satisfies this equation: 


Cit, 
Cottny2 
C3ttn—2|’ 
Cyt, 


y= 


for n>2, 3,4, -+-. 


The C’s are then the characteristic vectors of the matrices 


(vita) (n+4) + §«+23¢/8 
—gil(n+1) (m+2)}* 
—ge[n(n—1)} 
—q/v2 


—gil(m+1) (n+2)} 
(y¥i— 3) (n+5/2) —}x—13q/8 
0 


Sal (n+1) (n+-2) }* 


and e the characteristic values. 

For n<2 the Ansatz (61) no longer makes sense. If, 
however, we choose C;=0, it still does, and we get 
further solutions for n=0, 1 by simply striking out the 
third row and column of (62) and solving the 3X3 
matrix problem. 

For n=—1, —2 (61) still makes sense if we put 
Ci:=C;=C,=0. In this case, the characteristic values 
may be written down at once, and are 


€= (y1—73) 
2 


3 x 139 
e=(y1—-3)-—-—— _ for n=-—1. 
2.2 38 


—ge[n(n—1)}* —q/v2 
0 g2[ (n+1) (n+2) }} 
(yi-—s) (n—§) +44 13¢/8 —giln(n—1)}* 
—giln(n—1)}* (yitys) (n+4) —§x—23q/8 


(62) 





It may easily be shown that the solutions given form 
a complete set. This is best accomplished by considering 
the special case gi=g2=q=0, for which the set is 
clearly complete. Therefore, we have reduced the 
problem to a very simple algebraic one which lends 
itself very easily to numerical computation once the 
values of the parameters are decided on. 

(2) We now consider a general method of approxi- 
mation, valid for any direction of magnetic field. This 
is based on the fact that if y2=73 and g==0, the char- 
acteristic values of (45) can be found immediately. If 
the experiments performed at higher temperatures are 
interpreted as being already in the classical region, then 
it is possible to get estimates of 71, y2, ys for Ge and 
Si from them.? We have, for germanium: y:2‘13.2, 


* Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
From the classical limit only the magnitude of 2 and ys can be 
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yo4.4, ys5.4. For silicon: v4.0, yY+0.62, 
y=+1.3. 

For Ge we see that 2 and ¥3 differ from their mean 
value by about 10%. Further, estimates of ¢ based on 
the band theory indicate that it is indeed very small. We 
may, therefore, hope in this case to solve the problem 
first for y2=~7y3s, g=0, and then to treat the rest by 
perturbation theory. The present indications are (based 
on constants about equal to those given above) that 
for Ge second order-perturbation theory in (ys—72) 
and first-order in perturbation theory in g are already 
quite accurate. For Si this method probably doesn’t 
work at all, and for theoretical comparison one only 
has the (111) direction readily available. 

Let us then put y2=y3= 7 and g=0. The Hamiltonian 
(45) becomes 


1 
rst (5/2)9 J — 9 aks) (Jat )-+-13-H . (64) 
m Cc 


By means of the identity 
é€ 
{kaka} {J aS 8} = sin COPY th 
c 


we may write (64) as 
1 y\e 

D=— Dr (/2)7#—11h-3)+-(«—*)“I-H. (65) 
m 2/7 ¢ 


From (65) we see at once that in this approximation 
the energy levels are all independent of the direction 
of the magnetic field. This is true because, if we rotate 
the coordinate system in such a way that H is always 
in the same direction in the new system, then by a 
canonical transformation on (65) we can rotate J in 
the same way [just as in (47) ]. Further, of course, k 
transforms like a vector under a rotation of the coordi- 
nate system. But all the terms in (65) are rotational 
invariants, so that D takes exactly the same form for 
every direction of H and the characteristic values are 
therefore independent of the direction of H. 

To actually find the levels we note that with the 
Hamiltonian (65), the quantity 


O=38-4+J-H (66) 
c 





(vit 7) (N+3)+3« 
—v3y7al? 
0 
0 0 


—vV37a" 
D= 


We notice that, for ks=0, D breaks up into two 2X2 
matrix operators, which are uncoupled. The Ansatz 


determined. The choice of sign given for Ge is, however, very 
strongly supported by our current ideas of the band structure of 
Ge (Sec. 5 of this reference). For Si the situation is not so certain 
and we leave both signs as possible. 


(11-4) (N+) — 3 
0 
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is a constant of the motion since 
(3h,J-k)= (ie/c)(HXJ)-k, 
(J-H,J-k)=—i(HXJ)-k. 


On the other hand, the characteristic functions and 
values of (66) are extremely easy to find. Using (48) 


we have 
eH s p+ 
(—*+1) 5ks*. 


(67) 

c 
Choosing the representation (57) for J;, we see that 
the most general characteristic function of Q belonging 
to the same characteristic value is 


City, 
Cottnye 
Cyn ; 
Cittnts 


” (68) 


where the C’s are arbitrary constants. Equation (68) 
must then be a characteristic function of (65). This 
fact is easily verified, and one obtains a 4X4 numerical 
matrix to determine the C’s and the characteristic 
values of (65). Rather than writing this out explicitly, 
which is quite tedious, we shall at once make the 
approximation of putting k;=0. It is important to 
stress, however, that this approximation is not necessary 
here as it was in the previous section, and that an 
investigation of the ‘k;-shift” could be carried out 
with this method. 
Putting ks=0, (64) becomes 


beth 
2 
eH 
—F (RPI P+ heed P+ 2{ kiko} {J J 2}) +—«J3 (69) 
Cc 
eH 


1 
p=—| Crt (5/29) 


m 


{En.—a05/4— 20) +4) 


mc 


a’+a?? 


+s}. (70) 


Choosing the representation (57) and again measuring 
energy in units of eH/mc, (70) becomes 
0 0 
0 0 
(vi— 7) (N+4)+3« —v3a" 
—V3at? (vit 7) (N+4)—$« 


(71) 





(68) still works, of course, but because of this decoupling 
it is simpler to treat the two 2X 2 blocks independently. 
We call the upper block “1” and write «:, ¥ for the 
characteristic values and functions, respectively, and 


; similarly we call the lower block “2”, with e, ws. 
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Clearly for “1” we may take 


a 
Y= (72) 
a2 

and for “2,” 
by 


Y2= (73) 








be Up 


In (72) and (73) if we let n=0, 1, 2, --- we get all the 
characteristic functions as long as we put a and }; 
equal to zero for n=0, 1. Using (72) we get 


C(vi+7) (n—$)+$u Ja,—v34[n(n—1) }has= e101, 
—v3¥[n(n—1) }lar+[ (yi— 7) (n +3) —4x Jao= ec, 


for n22. For n=0, 1 we must only take the second 
equation, which yields 


€:1(0)=3(y1— 7) — 4x, (1)=$(01—-7)—4«. (75) 


The characteristic values of (74) may be written down 
explicitly since we have only a 2X2 matrix. They are 


e:*(n)=yin— (by +-7— 3x) 
+ {Lyn— (yi— x +47) P+:37*n(n—1)}4, (76) 


for n>2. From (75) and (76) we see that «(0) and 
€:(1) are just €;+(m) for n=0, 1. Similarly, using (73) 
we get 


C(vi— 7) (n— $) +3 Jo1—V3 Fn (n— 1) }8b2= exh, 
—V39n(n—1) Poit+L (ri t+7) (n+4)— $x Joo= ends, 
for n> 2. For n=0, 1 we have 

€2(0)=3 (vit ¥)—H,  €2(1)=3 (ir + 7) — x. 
The characteristic values of (77) are 


€2+(m)=yin— (341—F+4x) 
[Lyn (yi—x— 97) P+-37°n(n— 1) }, 


and again €2(0), €2(1) are just e:*(0) and e*(1), respec- 
tively. 

We shall call a set of characteristic values which are 
obtained by just increasing » by integer steps in some 
function a “ladder.” The spectrum then consists of 4 
ladders, the 1+, 1-, 2+, 2-. It turns out that it is quite 
convenient to keep the levels grouped this way, not 
only for ease of visualization, but also in considering 
selection rules for absorption. 

The case discussed here reduces exactly to that of 
Appendix C in LK, if we put x=0. We now see, how- 
ever, that it has considerably more application than 
was indicated there. 

(3) Now actually experiment shows that the levels 
even in Ge are not the same in all directions, so that 
the results of the previous section cannot be accurate 


(74) 


(77) 


(78) 


(79) 


In the classical limit the spacing between levels becomes 
uniform within any ladder. The plus ladders then correspond to 
the level spacing of the “light” holes, the minus ladders to the 
level spacing of the heavy” holes, 
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enough for detailed comparison with experiment. 
Therefore, one must use perturbation theory on the 
difference between (45) and (64). We shall not even 
write down the perturbation for an arbitrary direction 
of H, but shall confine ourselves entirely to the magnetic 
field in the (110) plane. This plane contains all the 
directions for which experiments have been done so far. 
If we call @ the angle between the field and the z-axis, 
then we can choose the (1,2,3) coordinate system so 
that 
z= (1/V2)(chi— ko + sks), 


ky= (1/v2) (chit+ke+cks), 
k= —ski+cks, 


where s=sin6, c=cos@. We shall also make a canonical 
transformation on the J’s, so that the relation between 
Jx Jy, J, and Ji, Jo, Js is also given by (80). Using 
this, and putting k;=0, we get 


D=Dot+Di+D2, 
Do= Lyity’(J—5/4) ](N+4) 

— "Ch (IP — Ie?) + lef JJ 2} J+nJ s, 
D="( Ge 1)(s)[4e{JiJ3} —s(J°—J?) ](N+4) 


(80) 


—3s*[4sc{ Iss} — (32-1) (J2—5/4) a 


3c#§—10¢?+3 
+8sc{J2J3}lo+ 


(81) 
X[Ut-Jah—-AvTM)), 
D.= m( (S/4)se(3e?— 2) J 8+} (15e°— 102— 1) J; 


9sc3 3s? 
oe ee 1){J3(J2—J2?)} 


41 
+ Lsel—3e) rt (+3054). 


Here 


¥'=4L (3e—1)*9y724+-38?(3e+ 1)ys], 
¥"=4L(3—22+3A)y2t (5+ 22—3e)ys], 
w=3(ys—72); 
L=}(2+a"), 
1,= (i/2)(@—a?). 


Several remarks should be made about (81). Do is 
the unperturbed Hamiltonian. It only reduces to (70) 
if y2=3= 7. However, as one easily sees, it is soluble 
by exactly the same technique as was used on (70). 
The reason we absorb some of the perturbation into 
the zeroth-order Hamiltonian is that as a consequence 
D, has no diagonal matrix elements in the Do represen- 


(82) 


tation, so we need not do first- and second-order 
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perturbation theory on D,, but only second order. It is 
also possible to split D. into a first-order part (by 
taking the J; and J; terms) and a part which has no 
diagonal elements. The zeroth-order Hamiltonian can 
still be rigorously diagonalized, if we include this 
diagonal part of D, in it. However, since we have not 
as yet gone beyond the first order in g this split has no 
advantage, and we have not made it. 

The characteristic functions of Do are again given by 
(72) and (73) where we have 


Cyity’) (n—3)+3« Ja:—vV3y"[n(n—1) }ar= e101 
Pe fae 


—V3y"[n(n—1) Partl(1i— 7’) (n+4)— 9« Jao 
n=0, 1, 2, ---, 


(83) 


= €)d2 
with the characteristic values 
e(n,1+)=yin— ($y t+-7'— 3x) 
+{[y/n— (4y'+71—«) P+3y'"n(n—1)}4, (84) 
where for the plus sign n=0, 1, 2, ---, and for the 
minus sign n= 2, 3, 4---. Similarly, 
L(mi—’) (n—§) + 3x Jbi—V3y"[n(n— 1) }oo= evi 
n= 2, 3, eee 
—vV3y"[n(n— 1) +L (rit+y7’) (n+3)—$x ]be 
n=0, 1, 2, --:, 


(85) 
= €2bo 
with the characteristic values 


e(n,2*) = yin— (3y1— +44) 

+ {[y'n+ (11 —«— 97’) P+ 3y"n(n—1)}}, (86) 
where n=0, 1, 2, --- for the plus sign, and n= 2, 3, 4--- 
for the minus sign. The explicit matrix representation 
of dD, is 

al To r3 0 
V3u ror =—F5 0 
at r3t 0 aa T2 
0 —ryr rat 71\ 


(87) 


1 


where 
71 = 3V38?(3—1)(a+a"), 


r= (3¢—1)[4(C—3)a"*—#(N-+4)], 

r3= scl (3c°—1)(2N+1+a?)+ (3e—5)at?]. 
Similarly, for D, we have 

a| pi P ps pa 
ae * i aa | (88) 
pa —p2 = pill 
pi= 3 (3ct— 2c?+8), 
p2= 3VN38°(3c?—1), 
3= — §V3sc(3?—1), 

p= $sc(3ce?—S), 
ps=}(27c'— 18c?— 10), 
pe= (9/2)sc(3ce?—1). 
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Finally, a word may be said about the energy levels 
in the twofold degenerate case. From Eq. (b.9) of 
Appendix B, the Hamiltonian is just that of a free 
particle with an isotropic effective mass, spin one-half 
and an intrinsic magnetic moment. Since orbit and 
spin are not coupled, we can find the energy levels of 
each part separately. These are 


eH 
€nt= %(A+2B) (n+})— 
c 


eH A+2B 
+——(2mK —1)+———k;?._ (89) 
2mc 3 


Oscillating electric fields will cause transitions between 
n and n+1, so that the second and third terms will not 
affect cyclotron resonance experiments at all. On the 
other hand, oscillating magnetic fields (“spin reso- 
nance’’) will produce transitions between the + states 
and would, therefore, provide a direct measure of K. 
An estimate" of K for Ge, based on the band theory 
gives something like K=—13/m. This indicates that 
such spin-resonance experiments on free holes would 
see an effective g-factor which was very large. A similar 
but more complicated situation will hold for the fourfold 
degenerate band. This large effective magnetic moment 
may conceivably be connected with the failure to 
obtain spin resonance at the expected place for holes 
bound loosely to impurity centers. These questions 
remain to be investigated, however. 
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APPENDIX A. THE CUBIC GROUP 


We list in Table I the character table for the cubic 
group, and the reduction of all direct products. 


TABLE I. Character table for the cubic group.* 








Represen- 


tation 1E 1204 





Ay 

A» 

E 

T; : - 
T2 — 





* The following relations hold: A: XA1=A1; Ai XAz:=A2; AiXE=E; 
Ai XT: =T1; AiXT2=T2; A2KA2=Ai; Ar XE =E; Ar XTi =T2; ArXT 
=7T:1; EXE=Ai+A:2+E; EXT: =T4+T72; EXT2=T7Ti14+T2; 71 XTi =A 
+E+Ti14+T2; T1XT2=A2rtE+T14+T72; T:XT21=Ait+Et+Ti4+T:z. 


'' T am grateful to Professor Kohn for this estimate. It is closely 
related to the estimates of Dresselhaus, Kip, and Kittel in refer- 
ence 9. 
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When two identical representations, (say R) occur 
in a direct product, we can ask: what irreducible 
representations occur if we consider only those functions 
symmetrical in the two representations, and which 
occur when we consider only those antisymmetrical in 
the two representations? We call the former (RX R)s 
and the latter (RXR). One can easily see that the 
characters of any element T are given by 


xs=4Lx(T)*+x(T*)] 
in the symmetrical case, and 
xa=4Lx(T)—x(T)] 


in the antisymmetrical case. Using this, we obtain at 
once, the following: 


(TiX T2)s=A i+ E+ Ti, 
(T:XTia=T,, 
(T2XT2)s=Ai+E+Ti, 
(T2XT2)a=Ts. 


APPENDIX B 


In this appendix we obtain the Hamiltonian for the 
very weak spin-orbit case directly from that for the 
no-spin orbit case (41). Call the six degenerate wave 
functions for the no spin-orbit case g;, i=1, 2, ---, 6. 
The correct “zero-order” functions for the weak spin- 
orbit case are given by (V.11) and (V.12) of LK. Call 
these collectively fi, /=1, 2, ---, 6. Then the /; are 
related to the g; by a relationship 


fi=Digili|D, 


where the (i|//) are some numerical coefficients. 

Let the matrix elements of D (from 41) be Dj, in 
the g; representation. Then in the f/f; representation 
they will clearly be 


Dw=L WD (i |"), 


(b.1) 


(b.2) 


where (/|i)= (i|1)*. 

By means of the explicit representations (V.11) and 
(V.12) it would now be a very straightforward matter 
to obtain the (z|/) and, therefore, Dy. It is, however, 
much more convenient to proceed as follows: If we 
think for a moment of the original functions X, Y, Z as 
functions which transform under the full rotation group 
like x, y, 2, then the functions g; are states of orbital 
L=1and spin } in the (mz ,,ms) representation. Further, 
the functions (V.11) and (V.12) are then formally those 
for j=§ and }, respectively, in the (j,m) representation. 
Therefore, the transformation matrix (i|/) is identical 
with the transformation from the (mz,ms) basis to the 
(j,m) basis. If we want the fourfold degenerate part 
we need only consider the submatrix with j=3, if we 
want the twofold degenerate part, then we take the 
submatrix with j=}. 
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Let us consider the j= $ part first. Then we need 
quantities like, I, o, {J/g} expressed in the (j,m) 
representation for j=}. These are easy to find. Con- 
sider any vector V,. Then the matrix elements 
(jm|V.| jm’) are given by 


(b.3) 


where y is independent of m'*; and J, is the total 
angular momentum operator, orbit plus spin. To deter- 
mine y one considers some simple matrix element. 
Thus for @, let us consider ($$|o,|$$), which equals 
unity from (V.11). On the other hand, (3$|J,|33)=3, 
so that y= for o. Thus we may write that as far as 
matrix elements for j=} are concerned, 


oJ, (b.4) 


where J is any 4X4 representation of the angular 
momentum for j= 4. Similarly 


(jm| Vq| jm’)=(jm|Ja| jm’), 


(jm|Iq| jm’)=~'(jm|J,| jm’). 
Considering again the $$ state, we get 
(33|Z2|33)=1 
from (V.11), so that y’ also is unity, and we have 
(b.5) 


Finally, to find such quantities as {7,J3}, we make use 
of the fact that {7.Jg}—}6.g/* is an irreducible tensor 
of the second rank. Then, once again,” 


(jm| {Tals}—¥asl*| jm!)= | 

¥"(jm|\ {J aI a} —§I*6as| jm’). 
To determine y’’ we once more consider a=8=g and 
the $3 state. 


$81 72—42|41)= 1-42)=3, 
(33 | J.—4J?| 33) = (3) 4.(15/4) =1, 
so that y’”=4. Therefore, we may write 


{Tal} — asl} ({ J aI 8} — $I *5 ag), 


{Tals} {Jal s} +4508. (b.6) 


Substituting (b.4), (b.5), and (b.6) in (41) we get 


D=}(3A+B)kR?—}(A—B) (R22 +k? +h J,*) 
—§c({Raky} {I oJ y}+ {kyke} {Jy 2} + {hekz} {J oJ 2}) 
+ (e/3mc)(mK+1)J-H, (b.7) 
which is just (42). 
It is even easier to obtain the two by two matrix 
correspending to the twofold degenerate state. We 
obtain at once, 


o——3J, I-3J, {Jal p}—F5a8, (b.8) 


where J in (b.8) is a 2X2 representation of angular 


See E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), p. 59 ff. 
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momentum j= 4. (We could write, for example, J= }e.) 
Substituting in (41) again, we get 


D—>4(A+2B)k?+ (¢/6mc)(2Km—1)J-H 


=4$(A+2B)k?+ (e/12mc)(2Km—1)e-H. (b.9) 
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If we leave off the J-H term and choose the represen- 
tation (39) for J [in (b.7) ], then (b.7) and (b.9) agree 
exactly with (V.13) of LK. It is easily seen by the 
methods of Sec. I that the form of (b.9) is the most 
general possible for the twofold degenerate case. 
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Experimental Cross Sections for Charge-Changing Collisions of 
He* and He*+ Ions Traversing Gases* 
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The Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received February 6, 1956) 


Ion beams of He* and He**, in the kinetic energy range 100 to 
450 kev, are held in arcs of circular orbits in a magnetic field. 
When a few microns of gas are admitted the beam is attenuated 
by charge-changing collisions, since with change of charge the 
ion is lost from its orbit. Cross sections for such charge-changing 
collisions are designated by os, where 7 is the initial positive ionic 
charge in electron units and f the charge after the collision. 
(cio+e12) has been directly measured for He* in hydrogen, 
helium, and air, and (02:+20) for He** in the same gases. 

Other observers have measured the equilibrium ratio He+/He** 
attained in a field-free beam after many collisions, and combining 
these data with our observations allows calculation of o19 and o12 
separately if one assumes oo: negligible compared to the other 
cross sections. The electron loss cross sections o12 increase with 


1. INTRODUCTION 


HE discovery by Henderson,! in 1922, that an 

appreciable fraction of the alpha particles 
emitted from natural sources have an orbital electron 
attached, and thus are Het ions, initiated a series of 
researches in which the capture and loss of electrons by 
moving helium ions were studied. The results on a 
particles prior to 1933 have been summarized in the 
Handbuch der Physik by Geiger,? and the same volume 
contains a review of work on the more general aspects 
of charge changing collisions, by Riichardt. 

The status of the problem as of June, 1953, has been 
recorded by Allison and Warshaw.‘ 

Experimental researches on this problem may be 
roughly divided into two categories: (A) studies of the 
equilibrium ratios of the various charge states attained 
after a sufficiently large number of charge-changing 
collisions; (B) studies of the collision cross sections for 
individual charge-changing events. 


* This work was supported in part by a grant from the U. S. 
Atomic Energy Commission. 

+ Now at Junta de Energia Nuclear, Madrid, iy 

1G, H. Henderson, Proc. Roy. Soc. (London) A102, 496 (1922). 

2H. Geiger, Handbuch der Physik (Verlag Julius Springer, Berlin, 
1933), Vol. 22, Part 2, p. 221. 

sE. Riichardt, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 22, Part 2, p. 103. 

«S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 


energy for helium and air throughout the measured region and 
are of the order 107!” cm?; o12 for hydrogen vs energy shows a 
broad maximum at about 370 kev and 0.98X10~"" cm? per hy- 
drogen atom. 

The capture cross sections o19 decrease rapidly in the measured 
energy range and in the region 200-450 kev those measured in 
helium agree, within the estimated experimental error, with 
theoretical calculations of H. Schiff. 

In attempting the resolution of the sums (¢2:+20) into the 
separate cross sections it is found that the errors in the measure- 
ments accumulate to such an extent that the individual values 
become very unreliable. An auxiliary experiment designed to 
increase the accuracy of our knowledge of the separated capture 
cross sections o29 and oz; is in progress. 


Subsequent to the work summarized by Allison and 
Warshaw other reports of researches on helium ions 
under a category (A) have appeared from the Cavendish 
Laboratory® and the Oak Ridge National Laboratory.® 
Specific applications to the production of Het*+ beams 
for acceleration to high energies are reported by Bittner’ 
and by Geller and Prevot.® 

The experimental studies reported here belong in 
category (B), and are in the kinetic energy range 100 
to 450 kev. We shall use the notation oj in discussing 
the cross sections, where subscript i refers to the initial 
positive charge on the ion in units of the magnitude of 
the electronic charge, and f to the positive charge after 
the collisions in the same units. Very little was known of 
the helium cross sections in the range 100 to 600 kev 
when the summary by Allison and Warshaw was 
written. Some helium cross sections in the kinetic 
energy range up to 100 kev had been reported,* and 


5G. A. Dissanaike, Phil. Mag. Ser. 7, 44, 1051 (1953). 

6 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954). 

7J. W. Bittner, Rev. Sci. Instr. 25, 1058 (1954). 

8 R. Geller and F. Prevot, Compt. rend. 238, 1578 (1954). 

®P. Rudnick, Phys. Rev. 38, 1342 (1931). 

1H. Meyer, Ann. Physik 30, 635 (1937). 

uF, Wolf, Ann. Physik 30, 313 (1937), and previous 
publications. 

12 A. Rostagni, Nuovo cimento 15, 117 (1939). 

13 R. A. Smith, Proc. Cambridge Phil. Soc. 30, 514 (1934). 

4 J. P. Keene, Phil. Mag. Ser. 7, 40, 369 (1949). 
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Fic. 1. Essential parts of the apparatus. 


there are more recent results in this region by Stedeford 
and Hasted,’* and by Fedorenko.'* Krasner’? has re- 
ported cross sections oo: in hydrogen, helium, and air 
using essentially the same equipment as that with which 
the present results were obtained, and Barnett and 
Stier'* have presented results for 7; in the region from 


30 to 200 kev. 
2. EXPERIMENTAL METHOD 


The experiments reported here are direct measure- 
ments of the cross-section sums (¢;9+012) and (¢2:+ 2) 
for helium beams traversing hydrogen, helium, and air 
respectively. The method is the second (ii) of those 
described on page 810 of the article by Allison and 
Warshaw.‘ 

For the measurement of (¢19+012) a beam of Het 
ions is held in a circular orbit as it traverses a measuring 
cell, by placing the cell between the poles of a powerful 
electromagnet. With the gas pressure in the cell so low 
that the mean free paths for all possible collision types 
are much longer than the cell dimensions, one measures 
the flux of ions leaving the cell through an aperture 
whose dimensions are smal] compared to the displace- 
ment of the emergent beam caused by the magnetic 
field. The introduction of gas attenuates this beam due 
to charge changing collisions which cause the ion to be 
lost from its orbit. If the length of path along the arc 
through the gas is known, and the pressure is measured, 


kT R(0) 


=—In—, (1) 
Plt R(p) 


> Tis 


where }-oy is the total cross section per atom of gas 
traversed for all processes which may change the ion 
orbit, & is Boltzmann’s constant, 1.380 10~"* erg/°K, 
T is the temperature of the gas in the measuring cell 
in °K, P is the pressure in dynes/cm? in the measuring 
cell which corresponds to the attenuated flux R(p), / is 

6 J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 

, 466 (1955). 

16 N. V. Fedorenko, Zhur. Tekh. Fiz. 24, 769 (1954). 

17S. Krasner, Phys. Rev. 99, 520 (1955). 

%C. F. Barnett and P. M. Stier, Phys. Rev. 100, 1268(A) 
(1955). 
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the effective beam length along the curved path in the 
measuring cell, £ is the number of atorns per molecule 
of gas. R(O) is a measured quantity proportional to the 
unattenuated flux of ions emerging from the cell, and 
R() is proportional to the attenuated flux when gas 
is added. 

The ion beams used in the experiment were supplied 
by a Cockcroft-Walton accelerator, or kevatron, which 
had a standard type of radio-frequency ion source” 
and produced a beam of 10-30 microamperes of Het 
at energies from 100 to 450 kev. The accelerated ion 
beam from the kevatron, which contained some Ht 
even after long operation on Government Grade A 
helium, was angularly dispersed into a momentum 
spectrum by the kevatron magnet, and the Het con- 
stituent was deviated 22}° from the kevatron accelera- 
tor tube axis into the chambers used for this experi- 
ment. For studies of (o:0+o12), the Het beam as it 
came from the kevatron could be used without modifica- 
tion, but He** had to be obtained by charge equilibra- 
tion of the Het beam in an “equilibration chamber” 
which preceded the measuring chamber in which the 
cross sections were determined. The apparatus was 
essentially that of Fig. 1 of Krasner’s paper, with some 
modifications described below. A schematic diagram is 
given here as Fig. 1 of this report. Some pertinent 
dimensions are given in Table I. 

In Fig. 1, the insulated disk at s; is connected to a 
galvanometer through lead m’. This serves as an indi- 
cator to assist in directing the Het beam along the axis 
of the system. In order to monitor the equilibrated 
beam before it enters the measuring chamber, part of 
it is intercepted on a fine mesh grid at m. For reliable 
monitoring by such a screen its mesh must be fine com- 
pared to the cross-section area of the beam. The screen 
selected is commercially available” and has 200 open- 
ings to the inch. The openings are square, and 0,002 
inch on a side; the transmission is 16%, and the thick- 
ness is 0.002 inch. Thus there are approximately 250 
apertures in this screen across the beam which is 
circular and 0,0914 cm in diameter. The current inter- 
cepted by this screen was allowed to charge up a high 
quality condenser and was integrated by observing the 
rise of voltage on a suitable electrometer. 

The detector d was of the type first described by 


TABLE I. Data concerning apparatus (sec: Fig. 1). 


0.318 cm diam 
0.226 cm diam 
0.0914 cm diam 
0.0914 cm diam 
0.199 cm diam 
12.70 cm 

1240 cm 


$1—52™12 cm 

$o—~ 5420.63 cm 

55 —~5,=61 cm 

slit at d, 0.41 cm wide; 

in some runs; 0.278 cm wide. 


” Adapted from the design of Moak, Reese, and Good, Nu- 
cleonics 9, 18 (1951). 

»“Lektromesh” screen from C. O. Jellifi Manufacturing Cor- 
poration, Southport, Connecticut. 
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Montague,” in which the ion beam impinged on a 
beryllium-copper plate biased negative with respect to 
the detector housing, and the primary ion current is 
amplified by the emission of secondary electrons. 

The tubes of Fig. 1 through which the ion beam 
passed were built of mild steel, in order to shield the 
beam from the stray field of the magnet between the 
poles of which the measuring chamber was placed. 

All pressure measurements used in computing cross 
sections were made on a sensitive McCleod gauge 
(311.7 cc bulb, 0.0803 cm radius capillary). 


3. METHOD OF MEASUREMENT 


The kevatron was adjusted to the desired voltage, 
and the ion beam from the radio-frequency ion source 
operating on helium gas was focused. By means of the 
sorting magnet of the kevatron, the He* constituent 
was directed down the axis of the measuring system, 
(Fig. 1). 

If measurement of a cross section for Het* ions was 
desired, a convenient pressure (5-15 microns) of gas 
was introduced into the equilibration cell (between s. 
and 53), using the same gas which would later be used 
in the measuring chamber for the cross-section deter- 
minations. For He+ measurements, no gas was needed 
in the equilibration cell, in fact, many of the measure- 
ments on He* were taken without the interposition of 
the equilibration cell into the beam. 

The magnetic field on the measuring chamber was 
then adjusted until the desired ionic component (He** 
or Het) was directed into the detector at d. 

The rate of rise of potential of a condenser, charged 
by the fraction of the equilibrated beam intercepted at 
m, was noted on a quadrant electrometer, and by means 
of a multiple throw switch a capacity was selected 
which would result in a suitable deflection in about 30 
seconds. 

A similar selection of a suitable capacity in the de- 
tector circuit, in which the measuring device was a 
vibrating reed electrometer, was made so that a con- 
venient deflection resulted in the same time interval. 
A beam flux measurement consisted in measuring the 
potential acquired by the detector condenser when the 
monitor condenser had reached a predetermined charge, 
thus integrating both currents. 

When measurements were under way on Het", the 
presence, in the measuring chamber, of the consider- 
ably more intense He+ beam caused some difficulty. 
When the magnetic field was so adjusted that the He** 
beam was deflected 30° and therefore passed into the 
detector at d, the He+ beam was deflected 15° toward 
d from the undeviated position. When gas was admitted 
for an attenuation measurement on Het, there was 
electron loss from this He+ beam, and a “spray” of 
new He+* ions fanned out from it toward larger angles 
of deviation, producing a background under the at- 


21 J. Montague, Phys. Rev. 81, 1026 (1950). 
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tenuated Het*+ beam. This was revealed, see Fig. 2, by 
increasing the magnetic field slightly so that the at- 
tenuated He*t+ beam no longer entered the detector 
slit, and the background under it was exposed. 

After several methods had been thought up and tested 
for correcting the attenuated He** intensity for this 
effect, the most certain, but most tedious, of them was 
adopted. This consisted in running a complete profile 
of both the “gas out” and attenuated beams, sweeping 
them across the detector slit by varying the magnetic 
field and taking care to measure the level of the back- 
ground on the high and low magnet side of the peak. 
A set of data is shown in Fig. 2, which is a measurement 
of (¢21:+020) for 300-kev Het ion in helium gas. The 
“gas out” pressure was 0.70 micron of mercury (rather 
higher than usual) and although the relevant o12 cross 
section is rather small (1.2X10-” cm’), the 11.2 times 
higher intensity of the He+ beam causes an appreciable 
He** spray even with gas out. When 8.62 microns of 
helium was admitted, to produce the attenuated curve 
of Fig. 2, we see that the spray has greatly increased. 
There is no spray on the low magnet current side of the 
peak because no Het* ions formed anywhere along the 
Het beam can enter the slit if the magnetic field is too 
weak to deviate the true He** beam sufficiently. Since 
the width of the slit in the direction of the sweep of the 
beam was 0.41 cm and the effective diameter of the 
beam at the detector aperture was 0.188 cm,” the 
profile should have a flat top. However, the shape of the 
peaks at the top indicates that they are superimposed 
on a sloping background. The dotted lines under the 
peaks of Fig. 2 show how much was subtracted from the 
area for this “spray effect.” The areas between the re- 
constructed backgrounds and the profiles were measured 
by cutting out the curves and weighing them. Making 


# S. Krasner, reference 17, p. 523. 
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removed. 


the spray correction in this manner corresponded to 
using the full path length of 12.40 cm as the effective 
length /. 

In the example of Fig. 2, the ratio of areas, or the 
fractional attenuation, R(p)/R(0), was 0.637. The 
temperature of the measuring cell was 20°C, and with 
1=12.40 and §=1, the coefficient of the logarithm in 
Eq. (1) is 3.5110". The resultant (¢20+o21) is 
13X10- cm? per helium atom. 

When low cross sections are measured, such as 
(o10+-o12) for 400 kev Het in hydrogen, where the value 
is 0.9X10-" cm?, relatively large amounts of hydrogen 
must be let into the measuring cell to produce sufficient 
attenuation for accurate measurement. In our measure- 
ments 21.0 microns were admitted. It was thought 
advisable to test again* whether the detector was “gas 
sensitive.” This was done by directing the 400-kev 
proton beam from the kevatron, always present even 
when operating on helium, into the measuring cell, and 
then deviating it into the detector. At 400 kev the 
capture cross section oi for protons is so small that 
the beam remains 100% charged, so that no attenuation 


TABLE II. (¢104-012) in units of 10-” cm? per gas atom. 








Helium 
ion 
kinetic 
energy 
(kev) Best 


100 
150 
200 
250 
300 
350 
400 
450 


Helium Air 
Uncertainty Best Uncertainty 


+10 30 +3 

43.0, —1.0 +2.2 

+05, —1.5 +18 
+0.7 +1.5 
+0.6 +13 


5 

2 

6 

6 +0.5 +1.2 

9 +1.7, —0.7 
4 +1.1 


Hydrogen 
Uncertainty 


+2.0 
+0.7 
+0.5 9. 
+0.2,-0.7 7. 
+03, -0.7 5. 
+0.2 4. 
3 
3 


Best 


17.5 
13.0 





+0.4 
+0.3 


+0.2 
+0.2 


re Ge 10 
MON OOOO 0 








% J. Montague, reference 21, p. 1031. 
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was to be expected. When 21 microns of Hz was ad- 
mitted, the detector response to the proton beam 
actually increased, as Montague had previously found, 
and by about 6%. This is presumably due to ionization 
of the gas in the detector cavity by the ion beam and 
the secondary electrons. The magnitude of the effect is 
roughly the same as in Montague’s work, and an appro- 
priate correction was made to our measurements. 


4. EXPERIMENTAL RESULTS 


The direct experimental results of the series of 
measurements reported here are the cross-section sums 
(cx0+012) and (¢2:+020). The results are displayed in 
graphical form in Figs. 3 and 4, and tabulated in 
Tables II and III. Estimates of the uncertainties in 
the values are included. As previously experienced in 


80 


50 


2) * O99 for He** 
Cross sections per Atom in 
Units of 107!7 om® 


Kinetic Energy in kev 


Fic. 4. Cross sections from experiments on the attenuation 
of a He** beam when ions which have changed their charge are 
removed. 


taking this type of measurement, it was found more 
difficult to reproduce results in the lighter gases, espe- 
cially hydrogen, than in air. We do not have an explana- 
tion of this; one guess is that the reducing action of 
ionized hydrogen gas affects the secondary electron 
yield from our detectors by acting on their surfaces. 

In certain cases we have recommended a “best” 
value which does not lie centrally in the region of un- 
certainty. This choice has, of course, been influenced 
by neighboring points on the curve, and by the pre- 
sumption that the choice producing the minimum 
change in slope and curvature is the best choice, a sort 
of primitive least squares method. 


5. CALCULATION OF INDIVIDUAL 
CROSS SECTIONS 


If the results expressed in Tables II and III are 
combined with other results concerning the charged 
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Taste III. (¢20+o21) in units of 107 cm’. We will now make the assumption that oo2 is small 
compared to the other cross sections. This cross section 
concerns the ionization loss of both electrons from a 
moving helium atom in a single encounter. Classically 
it involves the product of the probability that one 
electron in the helium atom passes near enough to the 
effective positive core of a gas atom to receive more 
than 24.5 electron volts energy, while, simultaneously, 
the second is near enough to receive more than 54 
electron volts. With this approximation, Eq. (4) 
becomes 








Air 
Uncertainty 


+8.0 


Helium 
Uncertainty 


+40 

+40 
+3.0, —1.0 
42.5, -1.0 
+1.0, —0.4 

+1.2 
+0.1, —1.0 
+1.5, —0.1 


Best 


(79)* 
62 
49.5 
40.0 
32.5 
26.8 
22.2 
18.2 


Best 


(28)* 
24.5, 
20.0 
16.6 
14.0 
11.7 
10.0 
8.6 


(kev) Best 
(38)* +0.0, —6.0 
+3. 0 


+3.0, —1.0 
+2.0, —1.0 
+1.0 


Uncertainty 





+0.7 
+0.4, —0.6 . 

+0.3 +1.5 
r12= (¢21+020)/o12, 








d * Values in parentheses were extrapolated beyond the region of taking 
ata. 


or 


12> (o21+020)/riz. (S) 


Thus, measured values of 712, shown in Table IV, 
when combined with values of (¢2:-+¢29) from Table ITI, 
should, if our assumption is valid, permit calculation of 
o12; then 19 can be obtained, by subtraction, from the 
values in Table II. 

The values of o;2 which result from Eq. (5), and the 
values in Tables III and IV, are shown in Table V. In 
compiling the best, or recommended values, the equi- 
librium ratio data of Stier, Evans, and Barnett® have 
been used in certain cases, notably where Snitzer* gave 


states of helium beams, it is possible to calculate in- 
dividual cross sections from them. The necessary 
formulas can be developed from the treatment by 
Allison and Warshaw.‘ Their equations (23’’) are 


$0= [010(¢21+-020) +o20012 |/D, 
$1=[o21(oo2+001) +o01020 |/D, 
$2=[o02(c10+012) + 012001 |/D, 


in which ¢; is the fraction of ions of positive charge i, 
in electron units, in the entire equilibrated beam, and 


(2) 


D=012(G01+002+020) +010(G21+-002+ 020) 


+o21(c01+ 002) +o01020. 


(3) 


If we introduce the equilibrated ratio He+/He**, and 


call it ry2, we obtain 


721(F02+001) +0010 20 


(4) 





r12= 1/¢2= 


a02(o10 +012) +o12001 


no equilibrium ratios, and in certain cases where the 
results of Stier ef al. seem to lead to a smoother curve of 
O12 US energy. 

Values of 19 may be obtained by subtracting the oy. 
values from the measured total cross section of Table II. 
The results are shown in Table VI. 

It is formally possible to proceed to the calculation of 
21, since from the relations of Eqs. (2), plus the assump- 


TABLE IV. Equilibrium ratios Het/He** and He®/Het* for helium beams in various gases. Sn=E. Snitzer, Phys. Rev. 89, 
1237 (1953) ; St=Stier, Barnett, and Evans, Phys, Rev. 96, 973 (PR. 











Hydrogen 
Sn 


Kinetic 
energy roo 


St St 


Helium 


riz 


Sn St 


roe 


Sn St 








-~800 
134 
36 


~300 
100 
rate 18 
8.2 
3.17 
1.35 
0.62 
0.39 


~50 
38 
25 


~50 
22.8 
16.5 
11.2 
7.72 
5.93 
4,41 


~100 
35 
18.1 


~130 
58 
27 


~100 
~50 
23.7 
13.1 
8.0 
5.25 
3.74 
2.74 


~15 
8.66 
3.47 
1.58 
0.893 
0.500 
0.260 


43.5 

16.0 
8.93 
4.67 
2.45 
1.42 
0.84 








TABLE V. Values of o12 in units of 10~” cm? per atom, computed by Eq. (5) from Tables ITI and IV. 











Helium ion 
kinetic energy 
kev) 


Hydrogen 


Uncertainty 


Air 
Uncertainty 


Helium 
Uncertainty 





SSRARBSES* 


7 all aol el all al ol 
\o 
w 


ne 


+0.01, —0.02 
+0.03 
+0.1, —0.03 
+0.09, —0.05 
+0,08 


+0.10 
+0.08, —0.14 
+0.08 


+0.12 
+0.16 
+0.16 
+0.18 
+0.32 
+0.36 
+0.40 
+0.44 


+0.1 

+0.1 
+0.14, —0.04 
+0.16, —0.07 
+0.09, —0.05 

+0.11 
+0.03, —0.16 
+0.37, —0.03 








+¥ 2 = (orbital velocity of electron in He*)/(translational velocity of He* ion). 
‘alues of 712 used to compute this cross section were taken from Stier, Barnett, and Evans, Phys, Rev. 96, 973}(1954). 
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TaBLeE VI. Values of 019 in units of 10~’ cm? per atom of gas trav- 
ersed. Computed by subtraction of Table V from Table II. 








Helium 
ion 
kinetic 
energy 
(kev) 


100 
150 
200 
250 
300 
350 
400 
450 


Helium Air 
Uncertainty Best Uncertainty 


+3.0 
+2,2 
+1.8 
+15 
+1.6 
+13 
+13 
+1.0 


Hydrogen 
Uncertainty 


+2.0 
+0.7 
+0.5 
+0.2, —0.7 
+0.3, —0.7 
+0.2 


+0.2 
+0.3 


; 


Best 
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tion that oo: is negligible, we obtain 
21> (o10+012)r12— For" 02. (6) 


However, in the lower part of our energy range, up to 
300 kev, He** is a very minor constituent of the 
equilibrated beam (<13%), and its change into He+ or 
He® offers a negligible contribution to either of these 
dominant beam constituents. Thus the observed 
equilibrium ratios are insensitive to the partition of the 
total (¢2:+¢29) into a2 and o; and accurate values 
cannot be obtained. 

In the upper part of the energy range the equi- 
librium fraction of He® is small and there are relatively 
large errors in its measurement. Thus calculated values 
of o2:, using Krasner’s data’ for oo, which are included 
in Figs. 5, 6, and 7, fluctuate widely and are very 
inaccurate. Stier, Barnett, and Evans* have assumed 
that both the double-loss cross section oo: and the 
double-capture cross section o2 are negligible with 
respect to the other single electron charge changes. 


40 
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Fic. 5, Charge-changing cross sections for helium ions 
in hydrogen gas. 
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We are not yet ready to assume that o2 is negligible; 
there appears to be some indication from Eq. (6) 
applied to our values that within a wide margin of 
error, such a double capture occurs in He** ions of 
300-400 kev kinetic energy passing through hydrogen 
gas. 

An experiment intended to give greater precision in 
the estimates of the individual cross sections o29 and 
721 is in progress in our laboratory. We hope to observe 
the initial ratios He+/He® as a pure Het*+ beam is 
passed through the equilibration cell and the pressure 
increased in small steps above that in which the length 
of the cell is large compared to the mean free path for 
any charge changing collision. When this work is com- 
pleted we expect to report the individual values o2 
and o2 rather than their sums. 
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Fic. 6. Charge-changing cross sections for helium ions 
in helium gas. 


6. DISCUSSION OF THE RESULTS 


The cross section o12 is an electron-loss cross section. 
Other loss cross sections which have now been studied 
in hydrogen and helium are (¢9:+¢02) for moving 
helium atoms!’ (which is presumably all oo) and oo 
for moving hydrogen atoms.* Let us define 7;, intro- 
duced by Knipp and Teller,™ by 


v=V,/V, (7) 


where V, is the orbital velocity of the most loosely 
bound electron in the moving ion, and V is the transla- 
tional velocity. For a moving Het* ion, V; is calculated 
from 

Vo= (2ls/m)}, (8) 


where J, is the second ionization potential of He*, or 
54.14 volts. Values of y: are given in Table V. In the 


% J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941). 
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case Of oi: for Het passing through hydrogen, if we 
consider a system of coordinates in which the Het is at 
rest, the removal of the electron from the Het is 
accomplished by the energy transfer from moving 
protons, whose charge is partially screened by the 
electrons around them. Classically, the threshold for 
transferring the necessary 54.14 electron volts from a 
moving proton to an electron at rest occurs at a proton 
kinetic energy of 24.9 kev. In the laboratory system 
this corresponds to a helium ion kinetic energy of 99.5 
kev. Making allowance for the motion of the electron 
in Het, we can at least anticipate a rapid rise in oy. as 
the helium ion kinetic energy rises in the vicinity of 
100 kev, and this appears on the hydrogen curve, Fig. 5. 
The maximum in 2 in hydrogen occurs in the vicinity 
of y2=1, as anticipated from incomplete evidence in 
Krasner’s paper. However, the cross section for strip- 


ny ie 
Charge Changing Cross sections in 


Units of 107’om? per Air Atom for 
Helium tons in Air 


Kinetic Energy in Electron Kilovolts 


Fic. 7. Charge-changing cross sections for helium ions in air. 


ping electrons from moving helium or hydrogen ions in 
hydrogen gas does not seem to be only a function of 
(see Krasner, Fig. 6). The cross sections oi: at the same 
values of y are much lower than 300. 

Barnett and Stier'® have reported some measure- 
ments of oo; for helium ions in various gases, which in 
some cases are considerably lower than those of 
Krasner.’? They have suggested that in selecting the 
neutral component from an equilibrated beam, it is 
not certain that all the helium atoms in the beam are 
in the ground state (1s)? 1S); there may be an appreci- 
able fraction in the metastable state (1s2s) 159. The 
cross section for stripping an electron from the meta- 
stable state would presumably be greater, at the same 
velocity, than from the ground state. The fraction in 
the metastable state might possibly depend on the 
nature and pressure of the gas in which charge equili- 
bration takes place. 

We do not have any direct evidence as to what 


COLLISIONS OF Het 


AND Het+ IONS 


TABLE VII. Conditions for ¢:=¢o. 








Critical kinetic energy of moving ions (kev) 
Estimated by Predicted by equality of 
Snitzer; see go1 and 10; see 

Table IV Figs. 5, 6, 7 

148 
145 


traversed 
130+20 

150+15 

100, +10, —20 





fraction, if any, of the neutral beam is in the metastable 
state under given conditions. However, there is some 
internal evidence in the experiments of our group that 
the neutral constituent of the equilibrated beam ob- 
served by Snitzer,‘ had the same composition as the 
neutral beams whose cross sections oo, were measured 
by Krasner’? and the same composition as those neu- 
trals produced by the process oo in the present experi- 
ments. This comes from a consideration of those kinetic 
energies of motion at which the equilibrated beam 
shows equal fractions of He*+ and He®. At the energies 
at which these equalities occur, He** is a negligible 
constituent of the equilibrated beam, and the postu- 
lated equality calls for equal values of oo and oo. 
Snitzer estimated the energies Eo at which ¢:=¢@o, and 
we can compare them with the energies at which oo = 010 
from Figs. 5, 6, and 7. This is shown in Table VII. The 
agreement is within the estimated errors. 

Schiff?® has made theoretical studies of certain cap- 
ture cross sections for helium ions traversing gaseous 
hydrogen and helium. The methods of calculation were 
those of Jackson and Schiff,?* in which they used the 
complete perturbation Hamiltonian, including the in- 
teraction of the two nuclei between themselves, in 
addition to their interactions with the electrons, and 
calculated by the Born approximation. This method, 
applied to the calculation of the capture of electrons 
by protons moving through hydrogen gas has given 


TaBLe VIII. Comparison of experimental and theoretical 
values of certain cross sections. Cross sections in cm? per atom of 
traversed gas, X 107. o2,’~capture into first excited state. 








Kinetic 
energy of 
helium 
ions 


(kev) 


oio for He* in helium gas 
Experiment 
This 

report 


He** in hydrogen gas 
(o21 +020) . aie 
Theory Experiment, Theory, Schiff> 
Schiff’ this report on on’ 


(38) 


Snitzer* 





16.9 180 
12.4 27.5 80 
8.6 20.0 44 

, , 14.5 23 
10.1 15 


17.2 


f 
5 
5 


8.3 
5.2 
3.5 


450 





* See reference 6. 
b See reference 25. 


%° H. Schiff, Can. J. Phys. 32, 393 (1954). 
26 J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 
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Fic. 8. Comparison of theoretical calculations on the capture of 
electrons by He* ions moving in helium gas with experiment. 


surprisingly close agreement with the measurements in 
the 25- to 150-kev region. 

Schiff has calculated the cross section oi» for He* ions 
moving in helium gas, and between 200 and 400 kev 
kinetic energy there is remarkable agreement with our 
measured values, including some rough estimates of 
719 made by Snitzer during his experiments. The extent 
of the agreement is shown in Table VIII and Fig. 8. 

Schiff has also calculated o2:, the cross section for 
single electron capture by He*++ moving in hydrogen 
gas, and has given values for the capture cross section 
into the first excited state, as well as the sum of the 
capture probabilities into the excited states plus the 
ground state. The experimental method used here does 
not distinguish between capture into excited states 
and capture into the ground state, and only measures 
their sum, since any capture which changes the ion 
orbit is counted. 

Our opinion is that the experimental situation at 
present does not warrant a breakdown of the sum 
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Fic. 9. Comparison of theoretical calculations of single electron 
capture by He** ions in hydrogen with the measured cross-section 
sum (¢29+¢2). The experiment does not distinguish capture into 
the ground state from capture into an excited state. 


g20+¢2, into the separated cross sections. Thus the 
experimental sum can only serve as indicating an ex- 
perimental maximum for a». 

A comparison is made in Table VIII and Fig. 9. It 
is seen that there is lack of agreement in the range 
100-200 kev, and that between 200 and 450 kev the 
theoretical result is of the order of 50% greater than 
the maximum consistent with our experiments. 
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The atomic wave function and variational energy tables of Morse, Young, and Haurwitz have been 
corrected and extended to include the lowest state configurations for isoelectronic sequences starting with 


C-, N-, O-, and F-. 





HE atomic wave function tables of Morse, 

Young, and Haurwitz! for atoms and ions con- 
taining 1s, 2s, and 2p orbitals provide a convenient 
means of constructing simple analytic wave functions 
for the calculation of such atomic properties as mul- 
tiplet separations, transition probabilities, ionization 
energies, etc. In addition, by using the set of deter- 


minantal combinations of the 1s, 2s, and 2 orbitals 
and others corresponding to higher quantum numbers 
such as 3p, 3d, 4/, etc., we may construct, for any atom 
or ion, a convenient set of zero-order orthogonal 
functions appropriate for a perturbation calculation.” 
The original tables were in error mainly because of 
an error in the expression for V2. Corrected tables of 


TaBLE I. Atomic wave-function parameters and energies for light elements.* 











Five-electron states 
Cc N : Ne 





(1s*2s*2p) *P 
2.96 
6.69 
2.48 
5.60 


2.63 
9.69 
2.05 
7.54 


1.042 
7.68 
7.37 


3.62 
4.70 
3.32 
4.30 


1.015 ; 1.047 
6.66 
6.36 


0.935 t 
2uc 2.42 s 4.58 
2u 2.60 3.5 4.51 


49.005 
49.315 


W (calc.) 


74.532 105.579 142.136 184. 199 231. 166 
W (exptl.) a2 


74.882 105.977 142.596 





Six-electron states 
Atom Cc N Oo 








(13*2s*2p2) 1D 
3.19 99 


3.73 2 
6.69 7.68 


4.69 


3.43 
4.33 


2.80 
5.86 


2.56 . 
6.56 7.23 
1.027 
6.24 
6.07 


0.713 ; 
2uc 1.80 .06 
2u 2.52 3 


0.990 
4.15 
4.19 


1.015 
5.21 
5.13 


W (calc.) 


48.830 
W (exptl.) ee 


75.126 107.481 145.860 190.254 240.657 
75.617 108.015 146.450 . 


(1592s?2p%) §P 


3.20 2.99 
6.69 7.68 


3.77 
4.69 


3.58 
ub 4.42 

0.771 
2uc 1.80 
2u 2.47 


2.81 
5.86 
1.007 
4.21 
4.18 


2.53 
6.49 
1.023 
5.25 
5.13 


1.035 
6.29 

3.31 6.07 
75.257 107.657 146.081 
75.711 108.154 146.634 


W (calc.) 
W (exptl.) 


48.907 


190.518 240.966 





Six-electron states 
Cc N 





(1s*2s82p%) 1§ 
3.20 
6.69 


2.80 
5.87 


0.970 


3.47 
5.69 


b 3.24 
ub 5.31 


c X 0.898 
2uc : 2.94 4.07 5.12 
2u 4 3.28 4.19 5.11 


W (calc.) 74.934 107.220 145.532 
W (exptl.) 75.514 107.856 146.241 


Seven-electron states ; 
Atom . N oO F Ne Na 
(1s22s?2p%) 4S 
3.18 3.01 
7.68 8.68 
2.58 
7. 


3.01 
7.68 


2.59 
6.61 


1.003 


2.78 
9.68 


2.30 
8.02 


8.68 


2.38 
7.24 


1.015 
6.17 7.19 
6.07 6.97 


189.861 240.199 


1.031 








2.90 
9.67 


a 3.66 
ua 5.68 


b 3.46 
ub 5.37 


c 0.872 


3.40 
6.68 


3.10 
6.09 


0.976 


2.83 
10.67 


2.37 
8.95 


1.058 


2.81 2.45 
6.77 At 8.18 


1.013 1.029 1.041 
2uc 2.71 3.83 4.89 5.93 6.96 7.99 
2u 3.11 3.93 4.83 5.76 6.68 7.55 


W (calc. ) 75.153 108.553 148.501 194.975 247.965 307.466 

W (exptl.) 109.223 149.218 tee tee tee 

(1592592 ps) *P 
3.18 
7.68 


2.81 
6.77 


1.003 


3.02 
8.68 


2.61 
7.49 


1.022 


2.90 
9.67 


2.45 
8.18 


1.035 


2.83 
10.67 


2.37 
8.95 


1,052 


a ; 3.40 
ua f 6.68 


b . 3.03 
ub . 6.02 


c i 0.945 
2uc . 3.75 4.84 5.87 6.92 7.95 
2u : 3.97 4.83 5.75 6.68 7.56 


W(calc.) 74,985 108.313 148.193 194.601 247.525 306.962 
Wiexptl.) --- 108.960 148.850 --- 





® The experimental energies have been calculated from the National a of Standards Circular 467, Atomic Energy Levels as Derived from Analyses 
49). 


of Optical Spectra (U. S. Government Printing Office, Washington, D. C., 


* This work was supported in part by the Office of Naval Research. 


1 Morse, Young, and Haurwitz, Phys. Rev. 48, 948 (1935). 


2H. Yilmaz, Ph.D. thesis, Department of Physics, Massachusetts Institute of Technology, 1954; Phys. Rev. 100, 1148 (1955). 
1049 
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TABLE I.—Continued. 








Seven-electron states 


N 


oO 


F 


Ne 


Na 


N 


Eight-electron states 


oO 


F 


Na 





2uc 
2u 


W (calc.) 
W (exptl.) 


3.12 


(15*2s*2p%) 2D 


3.90 


0: 
.68 


6 
A 


016 
84 
75 


2.89 
9.67 


2.44 
8.17 


1.026 
6.87 
6.70 


2. 
10. 
2 
8 


1. 
7. 
7 


14.875 108.153 147.990 196.355 247.234 306.627 
-> 109.048 148.974 - 





Atom 


N 


Eight-electron states 


oO 


F 


Ne 


Na 


Mg 





a 
ud 


b 
ub 


c 
2uc 
2u 


W (calc.) 
W (exptl.) 
a 


ua 


b 
ub 


c 
2uc 
2u 


W (calc. ) 


3.56 
6.69 


3.37 
6.32 


0.891 
3.34 
3.75 


108.094 


3.75 


3. 
7. 
0.96 


4.44 
4.62 


(1s%2s*2p) *P 
3.18 
8.67 


2.84 
7.74 


1 1.008 
5.51 
5.46 


2. 
8. 


1 
6. 
6. 


3. 
9. 


04 
67 


66 
44 
029 
54 
36 


2. 

0. 

2.3 

9.1 
1.037 


7.56 
7.29 


2. 
11. 


1 
8. 
8. 
3 


149.101 197.158 252.243 314.349 383.468 
150.219 coe eee eee eee 


(1s*2s*2p4) 1D 


32 
.68 


3.0 
6.9. 


3.18 
8.68 


2. 
7. 


0.953 1.002 


4.40 
4.62 


5. 
5.46 


3. 
9. 


04 
67 


.66 
Ad 


0 
5 
6.36 


2.93 
10.67 


2.50 
9.12 


1.033 
7.54 
7.30 


2.83 
11.66 


2.40 
9.86 


1.043 
8.58 
8.22 





a 
ua 
ub 
r 
2uc 


2u 


W (calc.) 
W (exptl.) 


3.56 
6.69 


3.38 
6.35 


0.862 
3.24 
3.76 


107.745 148.633 196. se0 asl. 556 315. 533 38: 


(1s*2s*2p4) 1S 


149.911 


3.18 
8.68 


2.84 
7.75 


0.994 
5.43 
5.47 


2.93 
10.67 


2.50 
9.12 


1.029 
7.51 
7.30 


1 


2. 
1. 
2. 
9. 
1; 
8. 
8. 
2. 


on 





Atom 


Nine-electron states 


F 


Ne 


Na 


Mg 


Al 





2uc 
2u 


W (calc.) 
W (exptl.) 


(1s22s*2p5) 2P 


5.08 
5.26 


3.15 
9.67 


2.81 
8.62 


0.999 
6.13 
6.14 


3.03 
10.66 


2.67 
9.37 


1.022 


7.18 
7.03 


2.96 
11.66 


2.59 
10.18 


1.042 
8.20 
7.87 


2.88 
12.66 


2.49 
10.93 


1.049 
9.22 
8.79 


149.618 197.909 254.749 319.121 391.013 470.422 





Atom 


Ten-electron states 


Ne 


Na 


Mg 


Si 





a 
ua 


b 
ub 


c 
2uc 
2u 


W (calc.) 


5 
4.69 
5.01 


(1s*2s*2p*) 1S 


3.26 
9.66 


2.98 
8.82 


0.970 
5.75 
5.93 


3.17 


10.66 


2.87 
9.64 


1.010 
6.80 
6.73 


3.06 
11.65 


2.71 


10.33 


1.030 1.039 


7.84 
7.62 


8.86 
8.54 


2.89 
13.64 


2.51 
11.84 


1.045 


9.88 
9.45 


107.953 148.914 196.926 251.967 314.030 383.106 
So Ae wes tak ee 


W (exptl.) 





197.405 255.654 321.951 396.280 478.633 569.004 











all the energy integrals for 1s, 2s, 2p, and 3d orbitals 
have been computed on the IBM machine of the 
Office of Statistical Services, MIT, and are in the 
process of being published.* 

Because of the cumbersome minimization process 
when three or more parameters are involved, there is a 
rather large probability of numerical error when the 
determination of the best parameter values is done by 
hand, even when accurate tables of energy integrals 
are available. For this reason, a fully automatic pro- 
cedure for calculating the best parameters and energies 
has been programmed for the Whirlwind digital com- 
puter at MIT. So far, the program is set up only for 
atoms or ions containing 1s, 2s, and 2 orbitals, but if 
the need warrants, it will be extended to include higher 
orbitals such as 3s, 3p, and 3d. 


%The Technology Press, Cambridge, Massachusetts (to be 


published). 


The results in Table I are taken from the Whirlwind 
computations.‘ The notation and units are exactly the 
same as those found in reference 1. The formulas used 
are given in the appendix. The calculated energy 
values appear to be correct to within +2 in the third- 
decimal place and are even more accurate for the first 
three or four terms of an isoeletronic sequence. 
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‘Those interested in the parameter and energy values for 
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TABLES OF ATOMIC WAVE FUNCTIONS AND 


APPENDIX® 
The wave functions used are written as follows: 

1s: i= (war) te"; 
2s: po= (u®/3eN)*[re-“— 3(A/u)e“"]; 
2p: ps= (ubc5/m)*x cosd e~™*, 

pa= (ubc/2r)'r sin dete-“, 

be= (u>c®/2m)'r sind e~'*-“; 

A= (a+b)*/(1+a)*; 

N=1—[484/(1+b)*]+3A2/b. 


The integrals involved are 


T= (- 1/08) faa und 
Vn=(2/u) f |un|2/rdV ; 
Van = (2/1) f dV dV 2|4n(t1) |?|tm(ts) [?/r203 


Xam= (2/u) f dV AV si) Blt) nts) 


T1=¢e', 
T2= (1/3N){1+[48(6—2)A/(1+6)*]+9A?/5}, 
T3= 14= T;s= C: 


Vi=2a, 

Vo= (1/N){1—[324/(1+6)*]+-647/0}, 

V3= Vi= Vs=c; 

Vu= 1.254, 

V 12= (320°/3.N){ S20?(200) — 6A S2q'*?(100) 
+9A4?S2,2(000)}, 

Vis= Viua= Vis= (a’c®/12)S,°(200) ; 


Vo2= (32/9N*){S2?(220) yt 12A.S34,7(210) 
+18A?S24?(200) + 36A2S14,'*°(110) 
— 108A*S2,'+*(100)+81A4S,”"(000)}, 
Vo3= Vu= Vo= (32c5/9N){ S2.2(220) 
—6AS140(210)+9A*S24”(200)}, 


5 For a more extensive discussion of the calculations, the reader 
should consult reference 1. 


ENERGIES 


Vas= 501¢/640, 
V sa= Vs5= 447¢/640, 
V a= Vias= Vis5=474¢/640; 


X 12= (32a°/3N){S144'**(110) 
—6ASa,s't*(100)+9A7S,,57+°(000) }, 

X13= X= X15= (56/3) a*e®Sa4-2*(111), 

Xo3= Xo4= X o5= (3208/27 N) {S14.'t#(221) 
—6ASp.'*°(211)+9A?S,,.+°(111)}, 

X34= X 35= 27¢/640, 

X = 2X us. 

The function S,°(pgm) is defined as® 


o «o 
SP (pqn)= f erredn| f 1 1?ro8(r1"/12"") 
0 rl 


xewtdrst f 11?ro9(ro"/7)"")e-*"rAdro }. 
0 


This function has been tabulated for p, g, and m between 
0 and 4, and a and 8 between 0.5 and 10 at intervals 
of 0.5, on the IBM machine. Two of the most important 
properties of S functions are 


SaP(pqn)=Sp*(qpn), Sua"? (pqn) = (1/uPts*)S 8 (pgn). 


The explicit form of the S functions used in the 
present computations are 
Sa? (000) = (2/a5) 8 (2?+-3x+1), 
Sa’ (100) = (4/a®) y4 (2° +-42°+- 6x+-1.5) 
Sa® (110) = (12/a")y5(a?+-52°+ 10x+5+27), 
SoP(111) = (24/0) y5(a2-+5a+1), 
Sa? (200) = (12/a7)y5(a4+-52°+ 10x°+ 10x+2), 
Sa® (210) = (36/a8) y® (4+ 623+ 152°+ 202+8+4/32), 
SaP (211) = (48/a8) y® (23+ 622+ 154+5/2), 
Sa® (220) = (144/a°) y" (x4+- 723+ 212° 

+352+ 21+ 721+), 

Saf (221) = (240/a*) y" (a? +- 722+ 214+7+27%), 
where y=a/(a+), x=a/B. 
~ A discussion of the important properties of S functions may 
be found_in Quarterly Progress Report No. 9 of the Project on 
Machine Methods of Computation and Numerical Analysis, 


Massachusetts Institute of Technology, September 15, 1953 
(unpublished). 
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Statistical Method and Molecular Binding 
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The effect of the Weizsicker correction on the interaction energy of two nitrogen atoms has been studied. 
By using an electron density function with two variational parameters, repulsion of the atoms is obtained. 
However, the repulsion energy is reduced from 12.0 atomic units to 4.4 atomic units when the Weizsacker 
correction is included in the calculations. By comparing our results with those of Sheldon we may expect 
that in a higher approximation, e.g., using more variational parameters in the electron density function, it 


would be possible to get a binding. 





ECENTLY, Sheldon,! in solving the statistical field 

equations for nitrogen for various internuclear 
distances, concluded that we may not expect a statis- 
tical field treatment for any molecule to give a stable 
molecule. 

However, it is well known that for atoms the statis- 
tical method gives energy values in satisfactory agree- 
ment with experiment only when the Weizsicker’ and 
the Gombas’ corrections are taken into account. The 
energies of atoms calculated without these corrections 
are too low when compared with experimental values. 
Unfortunately it is not possible to use the Gombas 
correction in problems where the potential does not 
have a spherical symmetry. However, we have roughly 
studied the effect of the Weizsicker correction on the 
energy of the nitrogen atom and the nitrogen molecule. 

We have calculated the energy of the molecule (a) 
from the formula‘ 


Ze 1 player) 
B= tay f pthiv~ f —pdrt—e f aad 
r 2 4 


do)? 
(ered), (1) 
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TABLE I. Energies of the nitrogen molecule and nitrogen atoms; 
in atomic units. 








Calculated 
without 
Weizsiacker 
correction 


86.4 
98.4 


Calculated 
with 
Weizsacker 
correction 


60.6 
65.0 


Experi- 
mental 


Calculated 
by Sheldon 


154.80 
155.89 





Ne mol. 


2N at. 109.16 








| J. W. Sheldon, Phys. Rev. 99, 1291 (1955). 

2C. F. v. Weizsacker, Z. Physik 96, 431 (1935). 

3P. Gombas, Acta Phys. Hungarica 3, 105 (1953); 3, 127 
(1953). 

‘4 For notation, see reference 3. 


with the electron density given by 


(2) 


N 
p=—e MrT 1 +-c(r,—)? 
A 


and (b) neglecting the last term in (1). \ and ¢ are 
variational parameters. 
The energy of the atom has been calculated in the 
same way, with 
V 


p=—e-™ (1+), (3) 
A 


The resulting energies are given in Table I and are 
compared with those of Sheldon and the experimental 
value.® 

It is not surprising that such rough calculations do 
not give any binding. We can see, however, that by 
introducing the Weizsicker correction we get a much 
smaller repulsion for the atoms than without this 
correction. So we may hope that if the numerical calcu- 
lations were performed as exactly as those of Sheldon it 
would be possible to get a binding. 
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Electron Scattering in the K-Electron—Gamma Angular Correlation in Sn" 
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From directional correlation measurements using sources of various thicknesses, the angular correlation 
coefficient, b2A2, for the K-electron—gamma cascade in Sn’ is found to be —0.143+0.011. This requires a 
mixture of (0.15_9.10°5) percent £2 in the predominantly M1 }->} transition. The sign of the mixture 
ratio is positive. The theory describing the reduction of the angular correlation coefficient as the result of 
multiple elastic scattering in the source is shown to be valid for rather thick sources where even inelastic 


scattering is appreciable. 





I. INTRODUCTION 


HE nuclear isomer Sn!” decays in two steps.' The 
first transition is pure M4 and is predominantly 
converted; the second transition is almost pure M1. 
The decay of this isomer and the shell-model assign- 
ments are shown in Fig. 1. This decay is similar to the 
decays of Te!”! and Te'!*, From e—7v and e—e angular 
correlation measurements, Goldberg and Frankel? con- 
cluded that the £2 matrix elements in the 3-4 transi- 
tion were larger than the Blatt and Weisskopf* single- 
particle prediction. In an effort to extend the picture 
of £2 matrix elements in this region, and in part to add 
to the experimental data on phases in mixed transitions, 
we have measured the Ke—vy angular correlation in 
Sn’, Because of the low specific activity of available 
Sn''’, it was necessary to use thick sources. This 
required careful corrections for multiple electron scat- 
tering in the source. To probe the validity of the theo- 
retical scattering corrections,‘ an experimental study 
of electron scattering effects was carried out. 


II. APPARATUS 


The equipment used in these experiments has been 
described recently in detail.? A lens spectrometer was 
used to detect the K electrons from Sn!!”, A 1 in. X 1} in. 
diameter Nal scintillator served as the gamma-ray 
detector. The gamma-ray detector was biased just 
below the full-energy peak of the 162-kev gamma ray. 
Electron-gamma coincidences were obtained with a 
four-channel coincidence circuit set for resolving times 


of 210-7 second. 


III. SOURCE PREPARATION 


Isotopic Sn#!* of 92.6 percent enrichment was ob- 


tained in the form SnQO, from the Stable Isotopes Re- 
search and Production Division of the Oak Ridge 


t This work has been supported in part by the Office of Ord- 
nance Research, U. S. Army. 

1J. W. Mihelich and R. D. Hill, Phys. Rev. 79, 781 (1950); 
“= and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

2N. Goldberg and S. Frankel, Phys. Rev. 93, 1425 (1954); 
100, 1350 (1955). 

3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John ewe d and Sons, Inc., New York, 1952), p. 627. 

4S. Frankel, Phys, Rev. 83, 673 (1951). 


National Laboratory. The SnO, was reduced to Sn by 
heating with equal amounts of KCN and NaCN. The 
metallic Sn was irradiated for two weeks in the Low 
Intensity Testing Reactor of O.R.N.L. Because of the 
low cross section for neutron capture, the specific 
activity was too low to allow preparation of sources 
free from the effects of electron scattering. The high 
temperatures needed for the vacuum evaporation of Sn, 
to produce uniform sources, did not permit the use of 
thin organic backings. Glass films of 150 ug/cm? were 
used as backings onto which 5 ywg/cm? of silver were 
evaporated to prevent source charging. For one source 
a 200-ug/cm? aluminum backing was employed. [Crude 
calculations of the effect of elastic backscattering from 
these backings indicated that our experiments would be 
unaffected. Recent experiments® on the effect of back- 
scattering on electron gamma angular correlations have 
borne this out. ] The activity of the sources employed 
was chosen in the following manner. The activity of the 
first source was the minimum that would allow measure- 
ment of the correlation coefficient within a reasonable 
length of time which in most cases represented four or 
five days of counting. After the correlation was meas- 
ured in this source, a second source of approximately 
the same activity was prepared by evaporation. Since 
Sn!” decays with a 14-day half-life, this source and 
subsequent sources were increasingly thicker. 


IV. MULTIPLE SCATTERING THEORY 


We write the angular correlation to be expected in 
the decay of Sn'’ in the form 


W (0)= 1+-G2a2P2(cos6). (1) 


Here a: is the angular correlation coefficient that would 
be obtained experimentally were there no electron 
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scattering in the source. (It contains all source and 
detector size effects.) G, represents the reduction in the 
angular correlation coefficient resulting from electron 
scattering in the source. 

Let us first consider electrons passing through a thin 
parallel-sided flat scatterer of thickness ¢. The angular 
distribution of the emerging electrons can be written as 


F(6)=1+5 fiP:(cosé). (2) 


Goudsmit and Saunderson* have given theoretical 
expressions for f;. If one were measuring the angular 
correlation between a gamma ray and electrons passing 
through such a scatterer (but originating in a scattering 
free source), the resulting angular correlation would be‘ 


W'(6)=1+2 frarPi(cosé). (3) 


In an actual experiment the scatterer is the source 
material in which the electrons originate. We therefore 
wish to obtain G, from the theoretical values f2. To do 
this we can consider an electron originating in an 
infinitesimal volume element within the source, ask 
what thickness of scatterer it traverses, and average 
the result over the actual source dimensions. In the 
remainder of this section we consider this averaging in 
various approximations. We shall consider various 
progressively refined calculations and denote the cor- 
rection factors as g,’”", go’, go’, and go, each successively 
representing a better approximation to the G, of Eq. (1). 

The correction factors f; are of the form 


fae, (4) 


where ?#’ is the actual path length traversed by the 
multiply scattered electron and m, (see appendix) is a 
function of electron energy and Z of scatterer. In 
reference 4 we considered the problem of determining 
G: from f, under the following assumptions: (A) The 
source was a right circular cylinder of thickness to. 
(B) The actual path length, /’, traversed in the scatterer, 
was the normal distance, /, from the point at which 
the electrons originated to the surface of the source, 
ie., t’=t. (C) All electrons started out normal to the 
surface of the source. 

If an actual source is assumed to be a right circular 
cylinder whose thickness, 4, is determined from the 
weight of the source and the visually determined 
diameter of the source, we denote the scattering factor 


TABLE I. Thickness, measured angular correlations, and scattering 
factors for various sources. 








Scattering 
correction 
factors 


Measured 
angular 
correlation 
Gra2(expt) 


Average Maximum 
thickness thickness 

Source (mg/cm?) (mg/cm*) 
—0.072 +0.008 


2.10 

1.5 . —0.084 +0.007 
0.7 - —0.096 +0.010 
0.35 . —0.124+40.016 











5S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940). 
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calculated under the foregoing assumptions as gz”. In 
actual practice sources obtained by evaporation have 
cylindrical symmetry but rarely are they right circular 
cylinders. The actual thickness function of the source, 
t(r), is thickest at the center and falls off more or less 
rapidly at the edges depending on the evaporation 
geometry. Thus the electrons originating at the center 
of the source are scattered more severely that those 
originating at the thinner outer edges. Assumption (A) 
is removed by using experimentally determined ¢(r). 
The actual path length ?/’ is larger than the nominal 
path length ¢ because the electrons are multiply 
scattered. As Goudsmit and Saunderson have pointed 
out,® a more accurate approximation for ?’ is t/(cos®)», 
where (cos@),, is the average value of the cosine of the 
scattering angle. Since P;(cos#)=cos@, it is clear from 
Eg. (3) that (cos@)= fi. We may reduce the error in 
assumption (B) by replacing /’ by ¢/f,, so that Eq. (4) 
becomes 
fi=exp(— mie). (5) 


[In a lens spectrometer only electrons leaving the 
source in a thin cone of half-angle % are detected. Thus 
we have used ¢(r)/cos@) as the nominal thickness of the 
source. | 

We denote the correction factor for a right circular 
cylinder but using Eq. (5) as go’. We denote the cor- 
rection factor using Eq. (5) and the experimentally 
determined thickness distribution é(r) by gs’. One last 
refinement, also a property of the lens spectrometer, 
concerns the variation in solid angle for detection of 
electrons originating at different points in the source. 
The edges of the source which are off the symmetry 
axis of the spectrometer are less efficiently detected. 
This effect tends to weight more heavily the thicker 
more central portions of the source. If the efficiency 
function for off-axis points of the spectrometer, e(r), is 
known, its effect on the scattering factor is easily in- 
cluded. We denote the modification of g,’ by this cor- 
rection as ge. 

Assumption (C) remains unaltered. For a narrow 
spectrometer acceptance cone and for small electron 
scattering, this assumption is valid since electrons 
emitted in directions other than #) would not be de- 
tected. In our experiment the acceptance cone is small 
but the scattering is not. We note, however, that elec- 
trons originating at angles 6<@) would see smaller 
values of ¢ while those emitted at angles @>>6) would see 
larger values of ¢. These effects tend to compensate. We 
have not, however, felt that the accuracy of our data 
warranted the laborious computations necessary to add 
this refinement. 


V. EFFECT OF INELASTIC SCATTERING 


Inelastic scattering is not considered in the Goudsmit 
and Saunderson theory. However, we shall show that 
it has a negligible effect on the correction factors in 
measurements involving conversion electrons with an 
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electron spectrometer. If the conversion electrons have 
a momentum, fo, the presence of elastic scattering 
affects the conversion line in two main ways. The peak 
of the line moves to lower momenta; a low-energy tail 
appears on the spectrometer line shape. Electrons in the 
low-energy tail are not counted by the spectrometer 
which is focussed on the peak of the line and thus their 
angular distribution is of no concern to us. An electron 
which lost a momentum 6 due to inelastic scattering 
can at most have been deviated, because of inelastic 
processes, through an angle of 5p/po radians. If the 
measured value of 6/0 represents a small angle, the 
effect on the multiple scattering can be ignored. Also, 
when 6p/po is small the effect of the small energy loss 
on the elastic multiple scattering is negligible. (5p is at 
most the shift of the peak, 5f1, of the conversion line as 
the result of inelastic scattering plus one-half the 
momentum resolution, 5p2, of the spectrometer.) 

We wish to emphasize that in measurements in- 
volving 8 spectra the inelastic scattering corrections 
cannot be assumed to be unimportant unless one accepts 
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Fic. 2. Densitometer tracing of radiogram of a typical source. 
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only the high-energy electrons near the beta end point. 
If a scintillation spectrometer is used to detect con- 
version electrons, thinner sources will be needed because 
52 in this case is ordinarily much larger than the 62 of 
a magnetic spectrometer. 


VI. MEASUREMENTS 


Sources are labeled A, B, C, and D in order of de- 
creasing thickness. In Table I we list the results of 
measurements on these sources. The average thickness 
is obtained from visual observation of the diameter of 
the source and from the weight of the source, assuming 
source shape to be a right circular cylinder. The maxi- 
mum thickness is determined from the weight of the 
source and the actual thickness distribution /(r). 

To obtain the thickness distribution, underexposed 
radiograms of each source were made by placing them 
in direct contact with x-ray film. Figure 2 shows the 
exposure density of a typical film obtained with a 
recording optical densitometer. (The ordinate is arbi- 
trary but proportional to the thickness of the source.) 
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An exposure of a source 0.5 mm in diameter showed less 
than 0.5 mm spreading in the x-ray radiogram, so that 
the exposure density was taken as a better approxi- 
mation to é(r) than visual observation of the source. 
The total weight of tin on each source was determined 
in the usual manner by comparing the activity of each 
source with the activity of a small ball of source 
material. From the ratio of these activities, measured 
with a scintillation counter biased below the full-energy 
peak of the 162-kev gamma ray (in identical good 
geometry), and from the measured weight of the ball, 
the exposure density of the film was converted to the 
thickness distribution /(r). 

To obtain the spectrometer transmission function, 
e(r), a small diameter Cs’ source was moved in a 
horizontal direction perpendicular to the axis of the 
lens spectrometer. The peak of the spectrum of the 
630-kev conversion electron from Ba!’ as a function 
of source displacement r yields e(r). 

The measured angular correlation coefficients were 
determined by coincidence measurements at 6=7 and 
x/2 only. The measured value for each source appears 
in Table I. The increase of inelastic scattering with 
increasing source thickness for each source can be seen 
in Fig. 3. 

VII. INTERPRETATION 


The angular correlation coefficient to be expected in 
Sn!" is 


2= hoj2b2A of (8) = hojb2A o[ 1 — 2V38(1—*)!— 267], (6) 


where /2, j2 are the correction factors for the finite solid 
angles of the spectrometer and gamma-ray detector,‘ 
beA> is the theoretical K-electron—gamma angular 
correlation coefficient’ for an 11/2 (M4) $ (M1) $ transi- 


™L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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TABLE II. Extrapolated values of the angular correlation coefficient for ‘‘infinitely thin” and 
“infinitely thick” sources for each scattering factor. 








&2 


gr’ g:"” g:'” 





—0.136-40.011 
0.01 0.08 


g2(0) 
g2(%) 


“Infinitely thin” source 
“Infinitely thick” source 


—0.129+0.009 —0.126+0.022 —0.117+0.023 
0.00 +0.07 0.00 +0.18 0.00 +0.20 








tion, and (8) is the factor multiplying the correlation 
if the second transition contains an admixture of £2 
radiation. 6? is the ratio of the E2 gamma-ray intensity 
to the total gamma-ray intensity in this transition. 
For our experiment /.=0.981+0.005, j2=0.970+0.005, 
bo= 1.058, As=—0.1545 so that as/f(8)=—0.1555 
+0.0010. 

In this experiment we wish to obtain the value of a2 
for an infinitely thin source by extrapolating our 
measured values G2@2 properly to zero source thickness. 
To do this we need an extrapolation method consistent 
with theory. Let us suppose that our calculated values 
of g2 are correct so that g2=Ge. Then a plot of Goae vs go 
would be a straight line of slope a,. This reference plot 
(solid line) for the case f(8)=1 is shown in Fig. 4. 
The ordinate intercept, g.=1, represents an “infinitely 
thin” source. The abscissa intercept, g.=0, represents 
an “infinitely thick” source. If our correction factors g 
are in error we would not expect a plot of Gaz vs g to 
yield a straight line extrapolating correctly to zero 
correlation for an infinitely thick source. A necessary 
but not sufficient condition for a correct g is the “good- 
ness of fit” to a straight line. These are the criteria 
used to evaluate our various correction factors. In 
Fig. 4 we show a plot of the experimental data for the 
correction factors g, and g.’. For clarity, the experi- 
mental uncertainties are shown only on the ge points. 
They represent the average deviations of sets of at 
least 10 determinations of G2a2, and are approximately 
twice the statistical errors. The same type of plot for 
the correction factors g” and g’” appear in Fig. 5. 


— 6,0, (experimento! ) 


Fic. 4. Measured Goa, vs scattering factors. The theoretical 
(pure M1) curve shown in solid line; dashed line for scattering 
factor g2; dotted line for scattering factor g,’. 


Table I lists the various correction factors for each 
source. Table II lists the extrapolations of the least- 
squares fit of the data to g= 1 and 0 and their deviations. 
It is clear from Table II that the least-squares fit to a 
straight line is poorest for the g2’’ and g,’” corrections. 
(The point Ga2=0, g=0 was not used as a point in 
the least-squares fit so that the closeness of all extrapola- 
tions to g=0 is fortuitous.) The correction factors gs 
and ge’ which are in principle more correct show a 
decidedly better fit to the data. Our data do not allow 
us to chose between these latter factors but we have 
taken g2 as our most complete and presumably most 
correct factor. 

It may at first seem surprising that the correction 
factors for sources having maximum thicknesses as 
large as 3.5 mg/cm? should be valid. We believe that 
this comes about because of the insensitivity of the g> 
correction factors to changes in the scattering distribu- 
tion. We recall that 


J F@)P1(costya(cos 
f=————. 
f F (6) Po(cos@)d(cos@) 


F(@) appears both in the integral in the numerator and 
in the denominator, and hence for,low /, where P;(cos) 
does not differ too greatly from Po, the F(@) effect is not 
too important in the ratio. It is quite possible that, had 
A, terms been present in the Sn"” correlation, the ga 
correction factors, which are more sensitive to F(@), 
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would have been found inadequate at such large source 
thicknesses. (Readers in this field may recall that the 
solid-angle correction factors, which, for detectors, are 
given by the same integral as in Eq. (7), are rather 
insensitive to F(@) for the lower /’s.) 


VIII. CONCLUSIONS 


It appears from Fig. 4 that the angular correlation 
falls below the theoretical predictions for 8=0. We con- 
clude that the d;—s, transition contains a very small 
admixture of £2 radiation. Figure 6 shows a plot of 
a2(8) vs 8? and the location of our best value a2= —0.136 
+0.011. This value, corrected for the effect of finite 
detector and source size, is b,42= —0.143+0.011. The 
theoretical correlation coefficient for no #2 admixture 
is —0.1635. The value of 6? is 0 0015_0.001:0+°™®. The 
sign of 8 is positive and corresponds with 6= +1 in the 
Biedenharn and Rose notation. It is interesting to note 
that for proton magic s0Sn"’ the £2/M1 intensity is 
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Fic. 6. Angular correlation coefficient vs 6. 


considerably smaller than the ratios found for 4sCd!"" 
with two protons less than a closed shell and for 52Te!”! 
and 52Te'™ with two protons more than a closed shell. 
Since the M1 radial matrix elements appear to be 
relatively constant in this region as evidenced from life- 
time measurements,* we may tentatively conclude that 
the small value of 6? for Sn"” reflects the depression of 
the £2 matrix element at the closed shell. 

In addition we conclude that the scattering correc- 
tions, when carefully applied, appear to be valid for 
rather large multiple scattering. 
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APPENDIX 


In this appendix we present the formulas used in 
computing the reduction of the angular correlation 
coefficients as the result of multiple electron scattering. 
The f; of Goudsmit and Saunderson can be rewritten as 


1+e\? 
fom exp| -0.3021(41)(2/0#( *) s no] 
2+e/ A 


=exp(— ms), (8) 


150 «(2+«) }! ea 
ing=In( Le( *")-2 —. (9) 
Z} *K 


where 


] is the order of the Legendre polynomial in the angular 
correlation, Z is the atomic number of the scatterer, 
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e is the kinetic energy of the electron in units of the 
electron rest mass, s is the actual thickness of scatterer 
traversed by the electron in grams/cm’, and A is the 
atomic mass of the scatterer. 

This expression is valid provided In¢ remains positive. 
In@ is a slowly varying function of Z and e. Since A is 
roughly proportional to Z, the thickness s which pro- 
duces a fixed attenuation in the angular correlation is 
roughly proportional to ¢/Z. The dependence of f; on / 
is contained mainly in the factor /(/+-1) so that the f, 
correction factors are smaller than the corresponding fe 
factors. In Fig. 7 we present a useful family of curves 
for the value m,s’=0.01 (i.e., one percent attenuation 
of the angular correlation coefficient for f2). We have 
used A= 2Z so that the thicknesses must be multiplied 
by A/2Z. For any thickness of scatterer s, f2 is just 
exp(0.01s/s’). 
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Eleven gamma rays between 0.100 and 0.637 Mev have been identified in the decay of Sb’. From their 
relative intensities as measured with a sodium iodide crystal 3 inches in diameter and 3 inches high, and with 
the assistance of coincidence spectrometry, a decay scheme may be constructed which is consistent with all 
the data. The half-life for Sb* was determined as 2.0+0.2 years. 





INTRODUCTION 


ESPITE the fact that many investigators have 

studied the radiations from Sb™®,! its complete de- 
cay scheme is still uncertain. Some features of the decay, 
however, are fairly well established. It is known, for 
example, that some of the beta transitions feed an 
isomeric level in the daughter whose half-life has been 
measured as 58+4 days.? The work of Hill, Scharff- 
Goldhaber, and Friedlander,’ Siegbahn and Forsling, 
and Bowe and Axel‘ gave conclusive evidence for the 
existence of two cascading transitions of 0.110 and 
0.035 Mev in the isomeric decay and the assignment 
hi1j2—dsj2—S1y2 was established for the three states 
involved. 

The electron spectrum from the decay of Sb has 
been studied with magnetic spectrometers and found to 
be complex. Kern ef al.° identified gamma rays of 
0.110, 0.125, 0.174, 0.431, 0.466, 0.609, and 0.646 Mev 
and from an examination of the continuous beta 
spectrum obtained beta-ray transitions of 0.621 and 
0.288 Mev. Further analysis was made difficult by the 
presence of the intense conversion lines. Siegbahn and 
Forsling* found evidence for gamma rays of 0.035, 
0.175, 0.425, 0.465, 0.601, and 0.637 Mev and analyzed 
the beta spectrum into three groups with end points at 
0.616, 0.299, and 0.128 Mev with intensities of 18%, 
49%, and 33%, respectively. Both groups admitted to 
the possibility of other, weaker, beta groups, particu- 
larly at low energy. 

More recently, coincidences between the gamma and 
beta rays have been obtained with scintillation spec- 
trometers by Johansson® and by Moreau.’ Unfortu- 
nately, their conclusions were contradictory, especially 
with respect to the location of the 0.175-Mev gamma 
ray. Thus, this work was projected in an attempt to 
find a consistent decay scheme for Sb'*® with some hope 
of success in view of the statisfactory operation of the 


1 See Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953), for a complete listing of references on the early work 
with this nucleus. 

( 2 a Scharff-Goldhaber, and Friedlander, Phys. Rev. 75, 324 
1949). 
* K. Siegbahn and W. Forsling, Arkiv Fysik 1, 505 (1950). 


4 J. C. Bowe and P. Axel, Phys. Rev. 85, 858 (1952). 

5 Kern, Mitchell, and Zaffarano, Phys. Rev. 76, 94 (1949). 

6S. A. E. Johansson, U. S. Atomic Energy Commission Report 
AECU-ISC 432, Dec. 7, 1953 (unpublished). 

7 J. Moreau, Arkiv Fysik 7, 391 (1954). 


large crystal coincidence spectrometer for the solution 
of other complicated problems in the past. 


EXPERIMENTAL TECHNIQUES 


The Sb” used in this work was obtained as the 
daughter activity of Sn® which was made by neutron 
irradiation of tin. The Sb'® was separated by the Iso- 
topes Division at ORNL in the spring of 1953. Spectra 
were obtained in October, 1954 and coincidence data 
were taken in April, 1955 and again in October, 1955, 
yielding essentially the same results. Sources were 
prepared by evaporating a drop of a solution of Sb2Cl; 
on Scotch tape. Two cylindrical NalI(Tl) crystals 3 
inches in diameter and 3 inches tall were used in the 
coincidence spectrometer. They were mounted with 
their axes at an angle of 90° and with at least a half-inch 
of lead placed between them to prevent Compton- 
scattered radiation from one crystal from entering the 
other and causing spurious peaks.* Additional lead 
shielding was used to absorb radiation which might 
scatter off one crystal and then again scatter off the 
table or supports for the crystal and be detected in the 
second crystal. Sources were mounted at the intersection 
of the axes of the crystals in such a way that the entire 
face of each detector was illuminated by the source. The 
standard fast-slow coincidence circuit was used with a 
single-channel analyzer in one channel and a multi- 
channel analyzer to record the coincidence spectra.® As 
a check of the efficiency of the shielding, a sample of Be’ 
was placed in the same geometry as was used in the 
Sb”* experiment, and the window in the single channel 
was set to include all of the spectrum from the 0.479- 
Mev gamma ray except the full-energy peak. The 
spectrum in coincidence with this window was deter- 
mined and no counts were obtained in any part of the 
spectrum which could not be explained by random 
coincidences or cosmic-ray background. 


SINGLE-CRYSTAL RESULTS 


The pulse-height distribution obtained from a source 
of Sb" placed on the axis of a crystal three inches in 


5 P. R. Bell, in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955). 

® For a discussion of this arrangement, see N. H. Lazar and 
E. D. Klema, Phys. Rev. 98, 710 (1955). 
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diameter and three inches tall, at a distance of 9.3 cm 
from the face of the cylinder, is shown in Fig. 1. Because 
of the change of pulse height of the three-inch photo- 
multipliers with variations in counting rate, energy 
calibration was obtained by placing the antimony 
sample together with two known radiations whose 
energies straddle an unknown peak and measuring their 
pulse height simultaneously. In this way, the energy of 
the gamma rays at 0.175 and 0.427 Mev were deter- 
mined. From these values, the energies of other transi- 
tions were determined by interpolation or linear extra- 
polation. Satisfactory agreement was obtained between 
these values and magnetic measurements of electron 
conversion lines. 

The intensities of some of the gamma rays in the decay 
were determined as a result of the analysis shown in 
Fig. 1. The full-energy peaks from single gamma rays 
have been observed in the past to be very nearly 
Gaussian in shape. Two peaks having this shape were 
found to fit the observed distribution in the region from 
800 to 1100 pulse height. It is clear from the figure that 
one Gaussian having the proper width could not account 
for the entire observed peak in this region. The Compton 
distributions associated with these gamma rays were 
drawn in by using, as a guide for the shape, the pulse- 
height distribution obtained from the 0.661-Mev gamma 
ray from Cs’ placed in the same geometry. These 
curves were subtracted, point by point, from the ob- 
served spectrum and the resultant curve was then 
analyzed in a similar manner. Two peaks were found in 
the region from 600 to 800 pulse heights and were 
attributed to gamma rays of 0.427 and 0.463 Mev. 
Again, the Compton distribution was drawn in for these 
gamma rays to determine the intensity of the gamma 
rays at lower energy. For this purpose, the spectrum 
shape observed from the 0.479-Mev gamma ray in the 
decay of Be’ was used as a guide. The shape of the curve 
in the region of the “back-scatter”’ peak (180° Compton 
scattering of the photon from the surroundings into the 
crystal) was taken literally because of the similarity in 
energies between the Cs’ and Be’ gamma rays and 


TaBLE I. Energies and relative intensities of 
gamma rays from Sb". 








Relative intensity 
of y rays from 
coincidence data 


Relative intensity of 
y-rays from 
single-crystal data 


0.23 +0.02 
0.88 +0.09 
0.31 +0.03 


1.0 
0.038+0.008 


Measured 
energy (Mev) 


0.637 
0.595 
0.463 
0.427 
0.377 
0.320 
0.214 
0.205 
0.175 
0.175 
0.113 





0.0088+-0.0020 
0.006 +0.003 
0.008 +0.002 


0.006 +0.003 


0.19 +0.02 
0.014+0.007 








1%” Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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those from Sb”, In any event, the intensity of the 
0.175-Mev gamma ray is the only one which would be 
greatly affected by this structure in the Compton 
distribution. By carrying out the appropriate subtrac- 
tions, weak peaks were found at 0.377 and 0.113 Mev. 
The relative intensities of all gamma rays were then 
determined from the measured peak areas. 

To calculate the intensities of some of the gamma 
rays, certain assumptions about the decay scheme of 
Sb'*® were required to properly take into account possi- 
ble coincident summing of cascading transitions. It 
was assumed that the 0.427- and 0.595-Mev gamma rays 
fed the level at 0.035 Mev and that their radiation 
could sum with the x-rays following the conversion of 
the low-energy transition. This summing was fairly 
small in any case, since the solid angle subtended by the 
crystal at the source was less than 5% of the total 
solid angle. The intensities which were determined, by 
making these assumptions and using the peak effi- 
ciencies measured at this laboratory for the crystal size 
and geometry used in this experiment, are shown in 
third column of Table I. The efficiencies are felt to be 
accurate to 5% and the uncertainties quoted are 
primarily due to the uncertainties in the analysis. As 
will be discussed below, all these gamma rays were 
found in coincidence with other transitions and the 


19) pe —_—_—- 


| 1 sp'@5 on 3X3 in. NoI(T!) AT 9,3.cm 
| 235 mg /cm? POLYSTYRENE ABSORBER | 
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0.175 Mev 0.427 Mev 





counts /sec 








PULSF HEIGHT 


Fic. 1. Pulse-height spectrum from gamma rays from 
Sb" on 3-in. X3-in. NaI(T1) crystal. 
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reality of the weak gamma rays at 0.113 and 0.377 Mev 
was further established by those measurements. 

A value for the half-life of Sb’*® was obtained by meas- 
uring the area under the 0.595- and 0.637-Mev peaks in 
November, 1954 and again in November, 1955. The 
value obtained was 2.0+0.2 years. The source, in both 
these measurements, was placed 9.3 cm from the face 
of the crystal. The assigned error of 10% is primarily 
due to the uncertainty in the solid geometry—especially 
because of the uncertainty in the radius of one of the 
two crystals used for the two measurements. More care 
was taken to determine the geometry during the later 
measurement and possibly a lower limit on the probable 
error may be made by further measurement at a later 
date. This value is somewhat lower than the one 
previously reported in the literature. 


COINCIDENCE RESULTS 


Coincidences were recorded with all the prominent 
gamma rays selected individually in the single channel 
window. The results of some of these runs are shown in 
Figs. 2-5. Data were also taken in coincidence with the 
highest energy pair of gamma rays, and a counting rate 
equal to the random plus background rate in the region 
0.1-0.3 Mev was obtained. Previous investigators have 


f= NOSE NSO tee Sess TIRE or rte 
— sp'*>on 3x3 in. Nol CRYSTAL IN COINCIDENCE 
+ WITH 425 kev ON 3X3 in. Nol CRYSTAL. 


—; SOURCE ATScm AND 90° 





0.214 Mev. 
0.17SMev| 


enates 


} — 


t = 
| | 


PULSE HEIGHT 


counts /sec 




















Fic, 2. Pulse-height spectrum from gamma rays from Sb"5 
in coincidence with single-channel window set at 425 kev. 
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shown that x-rays are in coincidence with the 0.427- and 
0.595-Mev transitions and this was confirmed. 

The spectrum in coincidence with the window set 
over the 0.427- 0.463-Mev region yielded rather sur- 
prising results (see Fig. 2). Aside from coincidences 
with x-rays (not shown in Fig. 2), peaks at 0.113, 
0.175, and 0.214 Mev are evident. To determine if these 
peaks might be caused by coincidences with weak 
gamma rays of very nearly the same energy as that of 
the 0.427- or 0.463-Mev transitions, the window was 
placed across the high-energy end of this pair of lines. 
This reduced the 0.113-Mev peak markedly but the 
0.175- and 0.214-Mev peaks decreased in counting rate 
about as much as would be expected from the lower 
single rates. Moving the window to the lower-energy 
side of the 0.427-Mev peak enhanced the 0.113-Mev 
peak, but again the 0.175- and 0.214-Mev peaks were 
reduced only in the same ratio as the singles rates. It 
was concluded that the 0.113-Mev transition was in 
coincidence with a weaker gamma ray at somewhat 
lower energy while the 0.175- and 0.214-Mev transitions 
were both in coincidence with both the 0.427- and 
0.463-Mev gamma rays. 

Corroborative evidence for this conclusion was ob- 
tained by setting the window over the region of 0.113 
Mev (Fig. 3). The peak at 0.37+0.01 Mev definitely 
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Fic. 3, Pulse-height spectrum from gamma rays from Sb” in 
coincidence with single-channel window set at 115 kev. 
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Fic. 4. Pulse-height spectrum from gamma rays from Sb” in 
coincidence with single-channel window set at 175 kev. 


established a 0.37-0.113-Mev cascade. The large asym- 
metrical peak at ~0.175 Mev indicates coincidences 
between the 0.113-Mev transition and at least two other 
gamma rays. These were confirmed by setting the 
window of the single-channel analyzer across the regions 
of 0.175 Mev and 0.220 Mev separately (Figs. 4 and 5). 
Coincidences with both regions showed peaks at ~0.113 
Mev. Coincidences with the 0.175-Mev peak also gave 
evidence for a gamma ray of 0.320 Mev, as well as 
confirming the coincidences with the 0.427-Mev transi- 
tion. In addition, the prominent peak at 0.205 Mev 
appeared. These latter coincidences were confirmed by 
the appearance of the 0.175-Mev peak in the spectrum 
coincident with a window set across the region of 
~0.200 Mev. 

If one sets the single-channel analyzer window across 
‘2, the second gamma ray in a cascade, and determines 
P(y:1), the area under the peak obtained in coincidence 
with this gamma ray, one may determine the relative 
intensity of the two gamma rays from the equation 


P(y1)=Cw(y2)€piMf, 


where C.(y2) is the counting rate in the window due 
to Y2, €p1 and Q, are the peak efficiency and solid angle 
for the counter detecting y:, and f is the intensity of 
yi relative to v2. For example consider the 0.205- 
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Fic. 5. Pulse-height spectrum from gamma rays from Sb"* in 
coincidence with single-channel window set at 210 kev. 


0.175-Mev cascade. C,,(0.175) was determined from the 
“singles” rate in the single channel after subtracting a 
value obtained by extrapolating the Compton level due 
to the higher energy gamma rays back under the 0.175- 
Mev peak observed in the singles spectrum. Although 
there may be an uncertainty in this Compton level of 
as much as 20%, such an effect would cause an error of 
less than 10% in C,,(0.175). Because of poor statistics 
the estimated over-all uncertainty in the relative 
intensity in this case is set at 25%. The figures in the 
last column of Table I were determined from this type 
of argument after normalization to the intensity of ys 
using the relative intensities determined from the 
single-crystal data. 
DISCUSSION 


The decay scheme of Sb’ may now be constructed 
(Fig. 6). The two levels at 0.463 and 0.637 Mev may be 
deduced from the gamma rays having these energies. It 
is apparent, from x-ray coincidences, that the two 
gamma rays of 0.427 and 0.595 Mev originate at these 
states and cascade to the ground state through the 
0.035-Mev level. The weak gamma ray (y10) of 0.175 
Mev which was found in coincidence with the 0.427- 
0.463-Mev region is probably a transition between the 
0.463- and 0.637-Mev states. But the intensity of y10 is 
much too weak to account for the 0.175-Mev peak 
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Fic. 6. Decay scheme of Sb”. Level energies are in Mev. 
The gamma-ray energies are given in Table I. 


observed in the single crystal spectrum (Fig. 1). Thus 
‘Ys, a second gamma ray of 0.175 Mev, must be postu- 
lated and, since no other gamma rays are of comparable 
intensity, it must be fed primarily by beta transitions. 


There appears to be no peak with an energy less than 
0.175 Mev by 0.035 Mev. One would expect to find 
such a transition, which would decay through the 0.035- 
Mev state, in analogy with y2 and ys, if vy» decays 
directly to the ground state. Thus, one must assume 
that there is a level at 0.320 Mev and that 79 feeds the 
isomeric 0.145-Mev state. This conclusion would agree 
with Moreau’s’ beta-gamma coincidence measurements. 
The existence of ys in coincidence with y» strengthens 
the argument for the existence of the 0.320-Mev state, 
since such a transition could logically be expected from 
the 0.637-Mev state. The gamma ray at 0.214-Mev 
(yz) found in coincidence with the region of 0.427-0.463 
Mev seems to originate from a level at 0.677 Mev. 
However, a gamma ray similar in energy is found in 
coincidence with the 0.175-Mev region. Clearly, y7 can- 
not be in coincidence with 10 since there isn’t enough 
energy in the decay, nor can it be in coincidence with 
‘s and ‘v4 and also with 7» if the above arguments are 
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TaBLe II. Intensity of 8-ray groups from Sb" computed from 
y-ray intensities. 8.145 is assumed to have an intensity of 0.14. 








Intensity 


0.14 
0.055 
0.42 
0.012 
0.37 
0.0017 


Beta-ray group 





Bo.145 
Bo.320 
Bo.463 
Bo.s26 
Bo.637 


Bo.e77 








valid. Thus, a second gamma ray of this energy must be 
postulated. ys, in cascade with 9, defines a level at 
0.525 Mev. There seems to be further confirmation for 
this level from the cascade of 0.113-0.377 Mev. ys is not 
in coincidence with 7) and, from the absence of a gamma 
ray 0.035 Mev lower in energy, it appears to decay 
through the isomeric state. Simple addition indicates 
the 0.377-Mev gamma ray originates at the 0.525-Mev 
level and the 0.113-Mev transition occurs between the 
0.637- and 0.525-Mev states. 

One may now proceed to calculate §-ray intensities 
and comparative half-lives for all the transitions (Table 
IT) using the new value for the half-life of 2.0+0.2 
years. In making the calculation, the internal conversion 
of the gamma rays were neglected since although the 
amount of conversion is not known, it should not affect, 
appreciably, the logarithm of the ft value. Unfortu- 
nately, spin and parity assignments based on these 
values and single-particle considerations are extremely 
tenuous since for nuclei in this region, it is almost cer- 
tain that large configuration interactions occur and thus 
that transition probabilities may easily be orders of 
magnitude different from single-particle predictions. 
However, the ground state of Sb”® is probably pre- 
dominantly a single-particle g7/2 state since the odd 
proton is the 5ist. If one believes the comparative 
half-lives enough to predict the order of forbiddenness, 
all the states except, possibly, the level at 0.637 Mev, 
would have even parity. The possibility of other selec- 
tion rules applying, however, leaves even this state- 
ment open to question. 
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The anisotropies of the three pairs of gamma rays in the triple cascade of 1.1-hour Pb™” have been 
measured. The results were 0.163+0.010 for the 374-899 kev (prompt) pair; 0.414+0.015 for the 913-899 
kev pair; and 0.398+0.011 for the 913-374 kev pair. These results are consistent with the scheme, 


9(E5)4(£2)2(£2)0. 





INTRODUCTION 


HE multipole character of the gamma rays of the 
1.1-hour Pb” cascade (Fig. 1) has been in 
question for some time. In order to reconcile the angular 
correlation measurements! of the delayed (913-374 kev 
and 913-899 kev) gamma-ray. pairs with the existing 
internal conversion data? it was necessary to assume 
that the 374-kev gamma ray was a mixture of £2 with 
0.5% M3 and that the 913-kev radiation was a mixture 
of E5 with 1% M6. As it is difficult to understand such 
mixtures on the basis of any of the fashionable nuclear 
models, it seemed desirable to perform additional ex- 
periments to check the consequences of the above- 
mentioned assumptions. The assumed mixtures! led 
to a prediction of 0.23 for the anisotropy of the prompt 
(374-899 kev) gamma-ray pair whereas a pure 
4(£2)2(£2)0 transition would have an anisotropy of 
0.167. Therefore, a study of the anisotropy of this pair 
was undertaken. The results of this study indicated 
that a repetition of the measurements on the delayed 
(913-374 kev and 913-899 kev) pairs, with sources 
prepared in a manner different from the previous 
method! was in order. 


374-899 kev Cascade 


The Pb sources made by deuteron bombardment 
of thallium foils! could not be used for the prompt-pair 
measurement because other lead activities, which had 
coincidences of gamma rays of similar energy, were 
produced; so two other methods were used to prepare 
sources. 

First, lead oxide, enriched in Pb™ to about 27%, was 
placed in the fast-irradiation facility of the Argonne 
Research Reactor, CP-5. The 2.2-Mev isomeric state 
in Pb™ was excited by the inelastic scattering of fast 
neutrons. The anisotropy of the 374-899 kev pair was 
measured with the electronic apparatus previously 
described.! The fast-coincidence circuit had a resolution 
time of the order of 5X10~* sec. The source was not 
dissolved in any liquid, for the intermediate half-life is 
less than 6X 10~" sec * which should be sufficiently short 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1V. E. Krohn and S. Raboy, Phys. Rev. 97, 1017 (1955). 

27. Bergstrom and A. H. hey Phil. Mag. 46, 61, 65 (1955). 


3A. W. Sunyar. Phys. Rev. 653 (1955). 


to preclude any detectable attenuation due to inter- 
actions with the surrounding medium.‘ 

The 899-kev gamma ray was detected by a Nal (TI) 
crystal 2.5 inches in diameter and 2 inches thick with 
a 0.125-inch lead absorber in front of it. The counter 
circuit was biased to select pulses caused by radiation 
above 600 kev. The 374-kev gamma ray was detected 
by a NalI(TI) crystal, 1.5 inches in diameter and one 
inch thick. A tantalum absorber 0.015 inch thick was 
used on the face of this crystal. The differential pulse- 
height analyzer in this channel was set with a window 
which detected pulses corresponding to radiation of 300 
to 450 kev. The decay of the coincidences obtained with 
this scheme and the absence of strange peaks in the 
pulse-height distribution indicated that undesired 
activities were not present in the sources. 

The data had to be corrected for coincidences caused 
by the 913-374 kev and the 913-899 kev pairs. The 
913-374 kev gamma-ray pair have an intermediate 
half-life of 2.6 10-7 sec and make a 13% contribution 
to the total number of coincidences. The anisotropy of 
this pair in the solid PbO source was measured by 
delaying the appropriate counter by 1.91077 sec so 
that prompt coincidences were not observed. Some 
pulses caused by the 898-kev gamma ray appear in the 
300- to 450-kev window. This contribution was meas- 
ured by delaying the other counter 8.1 10~* sec and 
using the fact that the first and third gamma rays have 
almost the same energy and the same intensity. The 
measurement indicates that the ratio of coincidence 
from the 912-899 kev cascade to the 913-374 coin- 
cidence was 12% for our bias conditions. Under the 
delay conditions of our measurement, the measured 
anisotropies of the 913-374 and 912-899 cascades were 
combined with the relatively small percentages of each 
present, 13 and 2%, respectively, to give a correction 


E(kev) pp*°*™ 
2186 1.1 HOUR 9° 


Y, (E5)] 913 kev 
Pb?2°4™2 | 2.6x10 SEC at 
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4A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
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of +0.010 to the measured anisotropy of the 374-899 
kev cascade. An anisotropy of 0.156+0.014 was ob- 
tained as a result. 

The second measurement of the anisotropy of the 
913-374 kev gamma-ray pair was made with carrier- 
free sources of Pb*™, Ordinary lead was melted into a 
depression, 0.013 cm deep, 1 cm wide, and 10 cm long, 
in a copper cyclotron target equipped for water cooling. 
The individual lead targets were bombarded in the 
Argonne Cyclotron with approximately 1000 ya-hours 
of 22-Mev deuterons producing several bismuth iso- 
topes. A few hours after the end of the bombardment 
the lead was melted out of the groove in the copper target 
and dissolved in hot 5V HNO. Concentrated HCl was 
added to precipitate most of the lead. The supernatent 
was evaporated to almost dryness and made 1N in 
HCl (additional PbCl, precipitate was separated by 
centrifugation). The above 1V HCI solution was stirred 
with nickel powder (approximately 500 mg) for about 
one-half hour at 80 to 90°C in order to absorb the 
carrier-free bismuth on the nickel.’ The nickel was 
centrifuged off, washed, and dissolved in hot 6.V HNOs. 
One mg of ferric iron was added to the latter solution 
and the iron was precipitated with excess ammonia to 
carry the bismuth activity. The ferric hydroxide was 
dissolved and the precipitation was repeated twice 
with washes to remove the nickel. The final ferric 
hydroxide precipitate (containing the bismuth) was 
dissolved in 6N HCl and the iron removed by ethyl 
ether extractions. The remaining solution was diluted 
to about 1N HCl and placed on a Dowex Al anion resin 
column. The 1.1-hour Pb”, daughter of 12-hr Bi™, 
was eluted off the resin column with 0.1N HCl, the 
bismuth being strongly absorbed on the anion resin at 
this acid concentration. The first source of Pb" was 
available approximately 12 hours after the end of the 
cyclotron bombardment. 

Pb** is also produced by the reaction Pb™(d,3n)Bi™ 
followed by the subsequent decay of Bi®™ to Pb® by 
electron capture with a half-life of 12 hours. The 
Pb* activity is small compared to the Pb™* activity 
produced by the reactions Pb**(d,4n)Bi™ and 
Pb™(d,2n)Bi™ with the subsequent decay (12-hour 
half-life) to Pb", because the abundance of Pb” 
is several times the abundance of Pb™ in ordinary lead 
and the the (d,4m) cross section compares to the (d,3m) 
cross section for 22-Mev deuterons. The Pb™"/Pb” 
activity ratio was further favored by eluting the lead 
from the column containing the bismuth parent about 
every two hours so that the Pb” was allowed to grow to 
only a small fraction of its equilibrium decay rate. 

A pulse-height analysis of the radiations in the 
sources, a measurement of the intermediate half-life of 
2.6X10~* sec, the observed decay (1.1 hour) of the 
coincidences accepted by the analyzers, and the favor- 


5D. E. Alburger and G. Friedlander, Phys. Rev. 81, 523 (1951). 
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able ratio of true to accidental coincidences, indicated 
that there were no interfering activities in the sources. 

The liquid sources were boiled down and the final 
concentration of the HC! solutions was about 6N. The 
anisotropy of the 374-899 kev cascade was measured in 
a manner similar to that described above, except that a 
Nal(TI) crystal 3.5 inches in diameter and 3.5 inches 
thick was used to detect the 899-kev gamma-ray and a 
Nal(Tl) crystal 2.5 inches in diameter by 2 inches 
thick was used for the 374-kev gamma ray. The correc- 
tion for the contributions of the delayed pairs (—0.019) 
was obtained by measuring the anisotropy of the 913- 
899 kev pair and the 913-374 kev pair in the same liquid 
sources. The result obtained from this measurement of 
the anisotropy of the prompt pair was 0.170+0.014. 
This result was averaged with that obtained from the 
sources made by inelastic scattering of neutrons and 
0.163+0.010 was obtained as our best value for the 
anisotropy of the 374-899 kev pair. This result is con- 
sistent with the decay scheme 4(£2)2(E2)0. 


DELAYED COINCIDENCES 


Since this result differs from the prediction based on 
the results of reference 1, the measurements of the 
anisotropies of the 913-374 kev pair and the 913-899 
kev pair were repeated. The sources were prepared by 
bombarding ordinary lead with 22-Mev deuterons and 
following the chemical procedures outlined above. The 
delayed cascades were studied with one 3.5-inch and 
one 2.5-inch crystal. The coincidence resolution time 
was increased to 2.3X10~" sec. For the 913-899 kev 
cascade a lead absorber 0.125 inch thick was placed on 
the front of each crystal and the first counter was 
delayed by about 3.1X10~-’ sec. A window from 730 kev 
to 1070 kev was used with each counter circuit. The 
result for the anisotropy of this pair of gamma rays 
was 0.414+0.015. 

For the 913-374 kev gamma ray pair, the bias condi- 
tions on the second counter were changed so that the 
window of the differential pulse-height analyzer ex- 
tended from 310 to 430 kev and the lead absorber in 
front of the second crystal was replaced by 0.015 inch 
of tantalum. This measurement had to be corrected for 
the contribution from the 913-899 kev pair, since Comp- 
ton processes of the 899-kev gamma rays appear in 
the 310-430 kev window and produce true delayed 
coincidences. The contribution of this pair (10%) was 
measured by delaying the second counter by 3.1 10-7 
sec. The anisotropy of the 913-899 kev pair is not the 
proper number to use in this correction, however, for 
true 913-899 kev delayed coincidences can be produced 
if the 899-kev gamma ray is scattered into the second 
counter and then produces a pulse which is within the 
limits of the analyzer window. An auxiliary experiment 
to determine this correction was performed using Co® 
as a source. It showed that the anisotropy of the 913-899 
kev pair would be reduced 30% when observed with the 
windows used for the 913-374 kev measurement. The 
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correction to the measured 913-374 kev pair anisotropy 
was +0.011 and the final corrected result was 
0.398+0.011. This is, within the experimental error, the 
same as the anisotropy for the 913-899 kev pair, and 
both numbers are consistent with 0.408 which is the 
calculated anisotropy of the first and second and 
the first and third gamma rays of the scheme 
9(£5)4(£2)2(E2)0. 

The previous result! for the anisotropy of the 913-374 
kev pair was 0.34-+0.02 which is inconsistent with the 
above scheme. Efforts to find fault with this measure- 
ment have been unsuccessful. Revision of the correction 
for the contribution of the 913-899 kev pair to conform 
to the method used in the present experiment raises 
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IN Pb??4= 1065 
this result to 0.35+0.02 which is a trivial change. 
However, the present result is more precise and is 
consistent with the 9(£5)4(£2)2(£2)0 scheme which 
explains the other anisotropy measurements and the 
internal conversion coefficients.? Hence, we feel justified 


in ignoring the previous measurement. 
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Doublets leading to mass values of the stable isotopes from C” to Ne” have been measured with a double- 
focusing mass spectrometer. In the determination of C”, two new cycles have been used, (}C,H,O—O0) 


—(H;0—HO") and ($C,H,0— 


OO) —(H;0—H,0"), resulting in the value C#=12.003814+6 amu. 


An analysis of the available data pertinent to the investigated mass region is presented in an effort to 
uncover specific measurements most likely responsible for the discrepancies in mass values reported from 
the various sources of investigation. It is found that a generally improved agreement is obtained if adjust- 
ments are made in the following reactions: O'8(p,a)N™, F"(d,a)O", Ne*!(d,a)F™, and Ne®(d,a) F48. 


INTRODUCTION 


HIS paper presents the results of mass measure- 
ments of the stable isotopes from A=12 to 22 
undertaken with a double-focusing mass spectrometer 
developed at the University of Minnesota. Among the 
light nuclides, the list of precise nuclear reaction energy 
measurements is extensive.' Upon such data, generally 
overdetermined, two different computations, the first 
by Lie? al.? and Li,’ the other by Wapstra,‘ have given 
closely similar results. Substantially less abundant are 
the data in the present mass region reported by mass 
spectroscopic investigators® who, except for Ewald® and 
Ogata and Matsuda,’ have confined their measure- 
ments in this region to C” and N". The randomness in 
the pattern of agreement or lack of it found on com- 
paring Ewald’s and Ogata’s results with each other as 


t Research supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1See review article by D. M. Van Patter and W. Whaling, 
Revs. Modern Phys. 26, 402 (1954). 

? Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 

3C. W. Li, Phys. Rev. 88, 1038 (1952). 

‘A. H. Wapstra, Physica 21, 367 (1955). 

5See review article by Duckworth, Hogg, and Pennington, 
Revs. Modern Phys. 26, 463 (1954). 

°H. Ewald, Z. Naturforsch. 6a, 293 (19 51). 

7K. Ogata and H, Matsuda, Phys. Rev, 89, 27 (1953). 


well as with nuclear values (see Tables I and II) leaves 
inconclusiveness, to an extent greater than desirable, 
at most of these mass values. More disturbing has been 
the divergence in values reported for the mass spectro- 
scopic secondary standard C”, where the nuclear value 
is lower than any mass spectroscopic value.® 

The need for more mass spectroscopic data is clearly 
indicated ; in particular, since the errors associated with 
nuclear mass determinations are cumulative, it would 
appear that a critical comparison with nuclear data 
ought to be most sensitive in the vicinity of the O'* 
standard. Such a comparison will be presented in this 
report in an effort to indicate specific measurements 
considered most likely responsible for the major existing 
discrepancies. 


THE INSTRUMENT 


A schematic drawing of the present instrument is 
given in Fig. 1. The second of its kind constructed in 
this laboratory, it is essentially a duplicate of the mass- 
measuring spectrometer described in previous re- 
ports. -0 The only alteration in instrument design has 

$A. 0. Nier and T. R. Roberts, Phys. Rev. 81, 507 (1951). 

* Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 


” A. O. Nier, National Bureau of Standards Circular 522 (U.S. 
Government Printing Office, Washington, D. C., 1953), p. 29, 
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TaBLe I. Doublets measured. 








Doublet 


Source of ions 


No. of runs 


Present results 


Ogata> 





3C,H,O—0"0 


$C,H,O—0"0 
H,0—H,0"« 
H,0—HO"*« 
C3H,—HO# 
N“H,—HO# 
N“H;—H.0 
H,0"—HF 
H,0'8—Ne® 
}C:H,O— Ne 


}CO.—Ne® 


Furan (C,H,0), 
enriched O- 
enriched O- 
enriched H,O 
enriched HO 
CH,, H:O 

NH;, H:O 

NH;, H:O 

HF, enriched H,O 
Ne, enriched H:O 
Acetaldehyde 
(C:H,0), Ne 

Ne, CO, 


11.224+ 9 


19.040+ 13 
3.6014 6 
11.405+ 8 
31.943411 
23.8334 8 
13.0194 5 
8.5824 2 
22.3924 5 
11.4294 5§ 


3.521412 


3.6104 5 
11.413+12 
31.875+16 
23.807+16 
13.063423 

8.587419 
22.391+ 10° 


3.576419 


11.407+18 
31.931413 
23.8334 8 
13.038+10 


22.401+21 








® See reference 6. 
> See reference 7. 
¢ Run as triplet. 
¢ Run as triplet. 


¢ Value shown is for H2O'*—Ne®, From (D2O —Ne™) — (D2O —H:0!8), one obtains 22.376+16 mMU. 


been the conversion from dc to ac operation in the 
control tube ion beam detection, where the “feedback 
loop” sensing signal originates (see Fig. 1). The result- 
ing improvement in spectrometer stabilization is about 
a factor of 2. The measured doublet peaks have a width 
at half-height of AM/M=1/11000. The theoretical 
value based on slit widths alone and assuming perfect 
angular and energy focusing is 1/14 000. 

In all other respects, the over-all instrument per- 


formance is found to be quite similar to the earlier 
spectrometer, for which discussion in reference 9 bear- 
ing on systematic errors, energetic ion fragments, 
testing procedures, etc., may be considered to apply 
to the present instrument as well. 


MEASUREMENTS 


The doublets measured are listed in Table I, where 
their values are compared with those obtained by 
Ewald and Ogata wherever the comparison can be made 
directly or in terms of equivalent sets involving no 
more than 2 doublet measurements. 

The selection of doublets was governed by the follow- 
ing considerations: (1) that the C” mass be independent 
of all but the O'® mass standard; thus 2C—30 
= ($C,H,O—0'80) — (H;0— HO") or (}C4H2O—O'"0) 
— (H;O0—H,0") ;" (2) that the derived mass values 
depend only on an assumed value for H'-" or on the 
value of C” determined from the unweighted average 
of the cycles in (1) above; (3) that the measured doublet 


TABLE IT. Masses from C® to Ne”. 








M —A in h.MU 
Wapstra* Li> 
(nuclear) A 


M Present (nuclear) A Ewalde Ogata? A 





3844+ 6 30 
750512 —6 
7550+ 5 5 
4902+ 9 27 


4833420 0 
4444422 cad | 
— 122813 —7 


— 1618+24 —4 


—10 
— 38 
— 30 
12 


3807411 


7525415 
4928+65 
4507+15 
4875+13 
4414+17 
— 1229412 
393422 
—1671+19 


3804417 
7473414 
7515+11 
4863412 
45334 7 —9 
4857423 — 26 
4456+15 11 
— 1223421 —2 
504422 —25 

— 1642425 — 28 


ad 3814+ 6° 
ce 7511+11 
N™ 7545+ 8 
N' 4875+ 5 
ov 4542+ 6 
ag 4883+ 8 
ad 4445+ 8 
Ne” —12214 9 
Ne! 529+ 8 
Ne® —1614+12 


3803+ 
7478+ 
7520+ 


5 ~ 11 

5 

3 
4862+ 5 

5 

8 

7 


—33 
—25 
—13 
—8 
—28 
3 
—10 


— 30 
—32 


45344 
4855+ 
4448+ 
—12314 9 
499+ 10 
— 1646+ 12 








* See reference 4. 

b See references 2, 3. 

¢ See reference 6. 

4 See reference 7. 

¢ The unweighted average of 381145 and 381747 wMU obtained from the C” cycles (}C4H20 —O”0) —(HsO —H:20"") and (#C4H«O —O"0) — (HO 
—HO'8), respectively. 


Other C® cycles investigated but not included in this report: (1) ($CsH,O—H.S)—(O.—S); O'8O impurity suspected. (2) 
C4—Os; feeble but measurable O;+ ions observed from Os. Unable to resolve CH,S+ impurity peak from C,* peak. This impurity 
believed to be responsible for high C” value previously reported® by this laboratory. (3) }C,H,O—H,02; preliminary investigation 
indicates availability of H2O.* ions from H.O2 using modified gas inlet system. 

2 Assumed value: H=1.008144+1 amu, based on values obtained by Li ef al.,2 Wapstra,‘ Mattauch and Bieri, Quisenberry, 
Scolman, and Nier."* 

18 J. Mattauch and R. Bieri, Z. Naturforsch. 9a, 303 (1954). 

4 Quisenberry, Scolman, and Nier, following paper [Phys. Rev. 102, 1071 (1956)]. 
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ions be molecular or molecular fragments comprising 
most of the parent-molecule mass (to minimize errors 
due to slight deviation from perfect adjustment of the 
energy focus). 

Throughout the investigation, frequent tests were 
made for possible sources of systematic error that could 
arise from polarization of electrostatic analyzer plates, 
nonohmic leakage currents by-passing a portion of the 
calibrated resistance network and excessive source 
pressures. Doublet peaks were matched in intensity 
except for the N'*H;—H,O doublet in which the 
N"H;/H,0O intensity ratio was about 1%. Runs of a 
given doublet set were made as independent of each 
other as possible by alternating the runs of several 
doublet sets. The energy focus was checked and ad- 
justed before every run. Appropriate corrections have 
been applied for partially unresolved “close” doublets 
and for associated isotopic impurity peaks containing 
C¥ and D. 

The assigned doublet values are the unweighted 
averages of the set of runs. The associated error is the 
square root of the sum of the squares of (a) the standard 
error of the mean associated with the unweighted 
average of the set of runs (b) a fixed error of 2 parts in 


90° ELECTROSTATIC 
ANALYZER 
4 1ON SOURCE 


8000 
U 
REVERSIBLE 



































ELECTRON 
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aes) 


AMPLIFIER RECORDER 


Fic. 1. Schematic drawing of mass spectrometer tubes showing 
action of regulation circuit. The control-tube ion beam is modu- 
lated by applying a 5000-cps signal from the oscillator to a set 
of parallel plates mounted in front of the collector slit Ss. Depend- 
ing on whether the ion beam is to one side of the collector slit or 
the other, one of two opposite phases, shown as 1 and 2, is gen- 
erated. The synchronous amplifier consists of a double-channel ac 
amplifier followed by a rectification unit whose dc output is 
proportional to the arithmetic average of the signals in each 
channel. A phase-inverting stage and a signal-mixer stage provide 
for identical-magnitude signal injection in the two channels of 
the modulated signal and a reference signal from the oscillator. 
The dc output is proportional to the magnitude of the modulation 
signal and its sign is determined by the phase, which is adjusted 
to give the desired stabilizing feedback action. The remaining 
components function as previously described.®- 
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TaBLe III. Experimental reaction energies pertinent to the 
present investigation taken from Wapstra.* 








Reaction Q in kev» 





2719+22 
271745M 
2718+3B 
2722+4H 
4949+6 
131143 
1311+6M 
1311+3P 
861847 
8618+9M 
8618+11P 
10 832+6 
496143 
4962+7M 
4963+6P 
4959+4B 
311642, 
311346M 
3115+4W 
3119+5H 
1918+4 
1918+5M 
1918+8H 
5824+10S 
9812+12S 
3969498 
— 245544 
—2455+4 
— 245449 
8117+8 
812149M 
8110+14P 
8112+11 
10 054+10M 
43754+7M 
1674+11M 
2792498 
704649 
703848 
7046+ 12 
453046 
453147M 
4528+9S 
6435+10P 
8140+11M 


C#(d,p)C# 


C#(ny)C8 
C8(d,t)C® 


N"(d,p)N™ 


N¥(n,y)N 
N(p,a)C® 


O'6(d,a)N™ 


O'8(d,p)O"" 


0'7(d,p)O"8 
O'7(d,a)N™ 
O'8(p,a)N' 
O!8(p,n)F'8 


(F'8(g+)O}8) 
F®(p,a)O" 


F9(d,a)0" 
F°(d,p)F 
F(a,p)Ne* 
Ne™(d,a)F'8 
F(g-)Ne™ 
20.1 Ne®(d,p)Ne* 


Ne" (d,a)F¥ 
Ne" (d,p )Ne® 


21.1 
21.A 








® See table 3.1 of reference 4. 

b The reactions selected by Wapstra (see reference 4) have been coded to 
facilitate checks on the least squares computation; the code is as follows: 
14,1 reactions directly giving initial equations; 16.1’ reactions which in 
combinations with reactions coded a, 6 give initial equations; 17.A reac- 
tions published after the least square adjustment which should be included 
in a future computation. The values measured by the groups in Massachu- 
setts, Pasadena, Houston, Wisconsin, Birmingham, and Stockholm are 
indicated by self-explaining capitals. Values obtained by averaging the given 
experimental results are italicized. 


10 000 of the doublet mass difference (resistance net- 
work calibration and variation, leakage currents) and 
(c) if any unresolved peaks are present, 5% of the 
correction needed to remove their effects. 

It is suspected that some of the C*H,—N“H;— OH 
triplet runs were taken at less than optimum adjust- 
ment of the energy focus. For the 6 measured runs, 
both the C*"H,—OH values and N“H;—OH values 
display a separation into two equal groups averaging 
15 and 13 wMU, respectively, on either side of their 
calculated means, while the C'“H,— NH; values tend 
to a normal distribution. Of the remaining 77 runs, 
only one has been rejected as inconsistent. 
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TaBLeE IV. Reaction cycles pertinent to the present investigation taken from Wapstra.* 








Reaction cycle 


Closure error 
2 kev uMU 








Reaction cycles giving sum 0 


O' (d,a)— N**(d,p)’+0'*(d, 1 (italiasiad x) 
O"(d,a)—O"(d, A mes a 
F°(d,a)— F"*(p,a)—O(d 


Nenad + PMG) 08 ony p)- alah i 


8 9d FY 
(p,a)— Neen) t Nee») 


4+15 
19+18 
19+ 14 
74:21 
31418 
4+12 


4+ 16 
20+19 
20+15 

8+22 
3319 

4+13 


Reaction cycles giving sum d¢ 


C®(n,y)—C®(d,p) 
Average (8 oa} 
N"“(y,n)—N*(d, 
Adjusted value 4% cycles) 


2230+ 10 
2227+ 4 
2214+11 
2226+ 2 


3411 
— 132412 


Reaction cycles giving sum H*(d,p)H? 


C®(d,p)+C8(d,t) 
Average (5 cycles) 


4030+ 4 
40314 3 


Reaction cycles giving sum a4 —2d 


F9(d,p)+F™(8-)+Ne(d,p)+Ne* (d,a)+-d°— (n—H) 


Adjusted value (10 cycles) 


23 829+16 
23 844+ 4 








* See tables 3.2 to 3.5 of reference 4. 


> Minor change in notation, e.g., 8.2 refers to cycle 8 table 3.2 of reference 4, 


« d is the binding energy of D. 
4 @ is the binding energy of Het. 


The measured values of 6 doublets whose components 
have differed by one hydrogen mass have averaged 
1.0082 amu; this is regarded as constituting a satis- 
factory check on instrument performance. No obvious 
uncertainties in the data other than those mentioned, 
suggest themselves. Although every effort has been 
made to uncover other systematic errors, the possi- 
bility of their existence can neither be denied nor 
affirmed. 


CRITICAL COMPARISON OF RESULTS 


Atomic mass values derived from the measured 
doublets are listed in Table II where they are compared 
with values obtained by Li, Wapstra, Ewald, and 
Ogata. Wapstra has taken into account reactions 
published after Li’s computation. He has also had 
more precisely determined data to draw from, and he 
has made allowances for recently recalibrated standard- 
ization energies that apply to many reactions. For 
these reasons, in the comparison with nuclear data 
which follows, reference will be made exclusively to 
Wapstra’s treatment of the data and his results. 

The reaction energies and cycles considered by 
Wapstra which bear on the present work are collected 


TABLE V. Analysis of cycle 9.2*; closure error 20+19 wMU. 








4M in pMU 
Wapstra> Present> Qe 


O—N—2 328 333 329 


O%—O"-1 321 341 341 
O%—NB—3 -7 -9 8 


Mass difference Reactione 


17.B4 
17.A4 
18.1’ 











* See Table IV. 
» See Table II. 
¢ See Table III. 
4“Late” reactions not included in Wapstra’s computation. 


in Tables III and IV. Of particular interest are four 
recently measured reactions: O!’(d,p)O!8, O!"(d,a)N", 
F'®(a,p) Ne”, and Ne*(d,p) Ne”, designated by Wapstra 

“reactions published after our least squares adjust- 
ment which should be included in a future computa- 
tion.” These reactions, hereafter referred to as “late” 
reactions, provide independent test points on the 
computation and are most useful. 

The comparison of mass spectroscopic measurements 
with Q-values has been made by constructing, from the 
reaction, X(ab)Y=Q, the mass difference X—Y 
=(+6—a. To minimize uncertainties introduced by 
the choice of one or another of the values reported for 
the light nuclides a, 6, it has generally been possible, 
by adding or subtracting multiples of one or more of 
n, H, D, and He, to obtain 6—a in terms of light nu- 
clide masses and/or their differences, whose values, as 
reported from the several investigators, stand in 
essentially good agreement. Wapstra’s values were then 
arbitrarily chosen as those used for these light nuclides 
and their differences, specifically, m, H, D, n+H—D, 
H:—D, D2—He. The conversion factor obtained by 
DuMond and Cohen,® 1 amu=931,162+24 kev, has 
been used both in present calculations and by Wapstra. 
Errors associated with the X—Y differences are 
omitted, since they are of no service to the intent of 
the analysis. 

Cycle 9.2 is analyzed in Table V. Both Wapstra’s 
and present values compare favorably with the “late”’ 
reaction O!"(d,a)N" to be found also in cycle 8.2 whose 
closure error is 4+16.!* If O'"(d,a)N" is accepted, the 


W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 
25, ‘1 (1953). 
is Units in h.MU (micromass units) ; hereafter all values are in 
uMU except where other units are given. 
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cycle 9.2 closure error of 20 must be accounted for in 
O'(d,p)O"8 and/or O'8(d,a)N"*. It is significant that 
Wapstra’s computed values disagree with O'7(d,p)O'* 
(another “late” reaction) by 20 and in the direction 
needed to obtain perfect cycle closure. All other evi- 
dence bearing on this reaction tends to support it. 
Thus: (a) O'"(d,p)O"* is a member of cycle 11.2'7 whose 
closure error is 7+22. (b) The most direct path from 
O'8 to O' is via O'(d,p)O'® and O'%(d,p)O'. These 
reactions yield 4876 for the O'* mass excess, a value 
which is 21 higher than obtained by Wapstra but only 
4 lower than the average mass spectroscopic deter- 
minations of Ewald, Ogata, and present values (see 
Table II). (c) Wapstra’s and present values compare 
as follows with the (O!7—O"*) /(O'8—O'*) ratio 0.5010420 
+80'* determined by microwave techniques: Wapstra 
0.5010507+ 20; present 0.5010477+ 25. 

The implication is, therefore, that O'8(p,a)N", which 
rests on a single determination, needs to be adjusted 
by +20, with the following consequences: (a) The 
adjustment from —9 to +11 in O'X—N—3 is essen- 
tially in the correct magnitude and direction needed 
for better agreement with present value +8. (b) The 


TaBLeE VI. Analysis of data giving O'!8—C”—6, 








Source of data O08 —C2® —6 in h~MU 





1052 
1047 
1069 
1067 


Wapstra* 

Reactions 15.a, 18.1’ (unadjusted) 
Present*® 

Reactions 15.a, 18.1’> (adjusted)* 








® Determined from values in Table II. 

b Determined from values in Table III. 

© Reaction 18.1’ is adjusted in the amount 20 wMU needed to obtain 
perfect closure in cycle 9.2 (see Table V). 


most direct path from O'* to C” is by the reactions 
O'8(p,a)N and N'°(p,a)C”. An analysis of this path 
is given in Table VI. The effect on the C” mass excess 
is to be found by subtracting the O'*—C"—6 value 
obtained from the adjusted O'*(p,a)N", i.e., 1067, 
from the mass spectroscopically determined O'* mass 
excess (the unweighted average of Ewald’s, Ogata’s, 
and present values), i.e., 4880; the resulting C” mass 
excess is 3813, a value that stands in much better 
agreement not only with the present value of 3814 but 
also with the results of the most recent mass spectro- 
scopic determinations and redeterminations.'*~*! 

Oddly enough, evidence that the C” mass excess is 
higher than Wapstra’s computed value 3803 is to be 


17 See Table VII and discussion of cycle 11.2. 

18 Geschwind, Gunther-Mohr, and Townes, Revs. Modern 
Phys. 26, 444 (1954). 

19 Most recent mass spectroscopic values for C mass excess are: 
3807+10, Ewald® (1955); 3816.70.8, Quisenberry, Scolman, 
and Nier™ (1955); 3821.2+3.8, L. G. Smith” (1954) ; 3823.1+3.3, 
Mattauch and Bieri (1954). 

% H. Ewald, Third Annual Meeting, Committee E-14, Ameri- 
can Society for Testing Materials, 1955 (unpublished). 

21, G. Smith, Third Annual Meeting, Committee E-14, 
American Society for Testing Materials, 1955 (unpublished). 


ci: TO Ne*? 1069 


TABLE VII. Analysis of cycle 11.2*; closure error 822 wMU. 








AM in uMU 


Wapstra> Present> Reactions® 


2+0!*— Ne™ 6086 6104 18.a, 20.4 
O'#— Ol7— } 321 341 17.44 
2+0l— FY 86 97 19.5 
1+F"—Ne* 5679 5666 19.1, 20.b 


Mass difference 








® See Table IV. 

> See Table II. 

¢ See Table III. 

4 “Late” reaction not included in Wapstra’s computation. 

* This value obtained from the unweighted average of the two values 
listed at 20.6 Table III. 


found among reactions connecting C” and O'* that 
were included in Wapstra’s computation. For the 3 
most direct paths, the following values are obtained: 
(1) 3804 via N'5(p,a)C”, N“(d,p)N", O1%(d,a)N™, (2) 
3817 via N'*(p,a)C”, N“(n,y)N', O'8(d,a)N“, and 
(3) 3808 via N'(p,a)C", O'(d,a)N™, O'8(d,p)O". 
These results are strongly interdependent in that 
N'5(p,a)C” is common to the three paths and the other 
reactions are to be found in cycles 8.2, 12.3, and 5.4. 
In fact, it appears that in consideration of these de- 
pendencies, Wapstra has adjusted the values of 
N'(d,p)N® by —8 kev and N"“(n,7)N" by —4 kev to 
form the new values N“(d,p)N'” and N"(n,y)N'™, 
respectively, that appear in his cycles 8.2 and 5.4. 
These adjustments have a doubly gratifying effect: 
first, improving the closure sums by 0 in cycle 8.2, by 
13 in cycle 12.3, and by 4 in cycle 5.5, and second, 
yielding C” mass excess values of (1) 3813, (2) 3813, 
and (3) 3808 along the three respective paths. 

For the comparison of F', Ne*®, Ne, and Ne” 
reference must be made to cycles 11.2, 12.2, 10.2, and 
6.5, analyzed in Tables VII, VIII, IX, and X respec- 
tively. In Tables VII and X, F” is eliminated by 
combining F(d,p)F* and F™*(8-)Ne™; in Table VII, 
F'8 is eliminated by combining Ne”(d,a)F'® and 
F'8(8-)O"8. Present values in this group are in con- 
siderable variance with certain nuclear reactions; the 
largest discrepancies are to be found in the comparison 
with the following reactions and in the amounts as 
indicated : Ne” (d,a) F'8+ F'8(8-)O'8, 31; F(d,a)O", 28; 
Ne” (d,a)F, 40; Ne®(d,p)Ne#, 20. For these compari- 
sons, Ne”(d,p)Ne* and F'8(8-)O'* rest on two deter- 
minations, the other reactions on one. 

From the analysis of cycle 11.2 in Table VII, it 


TABLE VIII. Analysis of cycle 12.2*; closure error 33419 uMU. 








AM in pMU 
Wapstra> Present» Qe 
2145 2143 2147 


6094 6059 6069 
3949 3916 3956 


Reaction 
21.44 


19.A4 
21.1 


Mass difference 
1+Ne"—Ne# 
3+F!—Ne® 
24+F!— Net 











* See Table IV. 
> See Table II. 
¢ See Table III. 
4 “Late” reactions not included in Wapstra’s computation. 





1070 M. E. 


TaBLE IX. Analysis of cycle 10.2*; closure error 20415 uMU. 








4M in ~.MU 
Wapstra> Present» Qe 
4445 4Ho 


97 69 
4542 


Reactione 


19.4 
19.5 
16.a 


Mass difference 
FX—OM—3 
2—O”—F 
Olv—ON—] 





4448 
86 
4534 








® See Table IV. 
b See Table II. 
© See Table III. 


would appear that the small closure error might not be 
representative of the quality of its member reactions; 
at any rate, the cycle closure is of no help towards re- 
solving the large variances, +31 at 2+0'*-- Ne” and 
+28 at 2+0'"--F® between nuclear and present 
values, since it is their difference which contributes to 
the cycle sum. However, cycle 10.2 (see Table IX) 
supports the present values at 24+O!’— F" as is evident 
in the improvement from +20 to —8 in the cycle 
closure obtained if F(d,a)O" is replaced by its equiva- 
lent in present values. Furthermore, in Table VII it is 
to be observed that Wapstra’s least-squares adjust- 
ment has had the effect of reducing both variances by 
rather substantial amounts. Finally, for 2+0'*— Ne”, 
values obtained by Ewald and Ogata, 6104 and 6111, 
respectively, are to be compared with 6073, the nuclear 
value, and 6104, the present value. (A similar com- 
parison for 2+O'—F* is not given. Ewald’s values at 
O" and F" are substantially lower than Wapstra’s and 
present values; Ogata did not measure O".) 

The two remaining “late” reactions are found in 
cycle 12.2 (see Table VIII). One, Ne*(d,p)Ne”, agrees 
essentially both with Wapstra’s and present values. 
The other, F"*(a,p)Ne”, supports present values much 
better than Wapstra’s. Wapstra has rejected this 
reaction as inconsistent, but his grounds for doing so 
appear arbitrary. Considering that for 3+F"—Ne” 
Ogata gets 6062, in good agreement with the present 
6059, it seems reasonable to reject, instead, Ne*!(d,a) FF. 
By adjusting this reaction to agree with present values, 
the cycle closure error is improved from +33 to —7. 

Referring to Table X, the cycle 6.5 closure error 
—16 becomes —20 if one takes 5666 rather than 5670 
for 1+F"— Ne”. It is then tempting to argue that by 
substituting present values for both Ne”(d,p)Ne” and 
Ne”!(d,a)F™ the closure error is reduced to zero. The 
evidence presented in connection with Ne” (d,a)F” 
supports such a view. But contrary evidence is to be 
found with respect to Ne™(d,p)Ne”. First, the two 
determinations given in Table III are in good agree- 
ment. Second, the reaction is a member of cycle 13.2 
whose closure error is small. If an adjustment is to be 
made to present values of Ne” or Ne”, it would destroy 
the existing agreement with Ne*(d,p)Ne” on the one 
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hand or with F!°(d,p)F%+ F”(6-)Ne™ as well as with 
Ogata and Ewald for O'*8— Ne” on the other hand. If 
an adjustment is to be made to Ne”(d,p)Ne”, it must 
be in the direction of a lower Q-value. Three other 
determinations! do indeed give lower Q-values, but the 
precision of the measurements (+50 kev for the most 
precise) is scarcely comparable with those of the two 
determinations (Table III) selected by Wapstra. It 
appears that the satisfactory resolution of this uncer- 
tainty will have to await new data. 

In view of the uncertainty associated with the 
C*H,—N“H;—OH triplet runs, the analysis will not 
be extended to C and N" except to mention that on 
comparing with the very consistent results of the re- 
actions C®(d,p)C®, C®(n,y)C*, and C¥(d,t)C” (see 
Table III) and the precise NH.—O determinations by 
Smith and Damm,” it appears likely that present C® 
and N™ values are high by 15 or 20. 


TaBLE X. Analysis of cycle 6.5*; closure error —162:17 wMU. 








AM in uMU 
Wapstra> Present> Qe 


5679 5666 5670 


56664 
1730 1750 1730 
3949 3916 


Reaction 


19.1, 20.5 


20.1 
21.1 


Mass difference 


1+F!—Ne® 


Ne" —Ne®—1 
2+F!— Net 





3956 








* See Table IV. 
b See Table II. 
© See Table III. 
4 See Table VII. 


From the foregoing analysis of the remaining masses 
investigated, indications are that (1) the major dis- 
crepancies with nuclear data and (2) the inconsistencies 
in nuclear data (evident in cycle closures) are simul- 
taneously and for the greater part removed by adjust- 
ing the following reactions: O'*(p~,a)N", F'(d,a)O", 
Ne*!(d,a)F, and Ne (d,a)F8. 
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The large double-focusing mass spectrometer recently developed has been used to measure a series of 
25 mass doublets. This instrument features a new peak-matching method of measurement which involves 
the presentation of a portion of the mass spectrum upon an oscilloscope. A group of consistency tests has 
been performed to prove the correctness of the mass dispersion formula used in calculating mass differences. 

The measured doublets are sufficient to calculate the mass of C” by five different cycles and to also 
calculate the masses of H!, D?, and S**. The resulting mass values are H'= 1.0081442+2, D?=2.0147406+6, 
C= 12.0038167+8, and S*?=31.9822401+9 amu, where the errors shown include the statistical standard 
error and the resistance calibration uncertainty. A discrepancy exists between the mass values determined 
here and some of those derived from nuclear reaction energy data. 





INTRODUCTION 


HE physical table of atomic masses has as its 
standard O'* which is assigned a mass of exactly 
16 atomic mass units (amu). Since most isotopes cannot 
be compared directly with O'*, secondary mass stand- 
ards are required. The most useful of these are H', D?, 
and C” because of the extensive number of hydro- 
carbons which provide reference peaks at almost all 
mass numbers. In addition S* is a useful standard. 

The masses of these secondary standards, particularly 
that of C”, have been measured mass spectroscopically 
by numerous investigators.' Because of its proximity to 
O'*, a precise value for the mass of C® can also be ob- 
tained from nuclear reaction energies. Unfortunately 
there exists a considerable lack of agreement between 
the various measurements, particularly as regards C” 
and S*. This discrepancy exists not only between the 
various mass spectroscopic values and the Q-value 
results, but also among the mass spectroscopic measure- 
ments themselves. 

We have devoted considerable effort to the measure- 
ment of these secondary standards, particularly C”, 
not only in an attempt to resolve these discrepancies, 
but also to establish reliable values for these standards 
for use in future work at this laboratory. 


APPARATUS 


The large double-focusing mass spectrometer recently 
constructed at this laboratory? has been used in this 
investigation. The combination of spectrometer ele- 
ments employed, shown in Fig. 1, provides first- and 
second-order angle focusing as well as first-order energy 
focusing. That is, ions of a given mass are focused 


t Research supported by a National Science Foundation Grant. 

* Preliminary construction was financed by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

1 For a summary of earlier work, see Duckworth, Hogg, and 
Pennington, Revs. Modern Phys. 26, 463 (1954). 

2 Scolman, Quisenberry, Collins, Giese, and Nier (to be pub- 
lished, 1956). 


independent of kinetic energy deviation (to first order) 
and of entrance angle (to first and second order) in the 
plane of dispersion. 

Ions formed by electron impact are accelerated by 
falling through a potential difference of approximately 
40 kv and are focused on the object slit S;. These ions 
pass through the image slit S, and the ion current 
(10-"-10~* amp) is detected by an electron multiplier. 
All slits are externally adjustable to facilitate focusing. 


+ 


90° ELECTROSTATIC 
ANALYZER 


- 60° MAGNETIC 
ANALYZER 


ELECTRON 
MULTIPLIER 


Fic. 1. Schematic diagram of the large double-focusing mass 
spectrometer. R,=20 inches. Rn=16 inches. The beam defining 
slits are adjustable from outside the vacuum. Slits systems S2 and 
S; are adjustable in position in the dispersion plane and in width. 
Slits S; and S, are adjustable in position in all directions and in 
rotation. S, may also be adjusted in width. Typical dimensions 
for these slits are S;=S,=0.0005 in., S2=0.007 in., and S;=0.015 
in. The potential Vz= +1500 v and V,=38 000 v. Pyrex pipe is 
used for the source vacuum housing to provide the necessary high 
voltage insulation. A probe beyond S; detects a portion of the ion 
beam to facilitate operation and adjustment of the V4/Vq ratio. 
Ion detection is by means of a 10-stage silver-magnesium alloy 
electron multiplier. 


1071 





QUISENBERRY, 


Re, 








Fic. 2. Schematic diagram of the electrostatic analyzer potential 
control circuit. All resistances, except Ro, are wound using 
Manganin wire. They are enclosed in a box whose atmosphere is 
temperature controlled. Resistance R=3 371 630465 ohms and 
R’ matches R to within 0.01%. AR is variable from zero to 
100 000 ohms, with the ratio AR/R known to at least 1/50 000 
for any value. Leakage current to ground is less than 10~ amp. 
Re, is a sealed, fast acting relay with mercury contacts. Variable 
resistance R: is used to compensate for the slow voltage drift of 
the 3000-v battery stack. 


An important feature of this instrument is the display 
of a portion of the mass spectrum on an oscilloscope. 
This is accomplished by using the oscilloscope’s hori- 
zontal sweep sawtooth to modulate the magnetic field. 
This sweeps the ion beam across the image slit S,. The 
ion current signal drives the vertical amplifier of the 
oscilloscope so that a small portion (usually about 2 
peak widths) of the mass spectrum is displayed. This 
instantaneous display of the mass peaks greatly facili- 
tates focusing the mass spectrometer. 


METHOD OF MEASUREMENT 


The application of a mass spectrometer to the meas- 
urement of atomic mass depends upon the fact: If, for 
any configuration of electromagnetic fields, all electric 
potentials are changed by a factor A ; then the mass of 
ions which, starting from rest, can follow a particular 


TABLE I. Doublet consistency checks. 


4M (mMU)s 


36.3931+9 
36.3934+8 
36.3935+8 





Mass no. Doublet 


16 CH,—O 
28 C:H,—CO 
44 4(C;Hs— CO.) 


Av 36.393345 





23.8164+5 
23.8159+6 


NH:—O 
NH;—OH 


23.8162+5 
12.5803+4 
12.5804+5 
12.579343 
12.5800+3 


1.547645 
1.54784 


CH:—N 
CH,—NH: 
3 (C2H,— Nz) 


H,O—DO 
NH;—NDH 


1.547744 








* Errors quoted are statistical standard error plus the resistance calibra- 
tion uncertainty. Limit-of-error is about three times the quoted value. 
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trajectory changes by a factor 1/A. The mass difference 
between the two members of a doublet is measured by 
determining precisely the voltage change required to 
alter the spectrometer focus from one member to the 
other. The distinguishing feature of the peak-matching 
method, which this instrument utilizes, is the determi- 
nation of this voltage change using a visual presentation 
of these two peaks. 

The voltages applied to the electrostatic analyzer are 
provided by the circuit shown in Fig. 2. AR is adjusted 
so that one member of the doublet is collected with the 
relay Re, in position A and the other member collected 
in position B. This relay is then switched after each 
sweep of the oscilloscope so that one sees a simultaneous 
display of the two members of the mass doublet. The 
potential change, derived from AR, is then adjusted 
until the two peaks exactly coincide. The mass differ- 
ence AM is then determined from the dispersion formula 


AM/M=AR/R, (1) 


where M is the mass of the lighter member of the 
doublet. A second synchronized relay switches the ion 
accelerating voltage V, the appropriate amount (i.e., 
AV./Va=AR/R). 

This system requires that there be no significant 
drift in the interval between the collection of the two 
kinds of ions. Since the display frequency is rather high 
(usually about 30 cycles/sec), the power supplies must 
be hum- and noise-free, but long-term stability is not 
required. Very slow drifts can be tolerated, and hence 
batteries are ideally suited for use as power sources. 

The usable resolving power is limited by the high 
display frequency which makes it necessary that the 
ion currents be rather large if the mass peaks are not 
to be excessively noisy. For this reason, resolving powers 
of from 30000 to 60000 are customarily employed 
although values as high as 75000 have been used. 
Resolving powers in this range are sufficiently high to 
resolve almost all contaminants whose masses are 
ciose to that of the desired ion peak. This removes the 
necessity of making corrections for C" satellites on the 
hydrocarbon reference peaks at virtually all mass 
numbers. 

TREATMENT OF DATA 


A number of runs (always 10 or more) were recorded 
for each mass doublet, with the data being collected 
over a period of at least three days. Each run consists 
of 20 superpositions of the two peaks taken in four 
different ways to minimize possible systematic errors in 
the method of measurement. The unweighted average 
of the 20 superpositions is taken as the result for the run. 
No statistical analysis is made for the data within the 
run and the averages of the runs are used with equal 
weight as the basic input data for all further calcu- 
lations. 

Each quoted error is the square root of the sum of the 
squares of the statistical standard error of the mean 
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associated with the group of run averages and the error 
reflecting the resistance calibration uncertainty. The 
limit of error is about three times the values shown. 


CONSISTENCY CHECKS 


To check the resistance calibration and the per- 
formance of the spectrometer, several consistency tests 
were performed. 

An obvious test is to measure a mass doublet regu- 
larly, with the measurements spaced over a wide time 
interval. This has been done for several doublets, 
notably O2—S and C:H,—CO,’ with several months 
elapsing between the initial and final runs. No appreci- 
able change of result was observed. 

A second test is to measure the same mass difference 
using doublets of different mass number. A comparison 
of the results so obtained is a test of the linearity of 
the mass scale and also of the correctness of the calibra- 


TABLE II. Triplet cycle consistency checks. 





4M (mMU) 


36.3931 9 
—12.5803+ 4 
—23.8164+ 5 


Doublet 
CH,—O 
— (CH,— NH) 
— (NH:—O) 





— 0.0036+11 

30.6872+ 7 
— 8.31024 4 
—22.3770+ 6 


0.0000+ 10 


Sum 


D,O—Ne” 
— (D,0—H,0") 
— (H,0*— Ne”) 


Sum 
36.3934+ 8 


—25.1585+ 6 
—11.23534 7 


C:H,—CO 
— (CsHi— No) 
— (N2—CO) 





tion of part of the resistance network. This has been 
done for four mass differences and, as is shown in 
Table I, the agreement between the results is satis- 
factory. 

Another consistency test is to measure the three 
possible doublets of a mass triplet. One then arithmeti- 
cally checks the triplet cycle for closure. This was done 
at masses 16, 20, and 28 and the results, shown in 
Table II, confirm the satisfactory operation of the 
instrument. Errors are calculated as before. The closure 
error at mass 16 is slightly outside this limit, but the 
cycle is considered satisfactory. 

A sensitive test of the exactness of the mass dispersion 
formula used in calculating mass differences is the direct 
measurement of a hydrogen mass unit. This is done 
using a doublet whose heavier member contains one 
more hydrogen than the lighter member, and whose 
members are otherwise identical. At present this has 
been done at only one mass, using the doublet C4HsO2 


8 Throughout this paper H, C, N, O, and S refer to the abundant 
isotopes of these elements, namely H', C”, N¥*, O18, and S®. 
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TABLE III. Doublet results used in the mass calculations. 


No. Doublet 


a Cc # —~SO 


4M (mMU) 


~ 33.0269-413 
17.7509 9 


25.2633-426 
376 ag 17758 + 6 
25.3026 9 


19.0367+ 8 
11.4033+21 
8.3102+ 4 
32.4729+ 20 
26.7937+ 6 
36.3933 § 
1.5477+ 4 
C;Hy—/ 68.9344+ 13 
D:O—}3A® 41.9390+ 13 


coo 


PMs. Sosa as 


= 


—C,H;O». The mass difference obtained, 1.00816+2 
amu, agrees with the measured H! mass, 1.0081442+2, 
to 1 part in 50000. This agreement suggests strongly 
that our inclusion of an uncertainty of this magnitude 
in the resistance ratio AR/R in the quoted errors is 
sufficient to allow for possible errors in both the mass 
dispersion formula and the resistance calibration. 


SECONDARY STANDARD MASSES 


The experimental results for the doublets necessary 
in the calculations that follow are listed in Table III 
together with their associated errors. In any case where 
more than one doublet giving the same mass difference 
has been measured, the value in Table III is the un- 
weighted average of all such measurements. 


Carbon 


Because of the interest in this mass value, consider- 
able effort has been devoted to its determination. As is 
shown in Table IV, five different doublet cycles have 
been used to obtain the C” mass. The letters in the 
equations refer to the doublets listed in Table III. 


Cycle I 


This set of doublets was first used by Nier,‘ and later 
by Collins et al.° and Ogata and Matsuda® to obtain 


Equation 


C¥=124+4(a—5) 

C¥= 12+4(c—d) 
C#=12+44(2d—e—f—2k) 
C¥ = 12+7(g+j—2h) 
C= 12+4(/-+j—2m—4k) 


Result (amu) 





12.0038168+4 
12.0038164+6 
12.0038161+7 
12.0038197+6 
12.0038147+8 


C= 12.0038167+8 
12.0038168+3 


Unweighted average 
Weighted average 


‘A. O. Nier, Phys. Rev. 81, 624 (1951). 
5 Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 
6 K. Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 
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TABLE V. The mass of C” determined from 
previous investigations. 
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TABLE VI. Final masses of the secondary standards and these 
same values derived from nuclear reaction energy data. 








Result (amu) Reference 


12.003807 +11 
12.003842 + 4 


12.003849 + 6 
12.003827 +15 
12.0038231+33 


12.003817 + 7 
12.003811 + 5 


12.0038212+38 


Investigator 


Ewald (1951) 
Collins et al. (1951) 
Ogata and Matsuda (1953) 
—SO cycle (I) 
A® cycle (V) 
Mattauch and Bieri (1954) 
Kettner (1955) 
O"* cycle (III) 
T cycle 
Smith (1955) 
Synchrometer 





Nuclear calculation 
Li e¢ al. (1951) 
Wapstra (1955) 


12.003804 +17 
12.003803 + 5 








« H. Ewald, Z. Naturforsch. 6a, 293 (1951). 
>See reference 5. 
© See reference 6. 
4J, Mattauch and R. Bieri, Z. Naturforsch. 9a, 303 (1954). 
© See reference 8 
{L. G. Smith, “Third Annual Meeting, Committee E-14, American 
Society for Testing Materials, 1955 (unpublished). 
&C. W. Li et al., Phys. Rev. 83, 512 (1951). 
N See reference 10. 


the C® mass. As is seen from the summary of Table V, 
this cycle led to a C” mass higher than that obtained 
by any other method and gave rise to a large dis- 
crepancy with the nuclear value. Recent investigation 
of the C,—SO doublet by Giese’ at this laboratory, 
using a spectrometer with resolving power of about 
15 000, disclosed a close-lying contaminant near the C, 
ion peak. Subsequent investigation and mass measure- 
ment led to the conclusion that the satellite is caused 
by the presence of methyl mercaptan, CH;SH, in the 
butadiene source of C, ions. This previously unresolved 
impurity is present with intensity just sufficient to 
explain the earlier high result from this laboratory, and 
correction for it brings these results into agreement with 
those from other cycles. Nevertheless, a discrepancy 
between mass spectroscopic and nuclear results remains. 
This is discussed in a following section. The present 
measurements of this doublet were made with a re- 
solving power of about 40000, thus eliminating any 
problem due to the impurity. 

The other doublet used in this cycle, O.—S, is be- 
lieved correct for several reasons. The measured doublet 
difference has remained constant over a data recording 
period of eight months, and the O.—S value obtained 
using the Zn™ doublet measurements (Table III) is 
seen to be in excellent agreement with the directly 


measured result. 
Cycle IT 


Recently introduced by Kettner,* this cycle uses 
doubly charged C4H,O ions obtained from the organic 
compound Furan. Since this cycle also depends upon 
the O.—S result, any change in that doublet will affect 
both cycle results in the same direction. However its 


7C. F. Giese (private communication, 1954). 
8 M. E. Kettner, preceding paper [Phys. Rev. 102, 1065 (1956) ]. 


Atomic mass (amu) 


Reference Nuclear calculation 


1.0081452+15 
2.0147403+28 
12.003803 + 5 
31.982196 +26 


Spectrometric 


H' = 1,0081442+2 a 
D? 2.0147406+6 b 
C® 12.0038167+8 c 
S® 31.9822401+9 d 











® Based on doublet (j), CHs—O. 

> Based on doublet (&), He —D. 

¢ Unweighted average of five cycles. 

4 Based on doublet (b), O2 —S. 

© Based on the calculation of Wapstra, reference 10. 


effect here is twice as great as in the case of Cycle I. 
In comparing these two cycles, one can combine 
doublets a and ¢ to obtain for the O.—S difference 
17.7583422 mMU, a result in good agreement with 
the directly measured doublet. 


Cycle III 


This is another cycle originated by Kettner,’ and the 
value obtained here agrees well with his result. Some 
trouble was experienced with the H,O—O"* doublet 
because of low O"* ion intensity. This led to the alternate 
method of obtaining this mass difference, using doublets 
f and , as is shown in Table IV. This addition intro- 
duces the H,—D doublet k and removes the inde- 
pendence of Cycle III from other cycles, but the error 
reduction of the mass difference makes the C” result 
more dependable. 


Cycle IV 


This doublet cycle gives that C” mass which deviates 
most from the average, being 3 uMU high. The devia- 
tion is probably caused by the C;— A** doublet g since 
considerable difficulty was experienced obtaining suffi- 
cient Cs; ion intensity. Also the doublets entering here 
are relatively wide, and any error proportional to 
doublet width will exert a greater absolute influence. 
Although the consistency of the present results is im- 
proved over that of previous investigations, small 
deviations remain, as this cycle result demonstrates. 


Cycle V 


First introduced by Roberts,’ this cycle was used by 
him (and later by Ogata and Matsuda") in an early 
spectrometric measurement of the C” mass. It is 
similar to Cycle IV, except for requiring one more 
doublet. In searching for sources of this deviation, one 
notes that the CH,—O doublet enters both Cycles IV 
and V in the same manner. Since the Cycle IV result 
is high, and that from Cycle V is low, any change in 
CH,—O would improve one result at the expense of 
the other. Because of this, and because of the excellent 
agreement in the CH,—O consistency check, it is felt 


*T. R. Roberts, Phys. Rev. 81, 624 (1951). 
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that the source of deviation in these cycles lies else- 
where. 


Final C!? Mass 


Having solved this set of mass doublets for the C” 
mass through the expedient of doublet cycles, there 
remains the problem of obtaining the final C” mass. 
The result of each cycle is shown in Table IV together 
with the error derived from the doublet errors. Also 
shown are the weighted and unweighted averages of 
these results. Because the results from Cycles IV and V 
are farther from the average than their errors allow for 
a consistent set, the unweighted average is chosen as 
the adopted result. When more doublets are measured 
and combined with those reported here, it may be 
desirable to perform a detailed statistical fitting of 
the data. 


Other Secondary Standards 


For the other secondary standard masses, a cyclic 
process has not been used. Instead, the C” value de- 
termined above was combined with doublet results in 
which we have particular confidence to obtain the 
masses. In Table VI, the doublets used are listed to- 
gether with the resulting mass values. 
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COMPARISON WITH NUCLEAR VALUES 


The mass values for these secondary standards calcu- 
lated from nuclear reaction energy data by Wapstra” 
are also shown in Table VI. The agreement between the 
two sets of results is excellent for H' and D?*, but a 
definite discrepancy exists in the case of C”® and S®. 
The results presented here, together with other mass 
spectroscopic determinations (Table V), suggest some 
error in the nuclear mass of C”. A detailed analysis 
mass spectroscopically of the masses of all stable 
isotopes from carbon to sulfur might shed light upon 
this problem and suggest certain nuclear reactions for 
re-examination. 
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The masses of all stable isotopes in the range 10 <A <30 have been measured using the large double- 
focusing mass spectrometer recently constructed at this laboratory. No serious discrepancies are found be- 
tween the present results and other mass spectroscopic measurements except at Ne”. The masses calculated 
from nuclear reaction energies are, with the exception of F¥, lower than the present results. 

The agreement between the Q-value masses and the present mass spectrometric results is not improved by 
changing the mass spectrometric secondary standard C™ to agree with the Q-value result or by making the 
same percentage change in all mass doublet values. Neither is the agreement improved by a change in either 
the calibration of the nuclear spectrometers or the mass-energy conversion factor. 

Three Q-values which are inconsistent with other Q-values and also with the mass spectrometric results 
were eliminated from the nuclear reaction data and the Q-value masses recalculated. The new masses are in 
better agreement with the mass spectrometric results, but are still, with the exception of F¥, lower than 


the present mass spectrometric values. 





INTRODUCTION 


HERE are two methods which have been used 

extensively to determine atomic masses, mass 
spectroscopy and nuclear reaction energies. While the 
revision of the energies of the natural alpha particles! 
used in calibrating nuclear spectrometers has decreased 
the discrepancies between the masses determined by 
these two methods,” the results of the two systems are 
still in disagreement. The Q-value masses are in general 
lower than the mass spectroscopic results. It is of 
interest to determine whether this discrepancy is a 
result of experimental errors in the two methods or 
whether it is of a more subtle nature. 

The masses from nuclear reaction energies are deter- 
mined by finding the sum of the Q-values as the 
requisite nucleons are added to (or taken away from) 
the O'* standard to make the isotope whose mass is 
desired. Because of the additive nature of the Q-values, 
if agreement between the mass spectroscopic results 
and the Q-value masses is to be found anywhere, it 
should be in the neighborhood of O"*. 

Mass doublets sufficient to determine the masses of 
many of the stable isotopes in the range 10<A <30 
have been measured mass-spectroscopically by a 
number of investigators.*:* However, the masses of the 
isotopes of magnesium have never before been meas- 
ured. The most comprehensive recent work is that of 
Kettner‘ which covered the range 12<.A <22. 

It is of some importance that the mass spectroscopic 
results to be compared with the Q-value masses come 


*Work supported by a grant from the National Science 
Foundation. 

t Preliminary construction was financed by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at the Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 

2 A. H. Wapstra, Physica 21, 367 (1955). 

%See review article by Duckworth, Hogg, and Pennington, 
Revs. Modern Phys. 26, 463 (1954). 

‘M. E. Kettner, this issue [Phys. Rev. 102, 1065 (1956)]. 


from the same spectrometer in the same period of time 
so that they are subject to the same systematic errors 
if any are present. With such a set of mass values one 
may hope through a comparison with the Q-value 
masses to gain some insight into the systematic errors 
which may be present in either system. 

For these reasons it has seemed fruitful to undertake 
a complete investigation of the masses of the stable 
isotopes in the region 10 <A <30. These measurements 
have been made with the large, double-focusing mass 
spectrometer recently constructed at the University of 
Minnesota.*:® 


MEASUREMENTS 


A set of mass doublets which determine the masses of 
all stable isotopes in the mass range 10 <A <30 were 
measured. Table I lists these doublets and their meas- 
ured values. The errors quoted are the square roots of 
the sums of squares of the statistical standard error in 
the set of runs on the doublet, plus a factor to allow 
for the possible spectrometer calibration error. This 
method of assigning errors assumes the nonexistence of 
systematic errors in the spectrometer. An extensive 
search for systematic errors has yielded negative results. 

Each run consists of a total 20 measurements of the 
mass doublet taken in four different ways to minimize 
possible systematic errors in the method of measurement. 

All the runs on each doublet were not taken at the 
same time, but were spread out over a period of at 
least three days. In some cases, several months elapsed 
between the first and last runs on a doublet with no 
appreciable change in the measured mass difference. 
Energy focus is checked before and after each run and 
the spectrometer adjusted accordingly. All ions, with 
the exception of those of sodium, aluminum, and mag- 
nesium, were obtained from gas samples. Sodium, 


5Scolman, Quisenberry, Collins, Giese, and Nier (to be 
published). 

§ Quisenberry, Scolman, and Nier, preceding paper [Phys. Rev. 
102, 1071 (1956) ]. 
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ATOMIC MASSES OF STABLE 


TABLE I, Mass doublets.* 








Doublet 


Number of runs 4M (mMU) 





B°(F!),—SO 


C,H,O—B"(F"); 


C“H,—OH 
CH,—N™ 
CH.— NH, 
C:H.—(N™), 
N“H.—O 
N“H,—OH 
(N*),—CO 
N“H,—H,0 
CH;—N" 
OH-—O" 
D,0—H,0"* 
H,0-—0'8 
4C,H,O—00"* 
D,O—HF” 
HDO-F"® 


42.7730417 
21.7052+13 
31.9253 7 


11.4033+21 
19.0367+ 8 
16.8944+ 5 
18.4380+ 14 
75.2462 +20 
30.6872+ 7 
22.3770+ 6 
27.2482+ 7 
3.5307+ 6 
7.2592+20 
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value of 12.0038231+33, and by Smith,* who obtains 
a value 12.0038212+38. The high value, 12.003842+4, 
previously reported from this laboratory was caused 
by an error in the Cs—S®O doublet due to the presence 
of an unresolved satellite. In the present measure- 
ments on this doublet, the impurity was readily re- 
solved. Since Ogata and Matsuda’ utilized the same 
doublet, their result may be subject to this same error. 
The other mass spectroscopic values for C”, with the 
exception of Ewald’s,” are in moderately good agree- 
ment with each other. However, they are uniformly 
higher than the Q-value masses, which are in agreement 
with Ewald’s results. Because of Ewald’s relatively 
large error, his results could be said to agree with both 
the Q-value mass and mass spectroscopic results. The 
disagreement between the Q-value mass of carbon and 
that measured mass spectroscopically is rather typical 
of the discrepancies mentioned in the introduction. It 
is, however, especially disturbing because of the use of 
carbon as a secondary standard in mass spectroscopic 


14.9621+11 
21.9944+10 
33.0676+ 10 
41.9548+23 
129.625 + 4 
137.889 + 7 
75.6590+36 


C:H—Mg® 
C.H2— Mg** 
C.H;-- AP? 
C.Hi— ae 
C.His— Si® (FF); 
C,H;0.— Si®(F); 








«C, H, D, and O refer to C", H!, H?, and O”*, respectively. 


magnesium, and aluminum ions were obtained by 
placing solid samples in a Nichrome boat which was 
electrically heated to vaporize the samples. The mole- 
cules were then ionized by the electron beam. The 
solids used were sodium chloride and iodide, magnesium 
metal, and aluminum metal. 

The values for the secondary standards H', D?, C”, 
and S* were those previously measured by using this 
spectrometer.® The values are H'= 1.0081442+2 amu; 
D?= 2.0147406+6; C”=12.0038167+8; S*®”=31.9822- 
401+9. 


THE MASSES 


The atomic masses calculated from the doublets in 
Table I are listed in Table II. The masses of C”, N™, 
N!, O!8, F®, and Ne” have been measured by means of 
more than one doublet. Where multiple determinations 
of the same mass were made, the final value listed, with 
the exception of N"*, is the unweighted average. The 
error listed is the standard error calculated from the 
deviations of the individual determinations from this 
average. In the case of N"*, the result of the CH;—N"® 
doublet measurement was not used. This was because 
of the very low intensity of the N'® peak. 


COMPARISON WITH MASS SPECTROSCOPIC RESULTS 


Table III lists the mass excess (M—A) measured in 
the present experiments as well as the results of other 
mass spectroscopic measurements. C” has also recently 
been measured by Mattauch and Bieri,’ who obtain a 


measurements. ® 
An examination of the differences between the present 
results and those of other investigators (A=others’ 


TABLE II. Present mass spectrometric mass values.* 


Isotope 





Doubiet used 


Mass obtained 
(amu) 


Final mass 
(amu) 





BY 
Bu 
Cb 


FY’ 


Ne” 


Ne#! 
Ne” 
Na” 
Mg" 
Mg’ 
Mg*6 
Al?? 
SPs 
Si” 
Si® 


B”(F”).— S20 
C,H,O— B"(F¥),; 
C,—S®0 cycle 


12.0038168+ 4 


$C,H,O— H,S® cycle 12.0038164+ 6 


A® cycle 
A*® cycle 
O'8 cycle 
C3H,—OH 
CH.— N* 
(N™).—CO 
N“H,—O 
CH;—N"® 


D,0—H,0" 
D,O—HF® 
HDO-F¥ 
CsHy—C(F"); 
D:0—Ne® 
H,0"*— Ne* 
HDO!8— Ne 
4CO.—Ne® 
$COO"*— Na® 


CsHis—Si28(F), 
CeHu— Si®(F"”); 


C,H,0.—Si®(F"); 


12.0038147+ 8 
12.0038197+ 6 
12.0038161+ 7 


14.0075250+ 9 
14.0075260+ 5 
14.0075279+ 6 
15.0048839=+ 10 
15.0048793+ 4 


18.0048850+21 
18.0048850+ 13 
18.0048829+ 13 
19.0044428+ 13 
19.0044468+ 15 
19.0044391+ 9 
19.9987942+ 14 
19,9987964+ 15 


10.016127 + 4 
11.012810 + 7 


12.0038167+ 8 
13.0074929+ 9 


14.0075263+ 8 


15.0048793+ 4 
17.0045364+ 5 


18.0048843+ 8 


19.0044429+ 20 


19.9987953+15 
21.0005209+ 12 
21.9983777+ 7 
22.9970913+21 
23.9926713+ 16 
24,9937832+15 
25.9908541 + 14 
26.9901111+25 
27.985821 + 8 
28.985701 +10 
29,983288 + 7 








« C, H, D, and O refer to C", H!, H?, and O%, respectively. 
> See reference 6. 


7J. Mattauch and R. Bieri, Z. Naturforsch. 9a, 303 (1954). 
§L. G. Smith, Third Annual Meeting, Committee E-14, 

American Society for Testing Materials, 1955 (unpublished). 
*K. Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 


0 H. Ewald, Z. Naturforsch. 6a, 293 (1951). 
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TaBLe IIT. Mass excesses (M—A) in 1MU—comparison with other mass spectroscopic results. 








Kettner* 


Present results (1955) 


Ewalde 


Ogata and 
Matsuda (1953)> (1951) 





16127 + 4 
12810 +7 
3816.7+ 0. 

7492.9+ 0, 

0. 


4879.34 0. 
0. 
0. 


8 3814 
9 7511 
8 7545 
4 4875 
5 4542 
8 4883 
0 4445 
5 
2 
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~ 1622.3 


— 7238.7 
— 6216.8 
— 9145.9 
— 9899 
—14179 
— 14 299 
— 16712 
—17 759.9 


2 
1 
1 
0. 
1. 
1 
1 
1 
7 


| 
a 
PRERERR ARR EE 


3 
8 
=10 


Smith? (1955) 


Fe He He 


0.9 —17 761.64 2.4 


1.7 


16 110+10 
12 811+ 9 
3844+ 6 
7505+12 
7550+ 5 
4902+ 9 


4883420 
4444+22 
— 1228+13 


— 161824 


3807+ 11 
7538+ 14 
752515 
4928+ 20 
4507+15 
4875413 
4414+17 
1229+ 12 

393423 
1671419 


—9891+23 
—14175+16 
— 14 295421 
— 16 693431 
—17 7264 8 


— 14 208432 


—17728+19 








* See reference 4. > See reference 9. 
mass—present mass) reveals satisfactory agreement 
with those of Kettner‘ and of Ogata and Matsuda® 
except at C®, N™) N', and Ne”. Kettner agrees with the 
present results on N'®. There is no systematic agreement 
or disagreement between Ewald’s results and the 
present results nor with the values of the other in- 
vestigators. An exception is found at Ne”, where 
Ewald’s mass value agrees with those of Kettner and 
of Ogata and Matsuda but disagrees with the present 
results. 

The agreement between the present masses and those 
of Ogata and Matsuda for aluminum and the isotopes 
of silicon is not as satisfactory as it appears at first 
glance. This is because the carbon standard of Ogata 
and Matsuda is felt to be in error. Changing their mass 
for C® to the present value results in poorer agreement 
between their masses and the present results. 

Kettner states that he is dissatisfied with his results 
for C® and N™ feeling that they are too high by 15 to 
20 uMU. Reducing his values by this amount would 
bring them into good agreement with the present 
results. The results of Ogata and Matsuda for C*, 
N*™, and N" are determined from doublets involving 
C” and are thus sensitive to its mass. Reducing their 
value for C® by 27 uMU to agree with the present mass 
would reduce the masses of C”, N™, and N" each by 
27 uMU, bringing them into better agreement with the 
present results. This could be considered as additional 
evidence that their C” mass is too high. 

All investigators have determined S*® by measuring 
the O.—S* doublet. Therefore, this mass is not de- 
pendent upon the value of any other secondary stand- 
ard. The excellent agreement with the very precise 
mass synchrometric determination of Smith* supports 
the present results. Further evidence for the correctness 
of the present value is the fact that our measurements 


© See reference 10. 


4 See reference 8. 


on the SO.—Zn™, and O.—}Zn™ doublets yield the 
same value for the mass of Zn™.® 

Smith* has also measured the mass of B" and obtains 
11.0128118+46 amu in excellent agreement with the 
present result. 

Unfortunately, there is no supporting evidence for 
the present mass of Ne” which differs from the values 
reported by all other investigators. However, good 
agreement was obtained between the values calculated 
from the H,O'*—Ne” and the D,O—Ne” doublets. 
All three mass peaks had high intensity and the 
deviations between individual runs were very small, in 
no case far enough away from the average to give a 
result approaching the value of the other investigators. 
An extensive search was made for a possible con- 
taminate on any of the mass peaks, with negative re- 
sults. Also, the triplet cycle formed by the three peaks 
at mass 20 had zero closure error.® It seems improbable 
that further measurements would yield a value as low 
as those reported by the other investigators. 


COMPARISON WITH Q-VALUE RESULTS 


Table IV lists the present values as well as the results 
of the Q-value calculations of Li''" and Wapstra? and 
the statistical analysis of Drummond" using data from 
both mass spectroscopy and nuclear reactions. 

The present results are in better agreement with 
Drummond’s® values than with either set of Q-value 
masses. This might be expected since Drummond’s 
calculation included both mass doublet values and 
nuclear reaction energies and would thus be shifted 
toward the mass spectroscopic results as compared to 


1 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
2 C, W. Li, Phys. Rev. 88, 1038 (1952). 
18 J. E. Drummond, Phys. Rev. 97, 1004 (1955). 
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TABLE IV. Mass excesses (/—A) in n.MU comparison with Q-value results. 








is 


Present results (1951, 1952) A 


Wapstra> 


Drummond¢ 
(1955) (1955 





16 114+28 —13 
12 789423 —21 
3804417 —13 
7473414 —20 
7515+11 —f1 
4863412 — 16 
45334 7 —3 


+13 
—18 
—17 
—20 
— 36 
-42 
— 38 
—352 
—29 
— 54 
—3l 
~ Si 
— 56 


16127 +4 
12810 +7 
3816.7+ 
7492.9 
7526.3 


4536.4 


fone 
NSENESS: 
Ow wt 
te 
im tn Dim tho in © 00 tn & 00 0 0 


4456+15 

— 1223420 
504422 

— 1642+25 
— 2945425 
— 7371426 
— 62552427 
—9198+29 
—9928+30 
— 14 233432 
— 14 350435 
— 16 763437 
—17 816+42 


0. 
0. 
0. 
0. 
0. 
0. 
23 
1. 
i, 
0. 
2. 
1. 
Kas 
1. 


—14179 + 8 
—14299 +10 
—16712 +7 
—17759.9+ 0.9 


16 119+ 
12 795+ 
3803+ 
7478+ 
7520+ 
4862+ 
4534+ 
4855+ 
4448+ 4443 

— 1231+ — 1227 
499+ 10 495 

— 1646412 — 1649 
—2947+11 — 2946 
—7360+15 — 7356 
— 6248+ 15 — 6259 
—9202+23 — 9186 
—9919+16 — 9903 
— 14 225+19 — 14195 
— 14 340+20 — 14 313 
— 16 748419 — 16729 
—17 804+26 —17770 


16113 +4 
12799 + 
3827.5 
7493.5 
7527.0 
4883 
4529 
4874 


ie HE 


CNOMIWUUAA GH 


He He He He He He He He He He He HEH HEE 








® See references 11 and 12. 
b See reference 2. 


© See reference 13. Drummond's values are the result of a statistical analysis using both reaction energies and mass spectroscopic doublet measurements. 


the pure Q-value calculations. However, since Drum- 
mond used input data now believed to be in error, a 
comparison with his results may not be profitable. 

The two sets of the Q-value masses are the results of 
least squares adjustment of the nuclear reaction Q- 
values. A calculation of Q-value masses in this region 
was published in May, 1955, by Wapstra.’ At this time, 
a greater number of more accurate Q-value measure- 
ments were available than at the time of Li’s"” com- 
putation. For this reason the errors quoted are smaller 
than Li’s. In addition, Wapstra has made allowances 
for recent changes in the natural alpha-particle energies 
used in calibrating nuclear spectrometers.! It is mainly 
due to this recalibration that Wapstra’s masses differ 
from those of Li, especially in the region A> 20. The 
remainder of this paper will be confined to a comparison 
of the present results with those of Wapstra. 

In Fig. 1, the differences between the Q-value masses 
of Wapstra and the present values are plotted against 
mass number for all stable isotopes in the range 
10<A <30 and also for S*®. Agreement within the 
errors is found only at B”, O'’, and F”, all other Q- 
value masses being lower than the present results. 

Two methods have been used in an unsuccessful 
attempt to adjust the present mass spectrometric 
results to bring them into better agreement with the 
masses calculated from nuclear reactions. 

In the first attempt, the present value of the second- 
ary standard C” was lowered by 14 u.MU to agree with 
the Q-value mass. The consequences of this change 
were then examined. This adjustment brings the mag- 
nesium, aluminum, and silicon masses into somewhat 
better agreement with the Q-value results. It makes the 
disagreement worse at O'*, Ne”, and the boron isotopes. 
A serious objection to this change is found in the dis- 


agreement it causes between the individual determina- 
tions on O!8, F, and Ne”. Moreover, it has the effect 
of destroying the excellent agreement between the 
results from our instrument and the Q-value masses 
for H! and D? and does nothing to reconcile the large 
disagreement at S*.® 

In the second attempt, all mass doublet values were 
changed by the same percentage. The change made, 
+1.7 parts per thousand, was chosen so that the 
adjusted value for the O.—S*® doublet yielded a result 
for S® in agreement with the Q-value mass. A correction 
of this sort would be necessitated by an error in the 
calibration of the instrument. A calibration error, but 
not of this magnitude, is possible since the calibration 
of the resistance bleeder in terms of which the mass 
dispersion is measured is rather difficult. This adjust- 
ment of the doublets results in somewhat better agree- 


Fic. 1. Differences between the present mass spectrometric 
masses and Wapstra’s Q-value masses (A=Wapstra’s mass 
—present mass spectrometric mass) versus mass number. The 
errors shown on the points are those associated with Wapstra’s 
values. The shaded area represents the errors in the present mass 
spectrometric results. 
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TaBLe V. Nuclear cycles with large closure error. 








2 (uMU)* 


20215 
33419 
20+19 


Reaction cycle 


(1) F*(d,a)0"'— F*(p,0)0"—O'(d,p)O" 
(2) Ne*(d,p)Ne®— F®(a,p)Ne®— Ne" (d,a)F” 
(3) O'(d,a)N“—O!?(4,p)O"*— O'*(p,a)N¥ 











* Hereafter all masses and mass excesses will be in «MU unless otherwise 
stated. 


ment in the region 20<.A <27, but increases the dis- 
crepancies everywhere else, especially for the isotopes 
of boron and silicon. For O'*, F, and Ne” the change 
also disturbs the good agreement between the several 
values obtained using different doublets. In addition, 
it destroys the agreement between the nuclear and mass 
spectrometric results for hydrogen and deuterium. The 
most serious objection, however, is found in its effect 
on the present excellent agreement between the hydro- 
gen mass and the “hydrogen mass unit” determined 
from the CsHs0.—C,H;O2 mass difference.* The meas- 
urement of this hydrogen mass unit using so wide a 
doublet is a sensitive test of the mass spectrometer. 


EXAMINATION OF THE Q-VALUES 


As a check on the consistency of his data, Wapstra 
has used the method of closed cycles. In his tables 3.2, 
3.3, 3.4 and 3.5, he has listed reaction cycles which give 
the sum zero, D, D(d,p)He*, He‘—2D, respectively. 
The closure of all cycles in Tables 3.3, 3.4, and 3.5 is 
satisfactory, although the values for the cycles which 
give the sum He‘—2D (Wapstra’s Table 3.5) seem to 
decrease for cycles involving isotopes of higher mass 
number. However, in the reaction cycles giving the 
sum zero (Wapstra’s Table 3.2), three cases are found 
where the cycle closure error is outside the experimental 
error. These are listed in our Table V. 

It is to be noted that the cycles listed involve mass 
differences for which the Q-value and mass spectro- 
metric results differ. Also, the O' (d,p)O"*, Ne"! (d,p) Ne”, 
and F"*(a,p)Ne” reactions which appear in these cycles 
became available too late to be included in Wapstra’s 
calculation, although he indicates that future computa- 
tions should include them. Wapstra states that the 
F¥(a,p)Ne” reaction is inconsistent with the other 
Q-values. 

We shall now use the mass spectrometric results in 
an attempt to discover which of the Q-values involved 
in these cycles may be in error. To facilitate the com- 


TaBLE VI. Analysis of Cycle 1. 








Present 
results 


—93 
A443 
4536 
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Q-values 


—70 


Kettner* 


—97 
4445 
4542 


Mass difference 


Fue oO} Fam 2 
FY—O'—3 4445 
Ov—O'M— 1] 4535 
Closure error 20 








® See reference 4. 
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parison between the two systems, the (-values taken 
from Wapstra’s Table 3.1 are converted to mass excess 
differences. For example, from the O'*(d,p)O"’ reaction 
with a Q of 1918 kev one calculates the mass excess 
difference, O!—O'*—1, as equal to 4535 wMU. In 
making the conversions from Q-values to mass differ- 
ences, Wapstra’s values for the mass of the neutron, 
H!, D*, and He‘ and for the conversion factor from mass 
to energy have been used. Errors are not included in 
the following discussion since its purpose is to uncover 
incorrect Q-values and the errors associated with the 
reaction energy measurements are of no help in this 
search. 

The analysis of Cycle 1 which is shown in Table VI 
is very clear. It indicates that on the basis of the 
present mass spectrometric results, the F%—O'”—2 
mass excess difference calculated from the F'(d,a)O"” 
reaction is in error by approximately 20 uwMU units. 
This conclusion is also supported by Kettner’s‘ results. 

Table VII shows Cycle 2. On the basis of this cycle, 
Wapstra rejected the F%(a,p)Ne*” Q-value as being 
inconsistent with the other reaction energies. From the 
present mass spectrometric results one would state 
instead that the Ne#—F"—2 mass difference, and 


TaBe VII. Analysis of Cycle 2. 








Present 
results 


From 


Mass difference Q-values Kettner* 





Ne®— Ne*— 1 
Ne®— F¥—3 — 6070 
Net— F#—2 — 3956 
Closure error , 33 


—2147 — 2143 
— 6065 


— 3922 


—2143 
— 6059 
— 3914 








® See reference 4. 


hence the Ne*!(d,a)F® Q-value, are in error by about 
30 uMU. The conjecture is also supported by Kettner’s 
results. Further evidence will be mentioned later. 

Table VIII shows Cycle 3. The Q-value for the 
O'"(d,p)O"* reaction is too recent to be included in 
Wapstra’s calculation. We are in moderately good 
agreement with the mass difference calculated from this 
reaction, but the mass spectrometric measurements 
indicate that the O'*—N!*—3 difference is in error by 
15 to 20 uMU. The conclusion is not as clearly drawn 
from the present results as from Kettner’s data. 

Additional evidence supporting the conclusions 
reached in the analysis of Cycles 2 and 3 can be ob- 
tained by considering two longer cycles which should 
also have cycle sums equal to zero. The first of these is 
shown in Table IX. 

Cycle 2’ also contains the Ne*!\— F"—2 mass excess 
difference. If this value is reduced by 30 as suggested 
by the results of the analysis of Cycle 2, the closure 
error is reduced from 43 to 13 u.MU. This cycle also 
indicates a possible error in one of the Q-values yielding 
the Ne*—O'*—2 mass difference. A second long cycle, 
3’, is shown in Table X. Again the agreement is fairly 
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good for all mass differences except the O''—N%—3 
value. If this mass difference is reduced 15 uMU as 
was suggested by the analysis of Cycle 3, the closure 
error is reduced to 3. 

It is possible to construct other cycles which contain 
the reactions whose Q-values are suspect. In all cases, 
essentially the same result is obtained; the closure 
errors are reduced if the Q-values in question are 
changed by the amounts and in the directions indicated 
in the discussion above. 

We have then, by using the mass spectrometric 
results to examine the nuclear reactions involved in 
nuclear cycles with large closure errors, found three 
Q-values which seem to be in error. They are the 
O'8(p,a)N", F(d,a)O", and Ne”!(d,a)F"” reactions. In 
addition, we have found that the three reactions 
O' (d,p)O’, F¥(a,p)Ne”, and Ne” (d,p)Ne” not in- 
cluded in Wapstra’s adjustment are entirely consistent 
with the mass spectrometric results. 

It is perhaps significant that in each of the three 
suspect reactions, the particles whose energy was 
measured were alphas. 


TaBLe VIII. Analysis of Cycle 3. 








Present 
Q-values results Kettner®* 


— 330 — 343 — 333 
O8—Or"—1 340 348 341 
O’— NU 3 —10 5 8 
Closure error 20 tae weak 


From 
Mass difference 


ou— N'— 2 











® See reference 4. 


RECALCULATION OF THE MASSES FROM 
NUCLEAR REACTION ENERGIES 


We now use the results of the preceding examination 
of the nuclear reaction energies to discard some (-values 
and proceed to recalculate the masses from nuclear 
reaction energies. We wish to emphasize that we have 
not adjusted any nuclear reaction energy to agree with 
the present mass spectrometric results, but have merely 
used these results as a guide in discovering which re- 
actions are probably in error in cycles where the Q- 
values disagree with each other. We have used Wapstra’s 
Q-values except for the removal of the O'%(p,a)N", 
F9(d,a)O", and Ne”!(d,a)F reactions which we have 
found to be inconsistent. In addition, the O'"(d,p)O'*, 
F(a,p)Ne”, and the Ne” (d,p)Ne” reactions, which 
were included in Wapstra’s list but not in his least 
squares adjustment, were used. 

We will include only the range 12< A <23 since ex- 
amination of the reactions shows, that to a first approxi- 
mation, all isotopes with mass number higher than that 
of Na™ are determined by the mass of this isotope be- 
cause all reaction chains connecting the higher isotopes 
with O'* pass through this nucleus. In a similar way all 
isotopes lower than C™, with the exception of C”, are 
determined by the C™ mass. This is not strictly true 
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From Q-values 
4445 
— 3956 
1730 


Present results 


~ 3925 
1 1726 

~ 7868 
708 6073 — 6089 
~Or-1 340 348 
~~] 4535 4536 


Closure error 43 





since, in the least squares adjustment, use is made of 
cycles whose sums are not zero and these may include 
reactions both above and below Na” (or C®). In our 
calculation we will use only nuclear cycles whose sums 
are zero. 

The 17 unknowns (masses) are overdetermined by 
the 24 equations (mass excess differences). For this 
reason, it is necessary to adjust the set of equations in 
some fashion so that any reaction path taken to an 
isotope yields the same result for its mass. We first 
considered cycles, which should have sums equal to 
zero, involving only three mass differences. The in- 
dividual mass differences in the cycle were then adjusted 
so that the cycle sum became zero. Each mass difference 
was adjusted by an amount inversely proportional to 
the square of its error. When the same mass difference 
appeared in more than one cycle, the cycles were ad- 
justed simultaneously so that each gave the same 
adjusted value for this mass excess difference. This 
procedure was then repeated for cycles constructed 
from four mass differences without readjusting the mass 
excess differences previously adjusted using cycles con- 
taining only three mass differences. This was continued 
using larger and larger cycles until all mass differences 
had been included in at least one cycle. There was no 
case in which the unadjusted closure error of a cycle 
was greater than the square root of the sum of the 
squares of the individual errors. In all cases the amount 
of adjustment of the individual mass differences did 
not exceed the quoted error and in most cases was less 
than half this error. The errors on the adjusted mass 
difference values, D*, were calculated by using the 
formula employed by Li"; 


P 2 
(P;*)?= Pelt “ =| 
2vrr 


TABLE X. Analysis of Cycle 3’. 





Mass difference Present results 


Ou’—N4—2 
O!7— Ou’ I] 
O8—O'~1 
O#B’—NBb—3 
NiU— N'4— 1 
Closure error 


From Q-values 


— 7520 
4535 
340 
—10 

— 2647 





—7526 
4536 
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TABLE XI. Mass excesses (M—A) in wMU. 








Present mass 
spectrometric 
result 


Recalculated S (recalculated 
from Q-value mass— 
Q-values Wapstra’s mass) 


16 118+ 

12 800+ 
3811+ 
7483+ 
7519+ 
4868+ 
0000 
4533+ 





16127 + 4 

12810 +7 
3816.7+ 0.8 
7492.94 0.9 
7526.3 
4879.34 
0000 
4536.44 


PUAN Din Poo 


AF? 
Si28 
Si® — 14 323425 
Ssi*® — 16 731424 
pa — 16 422+29 
S® —17 787431 


—16712 +7 —19 


—17 759.94 0.9 —27 








where P;* is the error in the adjusted value of D\+ P,, 
P; refers to the error in the mass difference D; for one 
of the reactions in the cycle, and the sum in the de- 
nominator is taken over all the mass differences in the 
cycle. 

The adjusted mass excess differences were then used 
to determine the atomic masses of the stable isotopes 
from B"” to S*®. The mass excesses, along with the 
present mass spectrometric results, are listed in Table 
XI. The values for A> 23 and for B" have been calcu- 
lated by adding the differences between the recomputed 
Q-value result and Wapstra’s value for Na* and for 
C, respectively, to Wapstra’s values. 

The errors are the square roots of the sums of the 
squares of the adjusted mass differences used in ob- 
taining each mass, with the exception of the masses of 
A> 23 and B” and B", where the increase in the present 
errors over Wapstra’s results for Na* and C, respec- 
tively, have been added to the errors quoted by 
Wapstra. 

We suspect that Wapstra’s result for B” is in error 
since it is inconsistent with the Q-value mass differences 
for B'—B”—1, C“— B”—3, and also with the result 
of the Wisconsin group" for the energy of the B(a,p)C” 
reaction. All of these indicate that the mass excess of 
B® should be 16118+8 uMU instead of the value 
16 124+8 calculated from Wapstra’s results. 

The differences between the recomputed (Q-value 
masses and the mass spectrometric results are shown 
graphically in Fig. 2. As can be seen, the agreement of 
the mass spectrometric results with the recomputed 
Q-value masses is much better than with the results 
of Wapstra’s calculation (see Fig. 1). This is especially 
true for A> 20. Agreement within the errors is obtained 


4 R. A. Douglas (private communication, 1955). 


for 14 out of the 20 masses in question. However, with 
the exception of F", all the masses determined from 
nuclear reaction energies are lower than the present 
mass spectrometric results. 

The disagreement of O'* is particularly disturbing 
since it is connected to O'* by a simple reaction chain 
and has been determined mass spectrometrically using 
several independent doublets. The mass spectrometric 
value for this mass is supported by the results of micro- 
wave spectroscopy’® which measures the mass difference 
ratio (O!’—O'*)/(O'8—O"*). The value for this ratio 
from microwave spectroscopy, 0.50104202-80, is in 
better agreement with the present mass spectroscopic 
result, 0.5010446+9, than with the (Q-value result, 
0.5010507+ 20. 

Examination of Fig. 2 shows that the O!*(d,a)N™ re- 
action is important since it largely determines the 
mass of N“ and N" and through them all the masses of 
lower A. It can be seen that if the masses of N™“ and 
N? and all lower masses were raised 7 u»MU to bring 
N* into agreement with the present mass spectrometric 
results, excellent agreement would be obtained between 
the two sets of masses for the range 10 <A <16. While 
the O'*(dja)N™ reaction energy has been measured 
several times with good agreement between the various 
measurements,!® a reexamination of this reaction or an 
equivalent set would be valuable. 

It does not seem that a change in either the calibra- 
tion energies of nuclear spectrometers or in the mass- 
energy conversion factor would improve the agreement 
between the mass spectrometric and the Q-value 
masses. Such a change has the effect of raising (or 
lowering) all Q-value masses above O!* by an amount 
approximately proportional to their separation from 
O'* while lowering (or raising) all masses below O'*. 
Since all Q-value masses are lower than the mass spec- 


. 


Aa— 


Fic. 2. Differences between the present mass spectrometric 
masses and the recalculated Q-value masses (A=recalculated 
Q-value mass—present mass spectrometric mass) versus mass 
number. The errors shown on the points are those associated with 
the recalculated Q-value masses. The shaded area represents the 
errors in the present mass spectrometric results. 


16 Geschwind, Gunther-Mohr, and Townes, Revs. Modern 
Phys. 26, 444 (1954). 

16 See review article by D. M. Van Patter and Ward Whaling, 
Revs. Modern Phys. 26, 402 (1954). 
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trometric results, such a change would improve the 
agreement on one side of O'* and make it worse on the 
other. The improvement brought about in the region 
A> 16 by such a change can be equally well obtained 
by increasing the Q-value mass of Na” and all masses 
of higher A by about 26 wMU in the same manner as 
described for N“. 

A possible objection to our recalculation of masses 
from nuclear reaction energies lies in the fact that it 
will apparently destroy the good agreement between 
the Q-value and the mass spectrometric results for H! 
and D*.6 This objection can be answered in two ways; 
first, since all isotopes below A=10 are reached by 
reaction paths which pass through B” and Wapstra’s 
mass of B’ is apparently in error, it is possible that his 
quoted results for H' and D? are also in error. If this is 
the case, it means that the masses for H' and D? will 
change very little from Wapstra’s values since the 
recalculated Q-value mass of B” is almost the same as 
Wapstra’s quoted value. Second, an error in one or 
more (-values involving isotopes of A<10 could lead 
to values for H! and D? in agreement with the mass 
spectrometric results even though the masses of the 
heavier isotopes were in disagreement. In any case, the 
mass difference between H! and D? will not be changed 
by the present calculation since it is largely determined 
from nuclear cycles whose sum is this mass difference. 

We conclude that there is no simple or obvious way 
to reconcile the differences between the mass spec- 
trometric results and the Q-value masses. We feel that 
there is no discrepancy of a fundamental nature be- 
tween the two sets of mass values and that further 
careful measurements, both of mass spectroscopic 
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doublets and nuclear reaction energies, may reconcile 
the differences. 

An attempt should be made to improve the accuracy 
of the mass spectrometric results for F, not only for 
its own sake, but also to decrease the errors associated 
with the masses of the isotopes of boron and silicon 
which were obtained from doublets involving fluorides. 
While we believe that any of the present mass spec- 
trometric results may be subject to alterations slightly 
outside the quoted errors which are, after all, primarily 
statistical, we feel that the masses of aluminum, 
sodium, and magnesium are particularly subject to such 
changes because their ions were obtained from solid 
samples. It has been our experience that doublet 
measurements involving ions obtained from solids 
evaporated in a furnace are not in general as reliable 
as those involving only gases. On the other hand, be- 
cause of the good agreement between multiple deter- 
minations, we have a great deal of confidence in the 
present mass spectrometric results for C”, N“, O18, 
and Ne”. 
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Nuclear matrix elements are evaluated for all allowed 8 transitions in the strict j-j coupling shell model, 
i.e., for states of lowest seniority. The wave functions for the j¥ configurations are obtained by algebraic 
means in the formalism of coefficients of fractional parentage. The matrix elements are given for the two 
assumptions, firstly that isotopic spin is a good quantum number, and secondly that the neutrons and 
are coupled separately to their lowest seniority states. The latter includes the case where the protons end 
in a j=/+4 shell, while the neutrons end in the 7=/—} shell. A similar explicit form is given for the mag- 
netic moments of the states of the 7 configuration with seniority one. 





I. INTRODUCTION 


HIS paper is devoted to a derivation of the nuclear 

matrix elements for all allowed @ transitions, 
using the strict j-7 coupling shell model. As shown in 
the companion paper,’ hereafter referred to as II, 
these matrix elements lead to a consistent treatment 
of the observed transitions which provides some 
insight into the validity of the model and, in particular, 
clarifies the role of configuration mixing. 

Matrix elements have been calculated for specific 
transitions in this scheme by Wigner,’ Feenberg,* 
Kurath,* Talmi,® and Kofoed-Hansen.® In the present 
treatment all matrix elements of this type are derived 
in a systematic manner by making use of the powerful 
techniques developed by Racah*-” and Flowers." 

The complete pairwise coupling of the strict j-j 
coupling shell model is expressed by choosing the states 
of lowest seniority,®"-" i.e., of maximum symplectic" 
symmetry. These states have been shown*-”!5—'8 to 
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lead to lowest energy for attractive charge-independent 
central forces of very short range. 

For light nuclei neutrons and protons occupy the 
same levels and there is considerable evidence that 
the total isotopic spin, 7, is approximately a good 
quantum number, at least for the ground states. The 
existence of favored transitions up through the f72 
shell indicates that this should be a valid approxi- 
mation up to A~56. 

For higher A the neutron excess becomes large and 
the last neutron levels are accessible to protons only 
at high excitation energies. Isotopic spin will then 
cease to be a good quantum number, and the shell 
model states will be better represented by coupling the 
protons and neutrons separately to their configurations 
of lowest seniority (odd-group coupling model). 

The nuclear matrix elements are derived here for 
both of these extreme cases. However, while the ex- 
pressions obtained differ in form, they are of com- 
parable magnitude, so that the conclusions to be drawn , 
in II do not depend sensitively on the actual purity 
of the isotopic spin states. 

In Sec. II explicit forms are obtained for the wave 
functions of states of lowest seniority for the configura- 
tion 7%, using the coefficients of fractional parentage 
(cfp) technique of Racah. 

In Sec. III these wave functions (cfp) are used to 
obtain the nuclear matrix elements for allowed # tran- 
sitions. 


II. WAVE FUNCTIONS FOR THE 
CONFIGURATION j* 


Assuming charge-independent central forces and 
introducing the classification according to symplectic 
symmetry, o=(s,t), of Flowers'' and Umezawa," the 
wave functions for the configuration (lj)%=j7*" of N 
nucleons in the same shell may be written 


V=W(j%ao= (s,t)TT;JM), (1) 


where a denotes any additional quantum numbers 
which may be required to specify the state completely. 

Such a state may be interpreted as one in which 
N—s nucleons couple off in pairs with zero angular 


® The last observed mirror transition is Sct“—+Ca“, the last triad 
Co4—Fe*. 
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momentum and unit isotopic spin, while the remaining 
s nucleons couple to angular momentum J and isotopic 
spin ¢. The resultant total angular momentum is J, 
with z-component M, and resultant total isotopic spin 
T, with ‘“‘z”’-component 7;. 

States of this type first occur for V=s and T=1; s is 
called the seniority of the state and ¢ its reduced isotopic 
spin. 

In this scheme the ground states predicted by the 
strict 7-7 coupling shell model correspond to the states 
of lowest seniority, i.e., for even-even configurations 
a= (0,0) and J=0; for odd-odd configurations ¢= (2,0) 
and J=1, 3, ---2j7; for odd-even or even-odd con- 
figurations o= (1,3) and J=j. 


A. Coefficients of Fractional Parentage 


In principle, the wave functions 
W(jNac= (s,t)TT;JM) 


can be obtained by vector coupling the single particle 
wave functions to J, T in such a way that N—s par- 
ticles couple off in pairs with zero angular momentum 
and unit isotopic spin and the remaining s couple to 
J, t, then explicitly antisymmetrizing.‘ 

However, for more than three particles this pro- 
cedure becomes rather lengthy and it is more con- 
venient to use the coefficients of fractional parentage 
(cfp) technique developed by Racah.* 

In this scheme the antisymmetric states for NV 
particles are obtained by vector-coupling the last par- 
ticle to all possible parent states of the N—1 particle 
“ions,” the latter being presumed already known from 
a previous calculation, i.e., 


W(jNacTT;JM) 
= 2 (jNaoT J {7% (a101T1J1) 7) 


ao1Ti J} 
XG" (areiT J), in; TT:JM), (2) 


where y is obtained by vector coupling the wave 
function of the Nth particle, dyv(jm), to 


W (Pf a101T TJM), 
and the coefficients 
(jNaoTJ{ j¥— (ayo T J) j) 


which give the fractional contribution from each parent 
state are called coefficients of fractional parentage (cfp). 

Tables of the cfp in this scheme for the states of 7** 
with j=3/2, 5/2 have been given by Edmonds and 
Flowers." However, their method is difficult to extend 
to N particles since it involves a chain calculation and 
all of the cfp for 7¥~' are required to obtain the cfp 
for 7*. 

For the purpose of this paper the cfp are needed only 
for states with c= (0,0) and o= (1,}). These simple cfp 
can be obtained for arbitrary NV by a treatment closely 
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analogous to that used by Racah® for atomic L-S 
coupling. 
B. Factorization of the cfp 


The evaluation of the cfp is considerably simplified 
by using a lemma of Racah®” to factor the cfp into 
three factors, each depending on a smaller number of 
variables : 


(7% (o101T J 1) jac TJ) 
=(N—1 7;|NT)(j%*(BioiT 1) j| #*BoT) 
X (Birr 1X (1,3) 7|BovJ), (3) 


where the notation indicates the variables upon which 
each factor depends and (8,y)=a denotes any addi- 
tional quantum numbers which may be required to 
distinguish states with the same a, J in this scheme. 

In terms of these factors, the requirement that the 
wave functions be orthogonal and normalized leads to 
the following orthonormality conditions: 


¥|(W-17i|NT)|2=1, (4a) 
Ti 


DX (i*BoT | 7X (Bi01T 1) j) 
Bici 

X (74 (B101T 1) j| #XBoT’)=6r,r, (4b) 
¥. (BoyJ | Biory1J 1X (1,3) 7) (BrovyiJ1x(1,3)j|B’o’y'J) 


v1i1 : 
=5¢ pby, '5e,e. (4c) 


C. Additional Relations for Determining the cfp 


Three further independent relations between the cfp 
can be obtained by using Eq. (30) of Edmonds and 
Flowers” to express the matrix elements of various 
two-particle operators 

N 


G=) Gis, 


i<j 


which are diagonal in this scheme, with known eigen- 
values, in terms of the cfp. 
Two such operators are 


GJ)= L (ida), 


i< 
with eigenvalues 
gn(J)=3LJ J+ )-NiG+)] 


and the similar operator for the isotopic spin 


G(T)=& (ti-th), 


i<k 
with eigenvalues 
gn(T)=$3[7T(T+1)—2N]. 
” The factorization here corresponds to the reduction scheme 


U(4j+2)U (2) XU (4j +1) R(3)XSp(2j +1) RB)XRGB) 
used in classifying the states; see Flowers and Racah.*- 
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A third such operator* is 


G(SP=4E YS OK+1)(w-nj), 


i<j K=1 


where the u;“*) are unit tensor operators of rank K 
defined for a particle with angular momentum j by 


(jl|u||7’)=6;, 7, with K=O, 1, ---27. 


From Edmonds and Flowers,” the eigenvalues for 
G(Sp) can be derived: 


gn(s,t)= (s—N)(27+2)—4}s(s—1)+$s—2t(#+-1). 


When G(/), G(T), and G(Sp) with their eigenvalues 
are inserted into Eq. (30) of Edmonds and Flowers,” 
three relations are obtained between the cfp them- 
selves: 


gn(J)=—— Ze 
i —2 ayoiT1J1 


|G (ereiT Ji) j | foaTJ)|?, 
N 
gn(T)=—— 2 gw-1(T1)| (N—1 T,| NT)|?, 


N-2 1% 


gn-i(J1) 


(Sa) 


(Sb) 


N 
gn(s,)=—— DL gw-alSitr)| (N—-171|NT)|? 


N—2 6iiTM 


X | (7*"(BioiT 1) j| *BoT)|*. (Sc) 


These relations and the orthonormality conditions (4), 
along with the reciprocity relation (9.6) of Edmonds 
and Flowers” and the j-j coupling analog of Eq. (19) 
of Racah® are sufficient to determine the cfp of interest 
here. 


D. Evaluation of the cfp 


It is convenient to consider the three factors sepa- 
rately. The first factor (V—1 7,| NT) can be evaluated 
in general.” Noting that 7,= 7+}, Eqs. (4a) and (Sb) 
give 
ae} 


(N-1 Ti=T+4|NT)=| é 
N(2T+1) 


(N+2T+2)T7! 
N(2T+1) : 


(N-1 ry=1-4|y7)=| 


No such general result has been obtained for the 
other two factors and the remainder of the discussion 


21 See Edmonds and Flowers.” The operators G(/), G(T), and 
G(Sp) are related to the Casimir operators for the rotation group 
R(3) and for the symplectic group Sp(2j+1). The reduced 
“double barred” matrix elements are defined in Racah.? 

Tt can also be shown that (V—17,|NT)= (nD J/n[\]), 
where m[A;_], #[] are the dimensionalities of the representations 
[Ar] and [A] of U(2J+1) determined by (V—1, 7:) and (N,T), 
considered now as representations of the symmetric group on V 
letters, Sy. See Racah.” 
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is restricted to those states with seniority one or zero. 
These states are uniquely determined by N, T, o, and 
J so that a= (8,y) can be dropped.” 

Consider now the seniority-zero states, N even, 
a= (0,0), and J=0. For these states the only possible 
parents are the states with o,= (1,3), Ji=j and the 
orthonormality conditions (4) give 


(71,3) T1) | 9% 0,0)T) 
= (1,5) 7X (1,4)3| (0,0) J=0) 
=1. (7) 


The nonzero total cfp for the states of seniority zero 
then are 


G*"((1,2) TJ 1= J) j]9%* (0,0) T J=0) 
=(N-1T,|NT). (8) 


The treatment of the seniority one states with 
o= (1,3), J=7 is slightly more complicated. Here the 
possible parent states have o,:=(0,0) and J,=0, 
o> (2,0) and Ji= 1, 3, wi 2), or o\> (2,1) and J,=2, 
4, ---2j—1. 

If one uses the reciprocity relation™* (9b) of Edmonds 
and Flowers” and the orthonormality condition (4c), 
the nonvanishing third factors are 


((0,0)Ji=OX (1,3) 9] (1,5)7)=1, (9a) 


((2,1)Ji=2, 4, »+-297-1X (1,4) 3] (1,3)9) 
=[(241+1)/(G+1) (27-1), 
((2,0)Ji=1, 3, ++ +2gX (1,3)J] (1,3) 9) 
= —[(24i+1)/(j+1) (25+1) }'. 


(9b) 


(9c) 


To determine the remaining factors, 
(j84(0:T1)j| 9" (1,3) T) 


an additional relation can be obtained by using the 
j-j coupling analog of Eq. (19) of Racah* to relate the 
total cfp for the configuration with N particles to those 
for the configuration with V—1 holes. 


(j%((0,0) TJ =0)j 7" (1,3) TJ) 
~-areegiesnertay 
N(2j+1)(2T+1) 
(77? -* (1,3) T 7) 75 (0,0) T:J1=0). 





(10) 


% The seniority-one states are uniquely determined by N, 7, 
a, and J, but for 7<N <2j+-1 there are two sets of parent states 
with o;= (2,1), (see Flowers’). For these cases the quantity listed 
in Table I should be interpreted as the rms of the two cfp. In 
Sec. III these cfp can be expressed in terms of the cfp with 
o1= (0,0) using the orthonormality condition (4b), thus avoiding 
the necessity of determining the two separately. See geen 1. 

* Note that the reduction (¢)—D, implies that the dimen- 
sionality of (¢) is the sum of the dimensionalities of the Dy, i.e., 


n(o)=  (2J+4). 
J in (¢) 
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TaBLE I, Nonvanishing total cfp for seniority-one states of the configuration 7%, for N odd, «= (1,4), J=7.* 








Case (A): 2T=N, N—4, --- 
(*1((0,0)T1= T—4 J1=0)f1j"(1,)T =f) = -|= 


(2,1) T1= T—3 Ji =2, 4, ++ -257-D JNA DT 1=yi-| 


(79"(2,0)T1=T+4 Ji=1, 3, 2f)j1IN19)T J =) = -| 


(79 1((2,1)Ti=T+4 Ji=2, 4, «+ -27-1) FIN (LOT J=5)= 


Case (B): 2T=N—2, N—6, --- 


(74 ((2,0)T1 = T—3 Ji=1, 3, «+ +27) 714 ,)T =9-| 
(9*""((2,1)T1= T—4 Ji=2, 4, 


(74-((0,0)T1= T+4 J1=0)f 5" (1,9)T J=)-| 


(99"((2,1) T1=T+4 Ji=2, 4, «+ -27-1) FIX (LNT J=j)= 


+++ 2I—1) {HX (L4)T J=j)= 


srr 
2N (2j+1) 


N (2T+1)(2j+2)(2j+1)(2j—1) 





(24:+1)(47+4)[T(N+2T)— kl 


(N—27T)(2J:+1) ] 
2N (2j+2)(2j+1) 





fameitlaeae. } 
2N(2T +1)(2j5+2)(2j—1) 


(N+2T+2)(2Ji+1) 


+ 

2N (2j+2)(2j-+1) 

cseeneia stad 
2N (2T +1)(2J+2)(2j—1) 





ot 
2N (2j+1) 


[= (4j+4)[(T+1)(N—2T—2)+1]— are 
N (2T+1)(2j+2)(2j+1)(2j—1) 








* For the second cfp of case (A) and the fourth cfp of case (B), see reference 23. 


Factoring this expression and inserting the factors 
already determined gives two of the required factors 


(j®1((0,0)T1= T+4)j| 7% (1,7) 
(4j+6—N+2T)(2T+1)7} 
= ae see 

(90,0) T1=T—4) 3] 5% (1,8)7) 
(4j+4-N—-27)(2T+1)}! 
cipro eed 








These two factors with Eq. (5c) and the orthonor- 
mality condition (4b) determine the remaining cfp. 
For this purpose, the seniority-one states are for con- 
venience divided into two classes (see the explicit classi- 
fication of states by Flowers") : 


Case (A): 2T=N, N—4, ---. Here if 7,:=7+4, 
oi1= (2,0), (2,1) and if 71= T—$, o1= (0,0), (2,1). 


Case (B): 2T=N—2, N—6, ---. Here 7,=7+3 cor- 
responds to a;= (0,0), (2,1) and 7;= T—} to o1= (2,0), 
(2,1). 


Collecting all three factors together, the nonvanishing 
total cfp for seniority one states of the configuration 
j® are listed in Table I. 


E. cfp for Identical Particles 


For the special case where j* involves only one type 
of particles, i.e., neutrons, protons, or electrons, a 
calculation similar to that of the last section gives, for 
arbitrary seniority s, 


A(6—1, 45H) T= T-Bjl #" (48) T=BY) 
=[s(2j+3—N—s)/N(2j+3—2s) }}, 

(i ((s+1, 38+) Ti=T—4)j| 7% (5,48) T=3N) 

=[(N—s)(2j+3—s)/N(2j+3—2s)}. (12b) 


Since (V—1 7;=4N—34|N T=4N)=1 and the third 
factors (s+1, $s+4)Ji1X (1,4)/| (s,4s)/) can be obtained 
from the tables of Edmonds and Flowers! (for 
j—3/2, 5/2, 7/2), this result determines the wave 
functions for states of arbitrary seniority in the simple 
coupling scheme where neutrons and protons couple 
separately, or for atomic 7-7 coupling.?® Note that here 
o=(s,t) is uniquely specified by a single number, s. 


(12a) 


Ill. MATRIX ELEMENTS 


For allowed beta transitions, there are only two 
possible types of transition operators and the transition 
probability can be written 


1/fl=gr’Mr+g°M @’, (13) 


25 C, Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954), 
previously obtained this result for the seniority-one states only. 
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1 
Mr= > 


14 
2J'+1 MM’ (4) 


se 
Ald T9(k) ||? 
is the Fermi matrix element squared, | /1|*, and 


1 N 
M= i)|? 5 

oh -a (fl ta(k)o(k)|i)|? (15) 
is the Gamow-Teller matrix element squared, | fo|?. 

In these expressions the isotopic-spin-flip operator 
7, and the spin vector @ will be assumed normalized so 
that r; and o, have eigenvalues +1. J’ is the total 
angular momentum of the initial state (i) and M’ its 
s-component. In general, primed quantities will refer 
to the initial state and unprimed quantities to the 
final states (f). 

The wave functions (cfp) obtained in the previous 
section will now be used to evaluate the nuclear matrix 
elements Mr’ and M ? for allowed transitions involving 
the seniority-zero or -one states of j¥: (A) for T 
a good quantum number, and (B) for the simple 
coupling scheme where neutrons and protons couple 
separately. 

The actual computation of these matrix elements is 
considerably simplified by using Racah’s’ method of 
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irreducible tensor operators to separate out the M- 
dependence. 

Rewriting the transition operators in terms of irre- 
ducible tensor operators, in Racah’s notation: 


Fo) =5- ro(k)=¥- VIC (k)—t1 (Rk), (16) 
k=1 k=1 


G=Y r(H)LoH LAE VILL WH W]e. 
k=1 k=l (17) 


The superscripts label the tensor character of the 
operators in, respectively, isotopic spin space and coor- 
dinate space. t is the isotopic spin vector of a single 
particle (4s=-+}). g=0, +1 labels the “spherical” 
components of the spin vector. 


A. T a Good Quantum Number 


Consider first the case where the total isotopic spin, 
T, is a good quantum number. 

Here the Fermi matrix element, Mr’, can readily 
be evaluated for all transitions, independently of the 
coupling scheme.” If the initial state is ¥(a’J’M’T’T;’) 
and the final state V(aJMTT;), where a’, a are any 
additional quantum numbers required to specify the 
states, then, from Eq. (29) of Racah,’ 


N 
(f| F|i)= (@JMTT;| Y 14(k)|a’J'M'T'T;’) 
k=1 


=5 (army, (a'sm’)(—1)7*PV2(T||T|T) XV (TT'1 ; — TT! (Ty— Tr’)), 


M?’= DL Isl Fla)? 
2J'+1 M’,M 


=8ias), a’) V4ATT'1; — Te Ty! (T— Ts’) X2| (TIT ||T) |?. 


(19) 


Inserting | (7||7||7’)|?= 7 (T+1)(2T+1)ér, 7-,7?" and the explicit form of V?.’, 


Mr? =S(asr), a's’) (TT) (T+1 +T;) for T= T;'+1. 


(20) 


Evaluation of the Gamow-Teller matrix elements requires a more detailed knowledge of the character of the 


states involved. 


For the simplest case of a single-particle transition (n'l’j’m't,’)—>(nljmt;), the matrix elements are readily 
evaluated using the explicit single-particle wave functions. However, they will be derived here as a simple 


example of the formalism (see also Talmi®). 
From Eq. (29) of Racah’ it follows that 


(f|Gq|i)= (nl jt | ry0q| nl’ j’m'ts’) 


= (— 1) HV (551; —mm'g) VG 91; — bebe! (tebe) V2 GEO |13) (nt jlo |n'V’9), (21) 


and 


Me= 


EE MslGli!? 


27’+ 1 m,m’ q=—1 


1 


. | (nbj||o||n'l’7’) |. 


2j’+1 


26 E, P. Wigner and E. Feenberg, Repts. Progr. Phys. 8, 274 (1941). 
27E, U. Condon and G. H. Shortley, The Theory of Atomic Spectra (Cambridge University Press, New York, 1951). 
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The double-barred matrix elements can be obtained from Eq. (30) of Racah’ and from Condon and Shortley,”* 
noting that j=1+-4e. These matrix elements vanish for n#¥n’, +I’ and for nl=n’l' give: 


M = (j+1)/j 
M = j/(j+1) 
M = (2j+1)/j 


M = (2j+1)/(j+1) 


if j= j’=l+4, 
if j= j’=/-4, 
if j= j'H1=144, 


if j= j’-1=/-}. 


For general transitions 7,7", Eq. (23) of Racah® gives 


(f|G_|i)= (AL ralb)oa(h) |i) 
=N(f|7.(N)oq(N) |i) 


=N(jXacTT;J M\7,(N)og(N)| jXa’o'T'T;'J'M’') 
(jNaoT J { j*- (ay01T 1) j (GX (a101T1J 1) j }fXa'o'T’J') 


“VN ¥ 


@oiTiJ1 


X(TiJ1, $7(N); TT:IM|74(N)oq(N)| Ti, $5(N); T’T¢ I'M’). 


(24) 


Evaluating the matrix element on the right in terms of the single-particle matrix element from Eq. (44) of 


Racah,’ and simplifying, we obtain 


(f|Gq|i)= (—1)4+ +7 e+703N2(2T +1) (27 +1) (2I-+1) (2 +1) ]3 


XV(TT'1; —T;Ty!(T¢— Te’) V (JI; —MM"Q)(j\o|| 7)”, 


where” 
nf B ur = z: 


ajoiT1J1 


(25) 


(—1)THPtH I++ MW (AT AT"; T)W (GJ jd’; Jil) 


X (faa TIL j% (cro TJs) jG" (eas T J) j]j%ao'T'J’). 


Defining S.P. as the Gamow-Teller matrix element for the single-particle transition j—>j [see Eq. (23) ], we get 


M°¢ 


—" = 3N2(2T+1)(27’+1)(2j+1)(2I+1)V°(TT1; —TrTy (Tr—-Te))|E 2. 


OL. 


This expression then gives the Gamow-Teller 
matrix elements for arbitrary transitions j‘—j% di- 
rectly in terms of the cfp for the initial and final states. 

For V=2, all of the cfp are unity for states with 
(—1)7+4=—1 and zero otherwise, i.e., 


M?/S.P.=2(2j-+1)(2I+1)W2(jJjJ'; 1), (27) 


as given by Talmi.® 

For N odd and both initial and final states of 
seniority one, the cfp of Table I gives, if T;= 7 ;’=+1, for 
T=T’: 


Case (A): 2T=N, N—4, -:: 
M¢ [(2T+2) (2j7+2)—(N—2T)P 
SP. (2T)*(2T-++2)2(27+-2)? 


X (T+~T;)(T+1FT;); 


28 Reference 27, p. 64 ff. 

” For the definition and properties of the Racah functions W, 
see Racah® and L. C. Biedenharn, Oak Ridge National Laboratory 
Report ORNL-1098, 1952 (unpublished). 





(28) 


(26) 


Case (B): 2T=N—2, N—6, --- 
Mg [(2T)(2j+2)+(N+2T+2) > 





SP. (2T)*(2T+2)*(2j+2)? 
x (T+ T;) (T+ 1 +T;). 


For T= T’+1, the cfp of Table I give, under the same 
conditions, 


Case (A): 2T=N, N—4, --- 
M@ (4j+4—N)*— (27)? 
SP. 4(2T)(2j+2) 

Case (B): 2T=N—2, N—6, --- 
M¢ (N+2)?—(2T)? 
SP. 4(2T)*(2j+2)* 





(T+T;)(T—14T}); 


(T+T;)(T—124Ty;). 


For T=T’—1, the cfp of Table I give, under the same 
conditions, 
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Case (A): 2T=N, N—4, --- 

M? (N+2)'—(2T+2) 

SP. 4(2T+2)°(2j+2) 
Case (B): 2T="—2, N-6, --- 

Me (4j+4—N)*—(2T+2) 


SP. 4(27+2)2(2j+2)? 


(T+1¥T;)(T+2¥T;); 





(T+1FT;)(T+2¥*7)). 





No such general result for states of arbitrary seniority 
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has been obtained, but for N=3, 4 and j=3/2, 5/2 
the cfp of Edmond and Flowers” may be inserted in 
(25) to evaluate M,? for transitions involving states 
of higher seniority. 

Similarly, for transitions of the type j4~*"'(j’)*"—> 
j*-*(7’)*, Eq. (28) of Racah* can be used to obtain 
M ? in terms of the cfp for the initial and final states. 

For 


S ieee (o1'T;'J’) (774 (02'T 2’ Jo!) rrr bh 
[i*-*(T Ji) (7)? (02T 22) Irs, 
M ¢? is given by 


M /S.P.=3(N —x)(x+1)(2T+1)(2T’+1) (271 +1) (272 +1) (2I+1) (27 +1) (241 +1) (2J2’ +1) 


x V*(TT"1; — TT! (T:—Ts’))| ((9')* (@2T J 2) 7’ 9) 02'T 22’) |? 
X |G el TY) GPT) |?| Ds 2 |r|’, 


(29) 


Ls=ZX (WIst1)W (Ii j'I'I2; IsJe!)W (IIIT J"; JAW (GIij'Is; Jv'1), 


J3 


Dr=>. (2T34+-1)W (Ty3T'T2; T3T2')W (TiTT3T" ; T21)W (471373; T1'1) 
Ts 


and S.P.=M? for the single-particle transition j’—/. 


This expression cannot be readily evaluated for general transitions of this type, even for those between states 
of lowest seniority. However, for the special case where x=0 (i.e., transitions of the type j¥—'j’-+7), 


M ¢/S.P.=3N (2j’+1)(2J+1)(2T+1)(27’+1)VATT1; — TT! (T— Ty’) W2GT 47’; TYIW2( GT 7'I'; Jy’) 


In particular, for V=2, 
M ?/S.P.= (27’+1)(2J+1)W?(jJ7’J'; jl). (31) 


M,* for specific transitions of interest may be 
evaluated from (29) by using tables of cfp and of the 
Racah functions, W.” 

All other allowed transitions can be reduced to one 
one of these types [ j9>7" or j¥—7-1(7’)*41-3 j9-*(7’)*] 
by using the method of Condon and Shortley.® 


B. Odd-Group Coupling Scheme 


In cases where the neutron excess is large, and in par- 
ticular where there are additives (such as doubly oc- 
cupied orbits with different / for the neutrons alone), 
the isotopic spin, 7, will no longer be a good quantum 
number. 





M p*=n(p+1)(2j:+1)(2S2' +1) | (G(r) fi? os) |?| 7" (aI 2) j Li" 2’) |W? GI I 23 JT’, 07, 


and 


x | (ft (o1'T1'J1')j}jXoTJ) | 2. (30) 





The logical formulation of the shell model will then 
be that the neutrons and protons will couple separately 
to their states of lowest seniority. In odd-A nuclei this 
means that the even configurations have zero angular 
momentum, while the nucleons of the odd group 
couple to J= 7. 

The nuclear matrix elements for allowed # transi- 
tions in this scheme are easily obtained from Eq. (11) 
of Nordheim and Yost*! and Eq. (28) of Racah.® 

Consider first transitions of the type 


[i?(or'1’) 5 §"(o2'I2’) Jar > Li? (orJ1) 5 7" “(02 2) Js, 


where p and » are the proton and neutron numbers in 
the initial state. The expressions for the matrix ele- 
ments in terms of the cfp for the initial and final states 
are then 


(32) 


M ?/S.P.=n(p+1)(2J+1)(2I1+1) (2S 2’ +1) (27+) | Gj" (o2F 2) jh j"o2' IT 2’) |?| GP(or' Ti) jj? oJ) || |*, (33) 


where 


L=> (23+ DW (SST 2; IsJe!)W (IIIs; JAA)W (GIs jIs; J1'1). 
J3 


The cfp of (12) can be used to evaluate these matrix elements (and the analogous ones for the corresponding 8* 
transitions) for all transitions of this type. In particular, for the transitions between the states of lowest seniority 


® Reference 27, Sec. 1, Chap. 8. 
31 L. W. Nordheim and F. L. Yost, Phys. Rev. 51, 942 (1937). 
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which are of interest here, we have, for even A, J’=1, and J=0, 
M@ (p+1)(2j+2—n) 
S.P. 3(2j+1) 





for odd A: 


(a) if m is odd, p even, 
Mi (2j7+2—n)(2j+1—p) ; 


S.P. (2j+1)2 
M; n(p+1) 
Mf=—= ol 

SP. (2j+1)? 


4 r= 





(b) if m is even, p odd, 


Similarly, for transitions® 
LI? (o1'I1'); (9’)" (02! 2’) J > C9? (oJ); (7’)" "(2S 2) Jy, 
M @ is given by: 
M ?/S.P.=n(p+1)(2J+1) (27’+1) (21 +1) (2J2’+1) 
X | (C7) (@2F 2) 7’ HG)" 2’) |?| G2 (ori)? MoiJ1)|?| 7, (36) 





where (a) if m is odd, p even, 


VEL (stl WI j'I'I2; JsJ2’) M@ (2j’+2—n)(2j+1—)) 
Js s ) 





XW (IsIIsI; Je)W (GIrj'Ia; Jy’), S.P. (2j-+-1)(2j’+1) 
and S.P. is defined as M ¢’ for the single-particle transi- PERTTI, On, 
tion fj. M¢ n(p+1) 
Explicitly, for transitions between states of lowest eh gar SR 
seniority, we have, for even-A, J’=1, J=0: S.P. (2j+1)? 


2 Ta, Matrix elements for allowed transitions between 
M, (p+1)(2j’+2—n) i : 
iP ini al (37) other configurations may be reduced to one of these 
S.P. 3(2j+1) two types by using the method of Condon and 
for odd-A: Shortley.” 





APPENDIX I: EVALUATION OF M,? FOR SENIORITY-ONE TRANSITIONS j—j* 
As a typical example, consider transitions 
[i o'= (18) J'=j 7] Lf" o= (1) J=j T= 741], 
with 2T=N, N—4, --> (i.e., case A). Since T=7’+1, T;=7’+4=T—}, then when we insert the W(7) from 
the ORNL tables,” Eq. (26) becomes 
Mo (2j+1)[(N+2)?— (27) 


—= (T+T;)(T—1+T;) |X|? (39) 
S.P. 4(2T—1)(2T+1) 





for T;=T;'+1, where 
De (= 1) HW (55575 J) GF" (1,3) T| X74 (11 = T—})j) 
ee x (Pos T= 2’+4) jl f(A) T'=7—1)| (os (1B) 31 LDA) 
Carry out the summation over J; first by defining 
Slo) SL (— 1) W (55555 Fil) | (or (1,3) 9] (1,3) 9)? 


27(7+1)-—Ji(Ji+1 
--y5 ; : 9 eatix(1a)l (13), 2 (40) 
‘iv 29(f+1)(27+1) 


8 This case includes the important class of transitions in which the protons end in the shell 7=/+-4, which is completely filled by 
neutrons, the latter ending in the states with 7’=/—}4. For states of this type T happens still to be a good quantum number. The 
neutrons in the filled shell can be omitted in the computation of the matrix elements and p and » taken as the numbers in the un- 
filled shells alone. 
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The possible parent states have o;= (0,0), Ji=0; o1= (2,1), Ji=2, 4, +++, 27-1; and o1= (2,0), Ji=1, 3, --+-27. 
Inserting the proper cfp from (9): 

S(0,0)=—1/(2j+1), S$(2,1)=—1/[(2j+2)(2j+1)], $(2,0)=1/[(27+2)(2j+1)]. (41) 
For case (A), 7;= T7—}4 corresponds to o,;= (0,0), (2,1) and 
X= 5(0,0) (7% (1,8) | 7° ((0,0) T= T— $)7)(7* (0,0) T1= T’+-4)j| 7% (1,3) T!=T-1) 
. +S (2,1) (7% (1,8) T | (2,1) T1= T— 3) 7) G*'(2,1) T= T’+4) 3 7% (1,3) T’=T—-1). (42) 
Using the orthonormality conditions (4), the ¢,= (2,1) cfp can be eliminated and 
1X |?=L5(0,0) —S(2,1) P| (7%"((0,0) Ti= T—4) 7 7 (1,3) T)|?| G9*((0,0) Ti = 7’ +4) j| 7 (1,}) T’ = T-1)|?. 


(43) 
Substituting S(c;) from (41) and the cfp from Table I [using (6) and (9)], we have 
»_L4i+4—N)P— (27)7](2T+1) (27-1) (44) 
a (27)°[(N+2)*— (27)*](2j+2)2(25+1)* 





Then, from (39), 


Me? ((4j+4—N)*—(27)")] 
Hele tte. lela yall PE STS My we (45) 
SP. 4(2T)2(2j+2)? 


as given by (28). 


APPENDIX II. MAGNETIC MOMENTS FOR THE SENIORITY-ONE STATES OF j", TA 
GOOD QUANTUM NUMBER 


Using the wave functions (cfp) of Table I, the magnetic moments for the states [ 7%o0= (1,3)7J= 7] are found 
to be 


Case (A): 2T=N, N-4, --- 


1 
——__—____{y,[ (2j+2)(2T7+2)(T+T;)—(N—2T)T;] 


ee ’ 
(2T)(2T+2)(2j+2) 
+pol (2j+2)(2T+2)(T—Ty)+(N—2T)T;} ; aa 
Case (B): 2T=N—2, N—6, --- 





b= {ual (2j-+2)(2T)(T+1—T;)— Ty(N+2T+2)] 
(2T)(2T+2)(2j+2) 
+ upl (27+2)(2T)(T+I+T:) +T¢(N+2T+2)}}, 


where 4,= gj is the magnetic moment of a single neutron with the same /, 7 and y, is the similar quantity for a 
proton, i.e., the Schmidt values. 

Flowers*® and Umezawa™ have given discussions of the magnetic moments for such states and for particular 
cases of states with seniority three. 


® B. H. Flowers, Phil. Mag. 43, 1380 (1952). 
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Unfavored Factors for Allowed ¢ Transitions* 
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Unfavored factors U, that is, ratios of computed-to-observed transition probabilities, are tabulated in a 
systematic manner for allowed 8 transitions in the strict 7-7 coupling scheme. The introduction of many- 
particle wave functions lowers the gap between favored and unfavored transitions, but does not eliminate 
it. The systematics brings out clearly the role of configuration interaction through a strong correlation 
between the U factors and the expected purity of the shell-model wave functions. The matrix elements for 
even-A nuclei are on the average larger than those for odd-A nuclei and thus explain without any new 
hypothesis the lower average ft values for the even-A group. 





I. INTRODUCTION 


T is well known that the j-7 coupling nuclear shell 

model! leads to an excellent systematics and clas- 
sification of 8-decay data.'* This description is, how- 
ever, of a qualitative nature. It permits, within limits, 
the prediction of spins and parities of nuclear ground 
states. However, it has not been possible to account 
quantitatively for the transition probabilities for 6 
decay on the basis of the shell model. This is not too 
surprising, since matrix elements are a sensitive function 
of structure. 

In particular, there is a clear experimental division 
of the allowed @ transitions into favored transitions** 
(mirrors and triads) with log ft<4 and other “un- 
favored” allowed transitions with log ft>4. The shell 
model makes no particular distinction between these 
two types, whose transition probabilities differ by 
factors of 10 to 100. 

The comparison between experimental and _ theo- 
retical ft values (comparative half-lives) is usually 
made on the basis of single-particle wave functions. 
This is, however, not the correct application of the 
shell model, even in its extreme form. The true wave 
functions for the shell model are not single-particle 
functions, but the many-particle wave functions of 
lowest “seniority,” '° that is, maximum pairing-off 


* Work supported by the National Science Foundation and the 
U. S. Atomic Energy Commission. 

+ This article is based on a thesis submitted by W. C. Grayson, 
Jr., to the Graduate School of Arts and Sciences, Duke University, 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy (1955). 

t Present address: University of California, Radiation Labora- 
tory, Livermore, California. 

1A recent and complete summary discussion of this model has 
been given by M. Goeppert Mayer and ij H. D. Jensen, Ele- 
mentary Theory of Nuclear Shell Structure (John Wiley and Sons, 
Inc., New York, 1955). 

2 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 
23, 315 (1951); L. W. Nordheim, Revs. Modern Phys. 23, 322 
(1951). 

3 The special position of the mirror nuclei was first recognized 
by L. W. Nordheim and F. L. Yost, Phys. Rev. 51, 942 (1937). 

4 The clarification of the nature of the “favored” or super- 
allowed transition is due to E. P. Wigner and was summarized 
by E. P. Wigner and E. Feenberg, Repts, on Progr. Phys. 8, 274 
(1941). 

5 The concept of a seniority quantum number was first intro- 
duced by G. Racah, Phys. Rev. 63, 367 (1943). 


of the spins of the involved particles. In the preceding 
paper® matrix elements were computed for all allowed 
6 transitions between states of lowest seniority. 

It is the purpose of this paper to give a systematic 
comparison for unfavored allowed transitions of the 
observed transition probabilities and those calculated 
on the basis of the shell-model wave functions. The 
results are expressed in “‘unfavored” factors U which 
give the ratio of the calculated to the observed transi- 
tion probability. High U’s thus mean small actual 
matrix elements. 

The introduction of the many-particle shell-model 
wave functions generally lowers the gap between 
favored and unfavored transitions. It leads to inter- 
esting regularities which will be discussed in Sec. II. 
However, it by no means offers an explanation of the 
unfavored nature of most of the allowed transitions. 
This investigation was not undertaken to furnish such 
an explanation, but rather to exhibit more clearly what 
the consequences of the shell model are, what remains 
to be explained, and possibly to obtain guidance for 
further more detailed investigations. 

It is rather fortunate that the question of the purity 
of the isotopic spin for the nuclear states does not play 
a major role in this investigation. In I the matrix 
elements have been evaluated for the two limiting 
cases, firstly that the isotopic spin is a good quantum 
number, and secondly that it does not play a role at 
all, but the proton and neutron configurations are 
coupled separately to their states of lowest seniority. 
There are some differences in the matrix elements for 
the case that the transition takes place in a 7% con- 
figuration, that is, both neutrons and protons end up 
in the same shell, but the orders of magnitude remain 
the same. The conclusions are thus not seriously 
affected. For the other class of configurations, with 
protons in the j=/+ 4 shell and the neutrons in the 
j’=l—}=j-—1 shell, with all /+} states filled, the 
isotopic spin happens to be a good quantum number 
since states with T>T7J; would also have to occur in 
the nucleus with T;’=7;+1, that is, with one less 
proton and one more neutron, which cannot be accom- 


6W. C. Grayson, Jr., and L. W. Nordheim, preceding paper 
[Phys. Rev. 102, 1084 (1956) ]; hereafter referred to as I. 
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modated in an /+}4 state due to the exclusion principle. indicated by the fact that the transition 27Cos7—26F ees 
In practice, one can expect the isotopic spin to be a__ has a log ft=3.5 and is thus of favored character. In 
fairly good quantum number as long as both neutrons cases of doubt we give in the tables the results for both 
and protons end up in the f7/2 shell or below. This is assumptions. 


TaBLe I. Table I(A) deals with odd-A and Table I(B) with even-A nuclei. Column 1 gives the atomic number, Column 2 the transi- 
tions with neutron and proton numbers indicated. Metastable states are indicated by the superscript m, first excited states by x, second 
excited states by xx. Column 3 gives the log ft value. Column 4 gives the shell model interpretation. In some cases of ambiguity, two 
different interpretations are given. The symbols (/;)7" for odd N signify N particles all in the same orbital state j, / with resultant 
spin J = j and isotopic spin T= | T;|. The symbol /;*/;_:" means p protons in the 7=/+4 state, which are completely filled by neutrons, 
and m neutrons in the j=|—} state, with the resultant spin J corresponding to the odd number. For even-A nuclei, the two subscripts 
in (;)z,r" mean total spin and isotopic spin, respectively. If p and m are both odd, a resultant spin J=1 has to be assumed for allowed 
transitions from a /;*l;_;" configuration to the spin J =0 ground state of the even-even daughter. Column 5 gives the GT matrix element 
squared for the applicable single-particle wave functions. Column 6 gives the corresponding quantity for the many-particle wave 
functions described in Column 4. Finally, Column 7 gives the unfavored factor U, that is, the ratio of the theoretical to the observed 
transition probability for the j-7 coupling case. The values given are generally those obtained under the assumption that T is a good 
quantum number (always fulfilled when the protons are in /+-4, with neutrons in the /— } shell). The values for separate antisymmetriza- 
tion of protons and neutrons are given in brackets, where it is appropriate. 








(A) Unfavored factors for allowed 8 transitions, odd-A nuclei. 
(Matrix elem.)? 
Transition log ft tnterpretation &.P. j 


16519— i7Clig 5.0 (d3/2)3/2?— (d3/2)1/28 3/5 
16521— 17C loo” 4.3 Sia— fue 


1sA19— 17Cleo " (d3/2)1/2°— (dsy2)s/2 
17Clee— 1gA2i** . (ds/2)3/2°— (dsv2)1r2 
1sA23— 19K 29” R (fri2)ar®— (fava) av2 / 
215C22— 20C aes . (fr) ue— (Sr) ar2 4/7 
(27/28) 


22 Tiss— 21502 : (frr2)112®— (fra) ara® rs “ 
20Cae7— 215C26 ’ (fai2)a12°— (fara) v2 (/28) 
vent : ee (7/112) 
21SC2g— 22T zz . (fra)? — (frsa)oi2? “ited 
24Cro7— 23 Vos 5. (fara) aie" — (fri2) 5/2" At 
30ZN33— 29CUsa ; (para)12®— (pave)ar2*® 5/3 4/9 
(5/6) 





SHAR OPaN wg 
© : 


0 SRinNwo 


5 
5 
3 
3 


30ZN39— 31Gasg ’ Pis2— Pave / 
psi? pi2— psi2® 4/3 
31Gaq2— 32Geqs** 4 psP pu? — pao prs2 4/3 
32Gea3— s3AS¢e 2. ps2 Pre pare / qd /3 
32Geqs” — 33AS44 ; Pakbua— ba’pud ay 
bse Pre— Psepre A 
a3 ASqa— a4S€as 3. paFpu2P— ps P ie 4/3 
psapue— psi? pre 2/3 
psi? — ps2? Pre 2/3 
bsi2 pure psi Pu? 8/3 
Pais’ Pur— puis! - 
pare? Pre— pare / 
bsi2* Pure? — paro* Pre 4/3 
ps2 pir? — pai pire / 4/3 
psi? pua— pia? 4/3 
(go/2)z/2"'— (gor2)o/2"! 1/43) 
(go/2)2/2"'— (gov2)o/2"" / Ana. 
(pry2)aya®— (Prya)ay2* ia 
a 
(go/2)s/2"*— (go/2)22"* an bom 
&0/2°— gora*gze 16/15 
So2*gri2'— gora*gria® 16/45 
sete’ 2H icant 
3/2— 6/2 
dsj2—d3/2 
d3j2—d5y2 
aoe ‘ 
dus dud 
d52*d3)2°— dgj2d 3/24 
dg 3/2? — d5)2*d3/2° 


36Br42— 34543 
seKrqi— ssBraz 
34S€47— 35Brae 
345€49— 35 Brag 
35Brag— s6Kr47™ 
35Br50— s6K rag” 
s6Krag”— 37R Das” 
40ZT47— 39 as” 


40ZT49— 39 Y 50” 


«2Moq9™— a: Nboo 


0 cn re Gon a an 
ane Ors > 


a 


~ 


«2Mo49— as Nb50™ 


43 1 C50— 42 M057 
aa Nbga— 42M0537 
43 1 C5g— aaRug7* 
505N71— 61570 
s3leg— 52 1 C69” 
509N73— 515b72” 
52 Te75— ssl 74 
54X€79— 55CS78” 
54X81 — 55CSg0” 
6oNdgi— soPre2 


1Pmgo— ooN ds: 


rn En nn cn 
Oe DAARAWOSOAK Da So 


V 
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TABLE I.—Continued. 








(B) Unfavored factors for allowed 8 transitions, even-A nuclei. 
(Matrix elem.)? 
t5 
16/9 
6/25 
24/25 
12/25 
(20/9) 
12/25 


log ft Interpretation 


3/2°Pis2— Paso! 
d3/2)s, 0° — (ds/2)2, 1° 
(fria)a, 4— (fr/2)2, 0! 
(psrz)1, 14— (psv2)o, 24 


Transition 
5B7— 6Ce 
19K 19— 18A207 
215€23— 20Caag” 
: on 
29CUss— og Nise 


— 30ZN34 





— (p3/2)o, 0! 





(psy2)1, 14 
(ps/2)s, o® 


bai? Pie 
psi® pire 


8o/2°g7/2 
So/2" 87/2 
89/2°87/2 
89/2°g7/2 
89/2" 87/2 
£9/2°87/2 
£9/2°87/2 
89/2872 
89/2872 
80/2 87/2 
89/2872 


29CU37— 30ZN36 
31Ga37— 30ZN3g 


31Gag9— 32Gesg 
35Bras— 345€46 

—seKraa 
43 1 C57— aus 
asRhgg— i6Pd5s 
a7Ags7— 46P 58 
44Ruge— asRhe: 
4sRhei— a6P doo 
a7Agso— «sPde0 


mane 


Vv 
ne ae a 


Wwindowwooe © ANU ACOA CWwBwWIwWnne 
ce 


ae 


a7Agei— asCdgo 
s7Ages— asCdee 
s6P-doe— azAges 
491N63— asC dea 

— 505N62 
a9] g5— 505064 
491 67— 50SN66 
515 De9— 505170 


ao 


89/2°87/2" 
&9/2°g7/2" 
87/2)1,3 


531 69— 521 €70 
d5/2d3/2 


ds2d3/2 


5/2d3/2 


53175— s4X€r4 
55CS73— 54X74 
55CS75— 54.X€76 

— ssBara 
57La77— 56Bazs 
57La79— s6Bago 
59PTg1— 58Ceg2 


130 


134 
136 
140 


4 
3 
3. 
4, 
4 
4. 
4, 
4. 
4 
5 
4 
5 
5. 
4 
4. 
4. 


dsj 3/28 


— (par2)o, of 


— pai? pis? 
— psa! 


— g0/2°g7/2° 
— S9/2 72° 
— go/2"g72 


~ 


— go/2°g7/2 
— g9/2°g7/2 
— g9/2°g7/2 
— go2g7i28 
a 89/2" 87/2" 
— g9/2°g7/2° 


5/2d3/2— 
(g7/2)1— (g7/2)o 


5213/22 — 


(S/9) 
12/25 
(5/9) 
11/10 
(2/5) 
16/9 
8/9 
16/9 
8/9 
32/27 
32/27 
64/9 
32/27 
8/9 
32/27 
40/27 
40/27 
32/9 
32/27 
40/27 
40/27 


— (ps/2)o, 1° 


— psirt 
— g0/2°g7/2° 


7 
on 8y..6 
89/2 87/2 
6 
8 
6 


Ras £9/2°g7/2® 
* 0/2 g7/2® 


_ 89/2 g7/2° 


— (£7/2)0 
3/2 


d3/2? 


—d3/7 
— d3)2? 


d5/2d3/2—d 3/2? 


3/24 


—dyy24 








® These values are obtained if Fermi interaction is included. 


There are also many cases where there are additives 
to the shell-model configurations, that is, incompletely 
filled shells which are not directly involved in the 
transitions. Examples are fs/2 states for nucleon numbers 
between 28 and 38 and /41/2 states for nucleon numbers 
between 64 and 76. They will not affect the matrix 
elements if they are accessible to one particle type only 
(in most cases neutrons), but if this is not the case 
they will give rise to configuration mixing, as will be 
discussed in Sec. II. In case the additives occur only 
for the neutrons isotopic spin will not be a good 
quantum number. 

The complexity of the subject imposes some limi- 
tations on the scope of this investigation. The very 
light nuclei (A 30) show great individualities and the 
coupling is probably intermediate between L-S and 
j-j character. On the other hand, there are no allowed 
transitions (at least none to ground states) when the 
neutron number WV exceeds 82. The allowed transitions 
thus do not extend into the region of high deforma- 


bility (V> 88), where the collective degrees of freedom 
play a particular role.’ 

Finally, there are the cases where the spins of an 
odd-particle group do not couple to a resultant J= 7 
of the individual nucleons (for instance, for 11, 25, and 
43 to 47 odd nucleons). These cases are not considered 
here, and neither are the /-forbidden transitions, for 
which matrix elements cannot be computed in an 
elementary way. 


II. DISCUSSION OF UNFAVORED FACTORS 


The shell-model transition probabilities are calcu- 
lated from the formula 


1/ fleate= Gr’ M »'+Gar’Mar’, (1) 


where My and Mgr are the Fermi and Gamow-Teller 
matrix elements tabulated in I. For the constants we 
choose the values given by Winther and Kofoed- 


7 A. Bohrand B. R. Mottelson, Kgl. Danske Videnskab. Selskab. 
Mat.-fys. Medd. 27, No. 16 (1953). A Bohr, Rotational States of 
Atomic Nuclei (E. Munksgaard, Copenhagen, 1954). 
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Gr’= Ger’= 5300 second. (2) 


The Fermi matrix element comes into play only in 
very few cases. U is the ratio ftobserved/fteateulated- 

Tables I(A) and I(B) present the material on allowed 
unfavored transitions for all transitions for which a 
reasonable shell model interpretation can be given. The 
experimental data and log ft values have been taken 
from the recent compilation by King,’ where also 
detailed literature references are given. Some additional 
data for nuclei in the f7/2 shell have been taken from 
Nussbaum.” 

For the odd-A nuclei the most obvious remark is 
that the many-particle matrix elements are in general 
smaller than the single-particle ones. This is particu- 
larly so for transitions within the same 7” configura- 
tions. Therefore, they reduce to some extent the gap 
between the favored and the unfavored transitions, 
but they by no means eliminate it. With the exceptions 
to be noted below, this factor is now only of order 10. 

There is, furthermore, a definite and conspicuous 
correlation between the unfavored factors and the 
expected purity of the configurations. Transitions for 
which the shell-model configurations can be expected 
not to be disturbed too much by configuration mixing 
show low U values compared to neighboring ones. 
Examples are S*, A*’, Zn®, Mo”, Tcl, and Nd™. On 
the other hand, there are two definite regions with 
high U values, where configuration interaction can be 
expected to play a major role. 

The first one is the group which has to be ascribed 
to ps2 proton and #12 neutron states. A conspicuous 
example is given by the nuclei with A=77. The shell- 
model wave-function configurations are here in obvious 
notation 


[ar fsyett+ def 5/2? p32? + dspsy2'; 489/2°P12 |, 
[bi fsy2*psyet be fsy2? ps2? ; b3go/2° + bagy/2*pry2" |, 
Ler fsy2®+C2fo2*ps/2?+ C3 foje*psy2'; C48o/2'P 12 |, 
(di fsy2® Payot de feyo'psy?+ds foo ps2; 

dago)2* P12? + dsgo/2" |, 
seKrai: [esfsy2®pso?t+e2fs/2'psy2'; es89/2" P12 |, 


32Ge™ : 
s3sASaa: 
34543: 


asBrao: 


where the a, b, -- - are numerical coefficients. All transi- 
tions between these nuclei are allowed. It is now seen 
that the transitions Ge”’— As” involves the overlapping 
pairs (a,b;), (debe), and (abs); the transition As’’— Se” 
the partly different pairs (bec2) and (b4c4). The situation 
is similar for the other transitions. Configuration 
mixing is thus required to explain the allowed character 
of these transitions. The contrast to the similar transi- 
tion 30Zngg— 31Gags, where such mixing is not expected 
to be important, is striking. 

8 A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab, 
Selskab, Mat.-fys Medd. 27, No. 14 (1953). 


*R. W. King, Revs. Modern Phys. 26, 327 (1954). 
1” R. H. Nussbaum, thesis, Amsterdam, 1954 (unpublished). 
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The second region of high U factors extends from 
A=121 to 135. The allowed character of these transi- 
tions can be achieved only by ds2—ds3/2 orbitals, or 
possibly /-forbiddenness. The d5;2 proton configuration 
must in this region (Z=50 to 55) be mixed with g7/2 
orbits, while on the neutron side (V==69 to 80) there 
is the irregular fill-in of the 11/2 orbits and the reap- 
pearance of holes in the gz/z and dsyz shells. These wave 
functions can thus be expected to be of strongly mixed 
character. It is again interesting to note that Nd™, 
which has a unique shell-model assignment, exhibits a 
markedly lower U value. 

There are, as one always finds in nuclear systematics, 
some curious cases. Ti*® has an especially small matrix 
element, and a U value which would classify this 
transition as a favored one. The transition 20Ca27—2:Scoe6 
with log ff=8.6 appears to be highly forbidden. 
Nussbaum” offers as a tentative explanation the 
assumption that the proton-neutron interaction may 
produce the configuration [d3)s" fz/2?;_fzy27] for Ca*’. 

Among all of the discussed transitions, there are 
only two for which there should be a contribution from 
the Fermi interaction. The U-value for 42Mog”"— 4: Nb50 
is then on the high side, which may be due to go/2p1/2 
configuration mixing. S*’ does not show any exceptional 
features. 

One of the authors" had suggested earlier that there 
might be a difference between class I decays, in which 
the transition can be ascribed to one last nucleon (e.g., 
16519— 17Clis; d32—ds/2) and class II decays, in which 
a pair is dissolved and reformed (e.g., 22Ties— 21Sc24). 
This hypothesis is not borne out by the present inves- 
tigation. There is complete symmetry in the many- 
body matrix elements when, in class II, holes are sub- 
stituted for particles. Also the U values given here 
show no systematic differences. 

For the even-A nuclei the great majority of allowed 
transitions have the assignments j?(j—1)"; J=1 for 
the odd-odd nuclei. These configurations, as remarked 
before," occur over a wider range of neutron numbers 
than in odd nuclei. They seem thus to be energetically 
favored. The matrix elements for the transition to the 
even-even J=0 daughters are of order unity or slightly 
larger. In accordance with this, we observe that the U 
values have about the same range as for odd-A transi- 
tions; however, the log ft values are systematically 
somewhat smaller. This empirical fact, first noted by 
Feenberg and Trigg," thus finds a natural explanation 
on the basis of the shell model. In addition, we find 
similar behavior as for odd nuclei. Comparatively large 
U factors occur where configuration mixing is to be 

4 L. W. Nordheim, Proceedings of the 1954 Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, London, 1955). 

2 We again leave out the very light nuclei, for which the coup- 
ling situation is not so clear. B” has been included in the list, 
because our formula reproduces the result given previously by 
E. P. Wigner in his lecture notes on ‘‘Nuclear Structure and Beta 
Theory,” Wisconsin, 1951 (unpublished). 


13E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1949). 
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expected, e.g., in the region of competition between the 
(payafsy2), (go/2Pr/2), and (gz/2dsy2) orbitals. 

There remains the general question of whether there 
is a systematic dependence of the unfavored factors on 
atomic number and on the position of NV and Z with 
respect to the closure of shells or subshells. As for the 
general A dependence, we are inclined to say that there 
is none of statistical significance. It is true that in our 
range of A from 35 to 141 there are some U values 
below 10 for light elements (S**, Sc#, Ti*®, K**) while 
at the upper edge they are slightly larger (Nd'', Pm™, 
La'6, Pr). However, there are also some low values 
in the intermediate range (Zn®, Mo”, Tc*, Tc, 
Pd", In"), 

The influence of shell closures, which is definitely 
noticeable, seems to be an indirect one. If there are 
only very few particles or holes outside closed shells, 
then generally there is much less chance for con- 
figuration mixing, and the U values become com- 
paratively small. On the other hand, closure of sub- 
shells seems to have as large an effect as the closure of 
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major shells. This points to configuration mixing as 
the major cause for the fluctuations of U values, a 
finding that is supported by all the evidence presented 
here. Of course, the regions where mixing is most likely 
are also the ones with partly-filled shells, and thus of 
high deformability, and it may be that these effects are 
not nearly separable. However, calculations by one of 
the authors," by Redlich and Wigner'® and by Suekane'® 
make it unlikely that orthogonality due to the cores being 
deformed differently in the initial and final states can 
explain a major part of the differences between the 
favored and unfavored transitions. It seems thus that, 
even for the purest shell-model configurations, there 
remains an unfavored factor of order three for the 
transition probabilities in 8 decay. It is our guess, 
and at this time a guess only, that this factor may be 
due to the two-particle correlations, which are not 
incorporated in the shell-model wave functions. 


4 W. C. Grayson, Jr. (unpublished). 
15M. G. Redlich and E. P. Wigner, Phys. Rev. 95, 122 (1954). 
16S. Suekane, Progr. Theoret. Phys. (Japan) 10, 480 (1953). 
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Properties of Bk***} 


L. B. Macnusson, A. M. FrtepMAN, D. ENGELKEMEIR, P. R. Fretps, AND F. WAGNER, JR. 
Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
(Received October 10, 1955; revised manuscript received January 23, 1956) 


The radiations of 5-day electron-capturing Bk*** were measured with electron spectrometer, scintillation 
spectrometer, and alpha pulse analyzer. Conversion electrons from 250-kev and ~390-kev transitions were 
observed. The electromagnetic spectrum contains L and K x-rays and 250- and 380-kev gamma rays. The 
relative contributions to the x-ray intensities from the primary capture processes and from excited state 
conversions were determined by counting coincidences between the electromagnetig radiations. Bk decays 
primarily by electron capture (L/K =0.33) to a 250-kev level in Cm**. The K and L conversion coefficients 
of the 250-kev transition are 1.76 and 0.44, respectively, indicating that the transition is M1. About 6% 
branching decay goes to a level at 630 kev. The lifetimes of the excited states are less than 2X10~ sec. 
The intensity of alpha-particle emission is 1.05X10~* per disintegration (alpha half-life 13 yr). Three 
alpha groups were resolved: 5.89 Mev (26%), 6.17 Mev (41%), and 6.37 Mev (33%). 


I. INTRODUCTION 


BERKELIUM isotope decaying principally by 

electron capture with a half-life of 4.95+0.1 days 
has been reported by Hulet, Thompson, Ghiorso, and 
Street! and assigned to mass 245. Alpha-branching 
decay to the extent of about 0.1% was observed. 
Hulet? subsequently assigned Z and K x-rays and 68- 
and 245-kev photons to the decay. 

Within the past year milligram quantities of ‘Am™ 
and Cm* have become available at Argonne from 
plutonium irradiated in the Materials Testing Reactor.’ 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Hulet, Thompson, Ghiorso, and Street, Phys. Rev. 84, 366 
OE K. Hulet, thesis, University of California Radiation 
Laboratory Report No. UCRL-2283, July, 1953 (unpublished). 


3 Stevens, Studier, Fields, Sellers, Friedman, Diamond, and 
Huizenga, Phys. Rev. 94, 974 (1954), 


With these quantities it appeared feasible to prepare 
sufficient quantities of Bk*™® by the Cm™*(d,n)Bk™5 
and Am**(a,2n)Bk** reactions to obtain more infor- 
mation about its disintegration processes. 
Il, EXPERIMENTAL 
A. Bombardments and Purification 

The curium target (96% Cm*4, 2% Cm, 2% Cm*®) 
was prepared by spreading curium nitrate solution 
containing about 1.5 mg of curium onto an aluminum 
backing, evaporating the solution to dryness, and 
decomposing the nitrate to the oxide in a muffle furnace 
at 600°C. The curium was covered with a one mil 
aluminum foil to reduce the alpha health hazard. The 
back of the target was water-cooled and the covering 
foil was air-cooled. The curium was bombarded for 
about fifteen hours at 120 ua in the external deuteron 
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Fic. 1. Electron spectrum of Bk™**, 


beam of the Argonne 60-in. cyclotron. After bombard- 
ment, the target was allowed to cool for eight hours to 
reduce the gamma radiation from impurities in the 
aluminum. The radiations of Bk**, formed by the 
(d,3n) reaction, were measured to trace the less active 
Bk™* through the chemical purification. 

The Am™ target (99.99% Am™, 0.01% Am!) was 
prepared by evaporating an americium chloride solution 
containing 0.1 mg americium on a small copper block. 
The copper block, cooled by water, was placed in the 
tank of the cyclotron. The Am™ was bombarded for 
six hours by a circulating helium ion beam of about 
40 wa. Bk*™*, formed by the (a,m) reaction, served as a 
tracer in the purification. 

The curium-berkelium mixture was dissolved from 
the target in concentrated nitric acid and precipitated 
as the hydroxide. The precipitate was dissolved, ex- 
tracted in tributylphosphate, re-extracted into dilute 
hydrochloric acid, and adsorbed onto a ten-centimeter 
long Dowex 50 resin column. To reduce the effects of 
the bubbling due to peroxide formation by the high 
alpha activity, the internal diameter of the column was 
three millimeters and the column was mounted in a 
horizontal position. The activity was eluted with 0.25- 
molar ammonium glycolate solution at a pH of 4.0. 
The column separation reduced the curium to berkelium 
ratio by a factor of 10°. The berkelium fraction was 
recycled through two more similar glycolate columns 
of twenty centimeters in length to reduce the Cm™ in 
the berkelium fraction to less than 0.05% by activity. 
The resulting berkelium activity was extracted into a 
0.25M solution of thenoyltrifluoroacetone* in benzene 
and evaporated on a one-mil aluminum disk for alpha 
and gamma spectra. 

The chemical procedure used in the Am** bombard- 
ment was similar to the method described above. The 
horizontal column step was unnecessary because of the 
much smaller amount of alpha activity. The electron 


4L. B. Magnusson and M. L. Anderson, J. Am. Chem. Soc. 76, 
6207 (1954). 
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spectrum work described in Sec. I.B and associated 
gamma spectrometry was done on the berkelium pre- 
pared from this source. 

The gross half-life of Bk™® was determined by follow- 
ing the decay with a thin window proportional counter. 
The half-life found was 4.98+0.02 days in good agree- 
ment with the value of 4.95 days given in previous 
work! and with the half-life obtained by following the 
decay of individual peaks in the alpha spectrum. 


B. Electron Spectrum 


A sample of berkelium was prepared for the Argonne 
double-lens beta spectrometer by drying a drop of 
berkelium nitrate solution on an aluminum foil of 
approximately 200 ug/cm? and heating to about 400°C. 
The source thus formed was about 5 mm in diameter. 
The baffles of the spectrometer were set to give about 
5% transmission and 6.8% resolution (full width at 
half-height) for a 5-mm diameter source. The electron 
spectrum was surveyed from 3 kev to approximately 
450 kev. 

In addition to electrons attributable to Auger 
transitions, electrons corresponding in energy to con- 
version of a 250-kev gamma ray in the K and L (and 
M unresolved) shells and possibly to conversion of a 
390-kev gamma in the K shell were detected. Figure 1 
shows the momentum spectrum of the conversion lines. 
The spectrometer data, normalized by the transmission 
of the spectrometer and the appropriate decay correc- 
tion to the intensity of K x-rays from the sample (see 
Sec. C), are given in Table I. No reliable estimate of 
the errors in the absolute values can be given. The ratio 
of K to L+M electrons of the 250-kev transition is 
probably accurate to within 15 percent. The ratio of K 
conversion electron intensities of the 250- and 380-kev 
transitions may be in error by as much as 50%. 


C. Electromagnetic Radiations 


Electromagnetic spectra were observed with the same 
sample used for the conversion electron spectrum. 
Radiations with energies greater than about 30 kev 
were detected with 1-inch thick, 1}-inch diameter 
sodium iodide crystals. The crystal windows were 
zz-inch aluminum. Scintillation pulse spectra from 
radiations in the 30-460 kev range are plotted in 
Fig. 2. Three peaks were observed, in agreement with 
the spectrum from berkelium produced in deuteron 
bombardment of the curium sample. The broad peak 
centered at 115 kev is in the region expected for curium 
K x-rays. The gamma-ray energies are 250 and 380 kev. 


TABLE I. Ratios of conversion electrons to K x-rays 
from the decay of Bk***. 








Gamma kev 


250 
380 


€x/Xx 


0.52 
0.009 


er u/*K 


0.13 
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There is no evidence for the 68-kev photon reported by 
Hulet.? The intensity of the shoulder on the low-energy 
side of the K x-ray peak corresponds to the normal 
escape peak intensity. A high rate of coincidence was 
observed for the 115-kev peak with radiations in a 
95-150 kev band. 

At high detection geometries, pulse summation, in 
which two photons give simultaneous pulses in the same 
crystal, becomes significant. The effect is a serious 
interference with intensity determinations in the 
present measurements since the sum pulses have heights 
which are not resolved from those of true single pulses. 
In attempts to obtain the true relative intensities of 
the radiations, measurements were made at various 
geometries and with different thicknesses of absorber. 
Figure 2 illustrates the use of tantalum absorbers to 
attenuate the K x-rays. The measurements with ab- 


TABLE IT. Singles counting. 








Absorber Detection Apparent Photons/min 
mg/cm? Ta efficiency’ photons/min corrected 


5460 7340 

6790 7400 
10 100 10 500 
11 600 11 800 
10 800 11 600 
11 800 12 200 

3570 2920 

3000 

3200 

3500 


Solid 


Photon angle*® 





0.18¢ 
0.069¢ 
0.14¢ 
0.051° 
0.17 
0.076 
vee 0.10 
431 0.078 
847 0.061 
0.048 
0.045 3150 
tee 0.054 1070 

431 0.048 710 

847 0.043 560 

1287 0.039 470 

vee 0.024 710 455 


0.188 
0.072 
0.174 
0.067 
0.202 
0.089 
0.202 


L x-ray 
K x-ray 


250-kev y 


1287 


380-kev y 


0.089 





® The solid angle is that subtended at the sample by the face of the 
Nal crystal. 

b Detection efficiency is the calculated over-all efficiency which includes 
the solid angle, crystal-edge effect, effective crystal thickness, full energy 
peak efficiency and absorber transmission. No attempt was made to 
correct for inscattering by the tantalum absorbers. 

© The detector was a } X1} in. crystal with an 18-mil beryllium window. 
For the remainder of the measurements the detector was a 1 X1}$ in. 
crystal. Numerical values for efficiencies were taken from the compilation 
by M. I. Kalkstein and J. M. Hollander [University of California Radiation 
Laboratory Report No. UCRL-2764, October, 1954 (unpublished) ]. 





sorber attenuation given in Fig. 2 and Table II are not 
sufficient for the best definition of relative intensities. 
Pulse summation is eliminated but the solid angle is 
too large for good elimination of Compton-scattered 
photons. The apparent intensity of 250-kev photons 
goes through a minimum with added absorber. 

The relative intensities of ZL and K x-rays were 
measured with a }-inch thick, 1} inch diameter sodium 
iodide crystal covered by an 18-mil beryllium window 
(Fig. 3). Intensities calculated from the observed full 
energy plus escape peak intensities are given in Table 
II. The energy spectrum above 460 kev was not studied 
in detail. The intensity of pulses from gammas of 
energy greater than 460 kev appeared to be not more 
than a few tenths percent of the K x-ray intensity. 

The observation of coincidences between the 115-kev 
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Fic. 2. Electromagnetic spectrum of Bk™* detected with 1-inch 
thick 1}-inch diameter. NaI crystal. (- O -) no absorber, 10 
min count; (-—@-—-) 431-mg/cm? Ta absorber, 20-min count; 
(-— A: -) 847-mg/cm? Ta absorber, 10-min count; (--- *---) 
1287-mg/cm? Ta absorber, 10-min count. 


peak and radiations in a 95-150 kev band indicated 
clearly that not all of these radiations were K x-rays 
from the primary electron capture. The coincidence 
studies were extended to cover nearly all possible 
combinations of the electromagnetic radiations. The 
coincidence counting data are summarized in Table III. 
Radiation B was selected with a single-channel analyzer. 
The spectrum coincident with radiation B was displayed 
on a twenty-channel analyzer. The resolving time, 27, 
was normally 0.08 usec but was increased to 0.16 usec 
when L x-ray coincidence measurements were made. 
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Fic. 3. X-ray spectrum of Bk™* detected with }-inch thick X 1}- 
inch diameter. NaI crystal (18 mil Be window). 10-min count. 
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TABLE IIT. Coincidence counting. 








Radiation* 


Detection efficiency 
B 


Counts/min ; 
B Coincidences/min 


3.3 +0.2 
0.39+0.02 
4.4 +0.2 
17.7 +0.5 
7.1 +0.2 
0.45+0.02 
58 +1 

9.9 +0.4 
0.6 +0.1 
0.130.06 
0.09+0.01 





0.049 
0.035 
0.049 
0.049 
0.049 
0.035 
0.136 
0.136 
0.136 
0.049 
0.031 


49+2 
5+1 
49+2 
140+8 
5842 
5+1 
535+16 
535+16 
535+16 
58+3 
541 


250 
380 
380 
250 








* No absorber was used in the detection of radiation A except for an 
847-mg/cm* Ta absorber in the 250-380 measurement. For the detection 
of radiation B an 847-mg/cm* Ta absorber was used for all measurements 
except K—K, 250—K and 380—K (no absorber) and 250-380 (1287 
mg/cm? Ta). 

These measurements were made with the }-inch Nal crystal. All 
others were taken with 1-inch crystals. 


Delay-time measurement of K x-rays coincident with 
all radiations greater in energy than 50 kev gave no 
indication of a lifetime of the excited levels in Cm** 
greater than 2X10~° sec, the lower limit of the appa- 
ratus. 


D. Alpha Particles 


Alpha-particle activity in the berkelium samples 
could not be removed by repeated purification. The 
alpha particle to K x-ray intensity ratio was consistently 
found to be about 10-*. The most accurate measurement 
of the ratio of alpha particles to K x-rays gave a value 
of 0.00084. A single drop of glycolate eluant was dried 
and ignited on a platinum plate. The alpha particles 
were counted in an ion chamber. For the K x-ray 
intensity measurement, the sample was mounted in a 
collimated sample holder which transmitted 2.60% 
of the radiation through a }-inch hole. The radi- 
ations were detected by a }X1} inch sodium iodide 
crystal and analyzed with the 20-channel analyzer. 

The alpha spectrum of Bk™® was measured with the 
nearly weightless sample prepared from the thenoyltri- 
fluoroacetone chelate extraction. The alpha pulse 
analyzer was of the type described by Ghiorso, Jaffey, 
Robinson, and Weissbourd.’ Three prominent peaks 
appear in the spectrum (Fig. 4). The averages of the 
energies of the alpha peaks and their relative intensities 
for ten such analyses gave the results of Table IV. 
Although peak shapes are not always well defined by 
this type instrument, there is some indication of 
broadening on the high-energy sides of the 5.89- and 
6.17-Mev peaks. The effect could be caused by the 
addition of ionization from conversion electrons to the 
ionization from the alpha particles.® 


uranium Elements: Research Papers (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Paper No. 16.8, National Nuclear 
Energy Series, Plutonium Project Record, Vol. 14B, Div. IV. 

*D. W. Engelkemeir and L. B. Magnusson, Rev. Sci. Instr. 
26, 295 (1955). 
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III. RESULTS AND DISCUSSION 


A significant coincidence rate is observed for the 250- 
and 380-kev radiations (Table III). If there are only 
two transitions of these energies in series, the coinci- 
dence rate, G, is given by Eq. (1) 


G=7'en(1—ar’ Jes, (1) 


where ’ is the total intensity of 380-kev gamma rays, 
e subscript is the counting efficiency and 1—a7” is the 
fraction of the 380-kev gammas which is in series with 
250-kev gammas. The factor, 1—a7’’, is the uncon- 
verted fraction of the 250-kev transition, providing no 
transition exists which is in series with 380 kev but not 
in series with 250 kev. A rough value of 0.3 for the 
unconverted fraction of the 250-kev transition is 
calculable from the relative intensities of conversion 
electrons and gamma rays (Tables I and II). Substi- 
tuting the observed values (Table III) for y'eg (the 
380-kev singles rate) and e4, the 250-kev counting 
efficiency, we calculate a coincidence rate of 0.09 in 
agreement with the observed rate. The 380-250 coinci- 
dence rate (0.13 counts/min) should be, and is, equal 
to the 250-380 rate multiplied by the ratio of the 
products of the counting efficiencies. Subsequent calcu- 
lations are based on the evidence that the two transi- 
tions are in series and that no transitions bypassing 
the 250-kev transition are in series with 380 kev. 

The conversion electron spectrum shows no evidence 
for transitions other than those with energies of 250 and 
~390 kev. The evidence from the electromagnetic 
spectra agrees qualitatively if one assumes that all the 
radiations in the regions of 15 and 115 kev are x-rays. 
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Fic. 4. Alpha-particle spectrum of Bk** measured with ring 
collimator (#-inch high, 1-inch diameter), 1000-min count. 
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The observed coincidence of 115-kev radiations would 
be assigned to the coincidence of K electron capture 
x-rays with K conversion x-rays. Sufficient data are at 
hand to test the assumption regarding the 115-kev 
radiation. The rate ratio of K—K coincidences to 
K—250 coincidences will be given by 


Gr_x 


2ax” frex 


(2) 





_ ’ 
Gr-250  (1—ar’’)€250 


where ax” is the fraction of the 250-kev transitions 


converted in the K shell, fx is the fluorescent yield and 
the remaining notation has been defined previously. 
The contribution to the rate ratio by conversion of the 
380-kev transition is negligible. Substituting numerical 
values from Table III with the fluorescent yield equal 
to 0.98, we calculate a value of 1.76+0.08 for the K 
conversion coefficients, @x’’/1—ar"’, of the 250-kev 
gamma. The rough value from the relative electron and 
gamma singles intensity data is 2. The radiation in the 
region of 115 kev is probably entirely K x-rays. From 
the singles intensity data (Tables I and II) the prelimi- 
nary value for the ratio of 250- to 380-kev transitions 
is about 17. The large 250-kev/380-kev intensity ratio 
and the apparent absence of other transitions leads to 
the conclusion that the 250-kev transition is to the 
ground state of Cm™°. The 380-kev transition depopu- 
lates a 630-kev level. No other levels or parallel de- 
excitations of energy greater than 15 kev are present 
to any appreciable extent. The problem of low-energy 
radiations and L x-rays will be discussed later. 

K electron capture branching to the 630-kev and 
250-kev levels was calculated from the K x-ray-gamma 
coincidence rates given by 


Gr—ss0= Nb’ (1—ar’)en(k’+ax") fea, (3) 
and 


Gr—250= N (1— ar’ Jen (bh +0'k'+-b'ax') fea, (4) 


where b’ and b” are the fractions decaying to the 630- 
and 250-kev levels, respectively, & is the fraction 
decaying by K capture, and the remaining symbols 
retain the previous definitions. The factor Vb’(1—a7’)ep 
in Eq. (3) is the singles counting rate (B, Table III) 
of the 380-kev gamma. Substituting numerical values 
with ax” equal to 0.55, we find the fraction, k’, decaying 
by K capture to the 630-kev level to be about 0.1. 
The fraction decaying by K capture to the 250-kev 
level is 0.75+0.03, the average of the three determi- 
nations in Table III. 


TABLE IV. Alpha particles from Bk™®, 








Hulet et al.* 
E (Mev) 


5.90+0.05 
6.15+0.05 
6.330.05 


Present work 
E (Mev) Relative % 


5.89+0.02 2641 
6.17+0.02 41+2 
6.3740.02 3342 











® See references 1 and 2. 
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Fic. 5. Electron-capture decay scheme of Bk™*®, 


Since 94% of the electron captures populate the 
250-kev level directly, the branching factors ax”, k’, 
and k” calculated from the coincidence data do not 
depend on a highly accurate value for the relative 
intensities of the 250- and 380-kev gammas. The 
consistency of the data may be checked, however, by 
comparing relative intensities calculated from the 
branching factors with the observed relative singles 
intensities. The apparent photon intensities in column 
5 of Table II were corrected for the pulse summation 
effect as a function of geometry. The corrected rates 
are given in the last column of Table II. The average 
relative K:250:380 intensities from the 1-inch crystal 
data are 1:0.245:0.040. Assuming that all electron 
captures to levels above 250 kev populate the 630-kev 
level, we find the relative intensities from the decay 
scheme of Fig. 5 to be 1:0.251:0.040 in good agreement 
with the singles data. Little, if any, K electron capture 
occurs directly to the ground state. 

Further information concerning the decay scheme is 
contained in the Z x-ray data. The considerations given 
above do not eliminate the possibility of transitions 
with energies in the LZ x-ray region. Z capture branching 
to the 630- and 250-kev levels was calculated from the 
I x-ray gamma coincidence data, and the a and k 
values derived in the preceding discussion. Corrections 
were applied for pulse canceling and fluorescent yields.” 


7 The number (0.71) of L vacancies per K capture was deter- 
mined from the theoretical K x-ray intensities of H. W. S. Masse 
and E. H. S. Burhop [Proc. Cambridge Phil. Soc. 32, 461 (1936) 1 
extrapolated to Z=96. The relative intensity of the Kgs line, 
which they did not calculate, was assumed to be the same as that 
for W as measured by W. Duane and W. Stenstrém, Proc. Natl. 
Acad. Sci. 6, 477 (1920). The contribution of Auger transitions 
was neglected. The L-shell fluorescence yield (0.52) following K 
capture was obtained from the data of B. B. Kinsey, Can. J. 
Research A26, 404 (1948). The relative excitations of the L levels 
following a K vacancy were taken as Ly: Ly: L111=0:1:2. The 
theoretical relative Lyj:L11:L11 capture probabilities from the 
data of Brysk and Rose (reference 15) were combined with the 
fluorescence yield data of Kinsey to give a total fluorescence 
yield of 0.48 following either allowed or first-forbidden L capture. 





1102 MAGNUSSON, 
The fractions decaying by L capture to the 630- and 
250-kev levels were calculated to be 0.48 and 0.31, 
respectively. The value of the latter to be expected 
from the K capture fraction is not more than 0.25. 
From the decay scheme of Fig. 5 the ratio of L/K 
x-ray emission is 0.56. The experimental ratio from 
the values in the last column of Table IT is 0.64. These 
values are the apparent intensities of column four 
corrected for pulse canceling as a function of geometry. 
The pulse-canceling corrections are not dependent on 
accurate values for the fluorescent yields. The fair 
agreement of the observed coincident and singles L 
x-ray intensities with the values derived from the K 
x-ray data is evidence that the prominent modes of 
decay in the scheme of Fig. 5 are probably correct. 
There can be no large number of transitions with 
energies greater than about 8 kev. 

It is of interest to note that both the singles L x-ray 
intensity and the L—250 coincidence rate calculated 
with the values from Fig. 5 would agree very well with 
the experimental values if the Z fluorescent yields were 
actually ten percent larger than the adopted values of 
about 0.5. The observed K and ZL captures do not 
account for the population of the 630-kev level so one 
must assume 20-50% M capture. 

The K and L conversion coefficients of the 250-kev 
transition are 1.76 and 0.44, respectively, from the data 
reported in the present paper. Comparison of the 
conversion coefficients with theoretical values from 
Rose, Goertzel, and Perry® and Gellman, Griffith, and 
Stanley® indicates that the 250-kev transition has 
magnetic dipole character. The K conversion coefficient 
for 250-kev magnetic dipole radiation from the data of 
Rose ef al., is 3.7. The L conversion coefficient should 
be about 1.0, by extrapolation of the data of Gellman 
et al. 

Radiations from levels in Cm** have been detected 
in other work. From observations of photons associated 
with the beta decay of Am Browne e¢ al., have 
postulated levels in Cm™® at 36, 156, 179 and 411 kev.” 
There is no correspondence between these levels and 
those of Fig. 5 of the present report. The only con- 
version electrons observed by Browne ef a/., where K 
and L electrons from a 255-kev transition with relative 
intensities about equal to those seen in the Bk™® decay. 
Fields et al." have reported photons of ~121 and 260 
kev associated with the beta decay of Am™* with 
relative intensities which appear to be about the same 
as those observed in the singles gamma spectrum by 
browne ef al. Assuming that the peak measured as 
121 kev is entirely from K x-rays from conversion of the 
gamma, we calculate a conversion coefficient of 1.6 

8 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023 (1951) (unpublished). 

® Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

% Browne, Hoffman, Crane, Balagna, Higgins, Barnes, Hoff, 
Smith, Mize, and Bunker, J. Inorg. Nuclear Chem. 1, 254 (1955). 


1 Fields, Studier, Friedman, Diamond, Sjoblom, and Sellers, 
J. Inorg. Nuclear Chem. 1, 262 (1955). 
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from the Am™* data. The close correspondence in 
energy and conversion coefficient to the 250-kev 
transition following the Bk™* decay suggests that the 
same transition is being observed. 

Evidence for a 250-kev level in Cm™® is found in the 
alpha particle spectrum of Cf“*. Measurements by one 
of us (L.B.M.) indicate that the ground state and 
levels at 55, 250, ~290, and 385 kev (90%) are 
populated by the alpha decay. No alpha decays leading 
to the 630-kev level deduced from the Bk™* data were 
detected (less than 0.005/disintegration). From the 
spectrum of gamma rays coincident with Cf alpha 
particles, Stephens has concluded that the high-intensity 
alpha-particle group populates a level at 394 kev.” 
Within the errors of measurement it is likely that the 
reported values of 385 and 394 kev apply to the same 
transition. 

There are clearly two level separations of nearly the 
same energy, ~390 kev, in the Cm™® level scheme. 
Some ambiguity remains in the interpretation of the 
electron capture to levels above 250 kev. It is possible 
that a small number of the Bk** electron-capture 
decays populate the level at ~ 390 kev directly. Within 
the uncertainties of our measurements the subsequent 
release of excitation energy would not be distinguishable 
from that following population of the 630-kev level. 
The apparent K conversion coefficient of the 380-kev 
radiation, 0.2, is nowhere near theoretical expectations 
for either electric or magnetic transitions of small 
multipole order (theoretical conversion coefficients are 
0.02 for £1, 0.06 for £2, and 1.2 for M1).® The small 
value of the apparent conversion coefficient indicates 
that most of the 380-kev radiation is electric. A branch- 
ing of the order of two percent of the total disintegra- 
tions to the ~390-kev level with M1 radiation could 
account for the conversion electrons. In view of the 
possible capture to the ~ 390-kev level, the assignment 
of K electron capture to the 630-kev level is tenuous. 

By assuming that most of the decay goes through 
the 250-kev level, Hoff and Thompson classified the 
electron capture decay of Bk*® as first forbidden 
(AJ=0, 1 yes) from the approximate log ft value (6.7)." 
It is of interest to compare the experimental L/K 
capture ratios with theoretical ratios. The decay energy 
of Bk™® is not well defined, unfortunately, by available 
data. Since the 630-kev level in Cm*® is certainly 
populated by Z capture, the total decay energy is at 
least 655 kev. This lower limit was used with the 
equation for transition probabilities and the wave 
function values given by Brysk and Rose for first 
forbidden (AJ=0, 1 yes) electron capture to calculate 
the probabilities for capture to the 250-kev level. The 
relative K and L capture probabilities associated with 


2 F, S. Stephens, Jr., thesis, University of California Radiation 
Laboratory Report UCRL 2970, June, 1955 (unpublished). 

18 R, W. Hoff and S. G. Thompson, Phys. Rev. 96, 1350 (1954). 

4H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, January, 1955 (unpublished). 





PROPERTIES OF Bk#?45 


each matrix coefficient are listed in Table V. The 
matrix coefficients are unknown. With the exception of 
the terms in the sixth and eighth rows of the table, 
however, the L/K capture ratio for each term is nearly 
the same. Providing no large negative coefficients occur, 
the actual values of the matrix coefficients can have 
little effect on the L/K capture probability ratio. With 
the gross assumption that all the coefficients are 
positive and of the same magnitude, the ratio of the 
sums of the relative ZL and K probabilities is 0.38. The 
contributions from the sixth and eighth row terms are 
negligible. The capture probabilities for first forbidden 
unique decay (AJ=2 yes) are given by the entries in 
the sixth row of Table V (L/K=0.91). All the other 
terms make no contribution to first-forbidden unique 
transitions. The experimental L/K ratio of 0.33 suggests 
that the total decay energy is somewhat larger than 
655 kev. 

The theoretical L/K ratio for an allowed transition 
to the 250-kev level is also about 0.38, calculated with 
the lower limit of 655 kev for the Bk decay energy. 
As pointed out by Brysk and Rose, the agreement is a 
consequence of the equality of the ratios of the “large”’ 
and “small”? components of the Dirac radial wave 
functions for the Ly and K shells. The Ly;/Z; ratio is 
insensitive to the order of forbiddenness and Ly 
capture is negligible for allowed and first forbidden 
(AI=0, 1 yes) decay. The L/K capture ratio calculated 
for the allowed type of transition appears to be a good 
approximation for the L/K ratio for first forbidden 
(AT=0, 1 yes). 

If K capture occurs to the 630-kev level, the L/K 
ratio being greater than 4 from the present measure- 
ments, we calculate an upper limit to the total decay 
energy of 790 kev. This upper limit corresponds to a 
theoretical L/K ratio of 0.30 for capture to the 250-kev 
level. The experimental L/K ratio of 0.33 suggests that 
K capture to the 630-kev level is energetically impos- 
sible, although the evidence can be given little weighting 
from consideration of the experimental and theoretical 
uncertainties. In summary, the experimental L/K ratio 
for capture to the 250-kev level is consistent with 
theoretical expectations for first forbidden decay 
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TABLE V. Contributions of the various matrix elements to the 
relative K and L capture probabilities for Bk** with 655-kev 
total decay energy (lower limit). 





Matrix coefficient K Li Lin 


Gs*K, 108 36 6 see 
Gr*Io(1,0) 1358 457 74 0 
Gr*I (1,0) 0.40 0.14 0.02 
G7’I,(0, oX p/M) 5.3 1.8 0.27 0 
Grl,(0,1;0,@Xp/M) 48 21 —3 0 
Gr*Jo(1,0) 0.128 0.087 0.012 0.017 
—GsGrJ,(1,0) 2420 776 116 tee 
—GsGrJ,(0, @X p/M) 51 26 —2.5 0 


(AJ=0, 1 yes). The problems of decay to higher levels 
and the decay energy of Bk™* require more accurate 
data. 

From the relative intensity of alpha particles (Sec. 
II. D) and the value of 1.27 for the number of K 
vacancies per disintegration the half-life for decay by 
alpha-particle emission is 13 years in good agreement 
with the value of 14 years derived by Hulet, Thompson, 
Ghiorso, and Street.' Differences in the alpha-particle 
energies of Bk™® suggest levels in Am™! at ~200 and 
480 kev. Glass has assigned a 470-kev gamma ray 
following the electron-capture decay of Cm to a 
transition to ground.'® 
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The existence of an excited state in He* may be investigated by bombarding these nuclei with a mono- 
energetic beam of protons and looking for a group of inelastically scattered protons corresponding to excita- 
tion of the state. Using this technique at a bombarding energy of 32-Mev, Benveniste and Cork found no 
evidence of a state in Het of excitation energy less than 23 Mev. The 40-Mev beam of the Minnesota proton 
linear accelerator has been used to extend the search for a state in He* to higher excitation energies. A gas 
target was bombarded and particles emitted at forward angles were detected in a scintillation counter 
which measured their energy. By observing the energy loss in traversing thin foils, the masses of the emitted 
particles were determined. Elastically scattered protons and recoil He* were seen, as well as deuterons and 
recoil He* from the ground state (p,d) reaction. A continuum of protons from (p,2p) and (p,pm) reactions 
was observed. No evidence was found for a group of inelastically scattered protons corresponding to excita- 


tion of a state in Het* of energy less than 28 Mev. 





INTRODUCTION 


HE purpose of this experiment is to investigate 

the existence of an excited state in He‘. In this 

section a short review of the present status of this 
subject will be presented. 

In 1936, theoretical arguments were given which set 
an upper limit on the excitation energy of the first few 
excited states of He‘.!:? These arguments were based on 
sum rules and required a knowledge of the ground-state 
wave function. According to the best estimates of the 
ground-state wave function which could be made at the 
time, the upper limits of the excitation energies indi- 
cated the existence of two bound (excitation< 20 Mev) 
excited states. 

Little experimental evidence was available on this 
subject prior to the investigation, commencing in 1950, 
of the reaction H*(p,7)He‘. In the first experiment on 
this reaction, the excitation function was found to 
increase rapidly up to the maximum available energy 
of 2.5 Mev.’ These data were fitted by assuming a 
single virtual state in He‘ at an excitation energy of 
21.6 Mev, and with a half-width of 1 Mev. Furthermore, 
the experiment indicated the presence of only a single 
21.6-Mev y ray, which argues against the existence of 
a bound state in He‘. Later, calculation of the non- 
resonant capture of p-wave protons by H® showed that 
the results of this experiment could be explained without 
assuming a state in He‘.* Extension of the H*(p,7)He* 
experiment to higher bombarding energies demonstrated 
that the excitation function continues to increase, 
showing no resonant structure to a maximum energy of 


+ Work supported in part by the U. S. Atomic Energy Com- 
mission. 

* Present address: Cavendish Laboratory, Cambridge, England. 

1 FE. Feenberg, Phys. Rev. 49, 328 (193 36). 

2H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 147 
1936 
a bok et al., Phys. Rev. 78, 691 (1950). 

‘B. H. Flowers and F. Mandl, Proc. Roy. Soc. (London) 206, 
131 (1951). 


7.3 Mev.*~* The results of these experiments are also in 
qualitative agreement with the calculation based on 
nonresonant capture. However, isotopic spin selection 
rules may prohibit radiative transitions from the first 
excited state to the ground state in He‘.* Thus, to the 
extent that these selection rules apply, the H*(p,y)He! 
reaction could not show a resonance due to the first 
excited state in Het. 

Some information exists concerning other reactions in 
which, as in the case of H*(p,y)He*, the intermediate 
system is He*. Examples are: H*(p,p)H®, H®(p,n)He?.” 
Excitation functions have been measured up to several 
Mev with no conclusive evidence for an excited state 
in Het being found. 

Information concerning an excited state in Het may 
also be obtained by investigating inelastic scattering 
reactions such as He‘(p,p’)He*. In these experiments, 
He‘ is bombarded with monoenergetic protons and a 
search is made for a group of inelastically scattered 
protons corresponding to excitation of the state. These 
experiments have the advantage, compared to the 
experiments described in the previous paragraphs, that 
it is no more difficult to search for bound states than 
to search for virtual states. 

Using the inelastic proton scattering technique at a 
bombarding energy of 32 Mev, Benveniste and Cork 
found no evidence of a state in He‘ of excitation energy 
less than 23 Mev.'! These results were confirmed by 
Wickersham." Since a state lying just above the energy 
range investigated by these experiments would be 


5 C. E. Falk and G. C. Phillips, Phys. Rev. 83, 468 (1951). 
®R. W. Birge and J. Jungerman, University of California 
Radiation Laboratory Report UCRL-2109, February, 1953 (un- 
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8 L. E. H. Trainor, Phys. Rev. 85, 962 (1952). 
°M. E. Emmis and A. Hemmendinger, Phys. Rev. 95, 772 
(1954). 
” Willard, Bair, and Kington, Phys. Rev. 90, 865 (1953). 
1 J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 


2 A. F. Wickersham, University of California Radiation Labora- 
tory Report UCRL-2662, August, 1954 (unpublished). 
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SCATTERING OF 40-MEV 


virtual by only about 3 Mey, it is possible that a state 
could exist, at excitation energies higher than those 
investigated, with a width not too large to preclude 
observation. Consequently, it is worthwhile extending 
the search for a state in He‘ to higher excitation 
energies. 

In the experiment reported here, this has been accom- 
plished by using bombarding protons of higher energy. 
In this experiment, a gas target of He* is bombarded 
by the 40-Mev beam of the Minnesota proton linear 
accelerator. Particles emitted at forward angles are 
detected in a scintillation counter which measures their 
energy. By observing the energy loss in traversing thin 
foils, the masses of the emitted particles are determined. 
A search is made for a group of inelastically scattered 
protons corresponding to excitation of a state in He’. 
With this technique, it is possible to investigate the 
existence of a state in He‘ of excitation less than 28 Mev. 
Thus the range investigated is extended to include 
states which are virtual by less than 8 Mev. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The 40-Mev beam from the Minnesota proton linear 
accelerator is deflected into the experimental area by a 
magnet located between the second and third sections 
of the machine. Before entering the magnet, the beam 
passes through a thin Al stripping foil to eliminate 
the presence of H,* ions in the deflected beam. The 


deflected beam then passes through a system of col- 
limating diaphragms and through a thin Al entrance 
window into the scattering chamber. 

The scattering chamber is filled to } atmosphere 
with He‘ which is purified by passing it through an 
activated-charcoal trap maintained at liquid nitrogen 
temperature. The trap removes all impurities except 
Ne and Hz. If either of these impurities were present 
in a significant amount they would manifest themselves 
by elastically scattering protons which could be resolved 
from the protons elastically scattered from He‘. From 
the energy distribution of scattered protons, it can be 
shown that the amount of Ne and Hp, present is 
negligible. 

Particles which scatter at an angle of 30°, from a 
region in the center of the chamber, pass through a 
second system of diaphragms and through a thin Al 
exit foil and then enter a shielded Nal scintillation 
counter. The beam continues through the scattering 
chamber and is collected in a Faraday cup and inte- 
grated by a feedback electrometer circuit. 

Pulses from the scintillation counter are sent through 
a preamplifier and amplifier and into a ten channel 
pulse-height analyzer. The energy sensitivity of the 
detection system is calibrated from the observed pulse 
height of elastically scattered protons, which have an 
energy of 37.2 Mev upon entering the Nal crystal. 

The relation between the observed number of counts 
per unit integrated beam and the cross section was 
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Fic. 1. Pulse-height distribution of particles emitted at 30° 
from Het bombarded with 40-Mev protons. 


obtained from a measurement of p-p scattering made 
under the same conditions of geometry, gas pressure, 
etc., used in the He‘ scattering experiment. The cross- 
section conversion factor obtained in this manner is 
known with essentially the same accuracy as the p-p 
scattering cross section. This procedure eliminates the 
necessity of performing a tedious solid angle calculation. 

Figure 1 shows a pulse-height distribution of particles 
emitted at 30° from He*t bombarded with 40-Mev 
protons. The peak near channel 80 is the elastically 
scattered protons. The arrow labeled d shows the 
calculated location of deuterons from the reaction 
He‘(p,d)He’ leading to the ground state of He*. The 
arrow labeled “He*’ shows the calculated location of 
recoil He‘ from the elastic scattering process. Correction 
has been made for the nonlinear response of Nal to 
He’‘."* The two arrows enclosed by the bracket labeled 
“He®” show the approximate range of calculated loca- 
tions corresponding to recoil He* from the ground 
state He*(p,d)He® reaction. The calculated location is 
uncertain because the response of NaI to He’ has not 
been measured (to the knowledge of the author). The 
continuum of pulses, in the region between the peak 
near channel 80 and the peak near channel 40, consists 
of: (i) elastically scattered protons whose energies 
have been degraded by slit scattering, (ii) elastically 
scattered protons which have suffered a nuclear inter- 
action in the Nal crystal before they have traversed 
their range. Measurements of the specific ionization of 
the particles comprising the various peaks, indicate 
that the continuum to the left of the peak near channel 
40 also consists of protons. In this region, the continuum 
is the sum of the two effects just mentioned plus a real 
low-energy proton continuum from He‘(p,2p)H® and 
He'‘(p,pn)He’ reactions. The Q of these reactions is such 
that the low-energy proton continuum will begin just 
to the left of the peak near channel 40. To the left of 
channel 14 the number of counts per channel increases 
rapidly. This is due to a background of uncharged 


8, J. Taylor et al., Phys. Rev. 84, 1034 (1951). 
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Fic. 2. Identification of deuteron group. 


radiation from diaphragms, Faraday cup, etc. The back- 
ground is measured by placing an absorber in front of 
the scintillation counter thick enough to stop the 
longest range particle present. It is also measured by 
observing the counting rate when the scattering cham- 
ber is evacuated. The dotted line shows the measured 
pulse-height distribution of the background. 

The arrow labeled “p from He‘(p,p’)He*’ shows the 
calculated location of protons inelastically scattered 
from a state in He‘ of 23-Mev excitation. Protons 
inelastically scattered from a state of lower excitation 
energy would be found at greater pulse height, and 
vice versa. If the peak near channel 40 is due to deu- 
terons, then the absence, of a group of inelastically 
scattered protons confirms the prior evidence!!!” that 
there is no state in He‘, of excitation energy less than 
23 Mev, which can be observed by inelastic proton 
scattering. 

The agreement between the calculated and observed 
positions of the three low pulse-height peaks implies 
that they consist of deuterons, He‘, and He’, respec- 
tively. However, it is necessary to make a positive 
identification. It is also necessary to investigate the 
shape of the continuum under the He‘ and He’ peaks. 
Both of these ends are accomplished by utilizing the 
dependence of the specific ionization of a particle on 
its mass and charge. 

In Fig. 2, the data connected by the solid line show 
the groups tentatively identified as deuterons (channel 
40) and as Het‘ (channel 23). The data connected by 
the dashed line are obtained under identical conditions 
except that a 0.020-in. Al absorber is placed so that the 
emitted particles traverse the absorber before entering 
the scintillation counter. In both cases, the background 
has been subtracted. The arrow labeled p shows the 
calculated location, with the absorber in place, of the 
peak that was at channel 40, assuming the peak to 
consist of protons. The arrow labeled d shows the calcu- 
lated location, assuming the peak to consist of deu- 


terons. If the peak consisted of He‘, then the Het 
would be completely stopped by this absorber. The 
discrepancy between the location of the peak with the 
absorber in place and the location of the arrow labeled 
d is roughly equal to the sum of the errors involved in 
making the measurement and calculation. Thus, the 
identity of the deuteron peak is established. 

In Fig. 3, the data connected by the solid line show 
the groups tentatively identified as He‘ (channel 23) 
and He’ (channel 17). The data connected by the dashed 
line show the effect of inserting a 0.002-in. Al absorber. 
Background has been subtracted. The arrows labeled 
p, d, and Het show the calculated locations of the peak 
originally at channel 23, with absorber in place, assum- 
ing it to consist of: protons, deuterons, and He‘. It is 
apparent that the peak originally at channel 23 con- 
sists of He‘. The peak at channel t7 has been shifted 
into the region where excessive background prevents 
obtaining data. 

In Fig. 4, the data connected by the solid line show 
the He‘ group (channel 23) and the group tentatively 
identified as He* (channel 17), while the data connected 
by the dashed line shows the effect of inserting a 
0.0005-in. Al absorber. Background has been subtracted. 
The equality of the displacement of the two peaks indi- 
cates that the specific ionization of the group originally 
at channel 17 is equal to the specific ionization of the 
He‘ group. This is in agreement with the assumption 
that the peak originally at channel 17 consists of He’. 
(Specific ionization is approximately proportional to 
the quantity Z*M/E, which has about the same value 
for both groups.) 

The final phase of the experiment consists of investi- 
gating the continuum of protons from (p,2p) and (p,pn) 
reactions lying to the left of the deuteron group— 
particularly the region underneath the He‘ and He’ 
groups (see Fig. 1). This is accomplished by inserting 
a 0.003-in. Al absorber in front of the scintillation 
counter. The effect of this absorber is to displace both 
the He‘ and He*® groups into the region where back- 
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Fic. 3. Identification of He* group. 
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ground is so large that data cannot be obtained. How- 
ever, since the specific ionization of protons or deu- 
terons is much smaller than the specific ionization of 
He‘ or He’, the absorber has little effect on the other 
features of the pulse height distribution. The data 
obtained under these conditions are shown in Fig. 5. 
Background has been subtracted. The group at channel 
40 consists of deuterons from the (,d) reaction. The 
arrows show the locations at which groups of inelasti- 
cally scattered protons would be found, corresponding 
to excitation of states in He‘ of energy 23 Mev and 
28 Mev. Previous experiments have shown that there 
is no evidence for a state of excitation energy less than 
23 Mev.!!.12 

The significant results of the present experiment are 
contained in the data lying to the left of the arrow 
labeled 23 Mev. It is apparent that these data show no 
evidence for a group of inelastically scattered protons. 
The data are consistent with the assumption that the 
shape of the continuum is given by the straight line 
drawn in the figure. It is possible to estimate an upper 
limit to the cross section for observing a group of 
inelastically scattered protons in this range, if some 
assumption is made concerning the width of the group. 
The 0.9-Mev full width of the deuteron group in channel 
40 is entirely due to experimental resolution. If state 
existed in He‘, in the range 23 Mev to 28 Mev and with 
a width less than about 0.5 Mev, it would lead to a 
group of inelastically scattered protons in the region 
under consideration and of width equal to the experi- 
mental resolution. Such a group would be observed 
unless the cross section were less than about 1.0 milli- 
barn per steradian in the laboratory system. Therefore, 
under this assumption, 
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et <1.0 
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Larger values for upper limits to the cross section would 
apply to inelastic scattering from broader states. The 
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Fic. 4. Identification of He® group. 
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Fic. 5, Proton continuum as observed with 0.003-in. 
Al absorber in place. 
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upper limit to the cross section, transformed to the 
center-of-mass system in the case of 28 Mev excitation 
energy, is 


millibarn 


do 
(- ) < 0.25————- (65° in c.m. system). 
dQ He'(p, p’) He! steradian 


Additional data were obtained at a laboratory scatter- 
ing angle of 60°. At this angle, it was only possible to 
investigate the existence of states in He‘ of excitation 
energy less than 25 Mev. Again no evidence for a state 
was found. 

The cross section in the laboratory system for the 
elastic scattering of 40-Mev protons from He! is 


do millibarns 
(~) = 110+10— - (30° in lab system). 
dQ Hep, p) He! steradian 


The cross section for the ground state (p,d) reaction is 


da millibarns 
( ) = 10+ 1——————- (30° in lab system). 
He‘(p, d) He’ 


dQ steradian 
CONCLUSION 

Previous inelastic scattering experiments investigated 
He‘ for states of excitation energy less than 23 Mev.!!:!2 
This includes all bound states as well as states which 
are virtual by less than 3 Mev. No evidence for a state 
was found. The present experiment extends the range 
investigated to 28-Mev excitation energy, which in- 
cludes all bound states and states virtual by less than 
8 Mev. Again, no evidence for a bound state is found. 
If a virtual state exists in this energy range, of full 
width less than 0.5 Mev, then the cross section for 
exciting it by inelastic scattering of 40-Mev protons is 
less than about 0.25 millibarn per steradian at 65° in 
the center-of-mass system. Larger values for upper 
limits to the cross section would apply to inelastic 
scattering from broader states. 

The search for a state in He‘ can be carried to still 
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higher excitation energies by using more energetic 
bombarding particles. However, since it is apparently 
a general rule that the width of a virtual state increases 
with increasing excitation energy, and since broad states 
are difficult to detect, it does not seem very probable 
that a state will be found at higher excitation energy. 
The predicted existence’? of two states in He‘ has 
not been confirmed by experiment. The calculations 
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leading to this prediction were performed in 1936. It 
would be interesting to repeat these calculations using 
more recent estimates of the ground-state wave function. 
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The following values have been derived from measurements of hyperfine structure in the spectrum of 
americium : w= +1.4 nm, Qea=+4.9X 10 cm?, 24) /u243= +1.0040.01, Qos /Ou3= +1.00+0.01. 


YPERFINE structure in the americium spectrum 

has been measured in high orders of a 30-foot 
spectrograph and values derived for the dipole and 
quadrupole moments of Am*! and Am’, Although the 
Am 1and Am 1 term analyses are still quite incomplete 
it appears fairly certain that the low terms in each case 
are analogous to those of Eu as previously suggested.! 
Many of the strong spark lines with wide hfs have 
patterns indicating comparable splittings in both upper 
and lower states, from which the ground 5/77s °S,4 and 
7§, structures can be determined directly. Within 
experimental error both terms obey the interval rule 
exactly for /=4 and J=3, respectively, giving another 
confirmation of the presence of S states from an f’ core. 


TaBLe I. Hyperfine structure and nuclear moments 
of Am™! and Am, 








A(@S4)= +(79.541.0)X 107 cm 
B(?S,)=— (0.027+0.02)X 10-* cm 
A(?S3)= — (88.14+0.9)X 10-? cm 
B(?S;)= + (0.002+0.01) x 10™ cm 
o(5f?)= — (4.340.7)X 10-8 cm 
a(7s)= +(666+6)X 107 cm™ 


Am 11 5/"7s 


A (Po 2)= a (57.8+0.1 )< 1073 cm™ 
B(Po/2)= — (0.12+0.01)X 10 cm™ 

A (P7/.)= os (48.0+0.1 )< 10-3 cm™ 
B(P72)= + (0.054+0.001) X 10 cm 


Am 1 5f77s7p 


wou. = +1.4 nuclear magnetons 
Qea= +4.9X 10-* cm? 

posi /poag= +1.00+0.01 

Qea1/Qeas= +1.00+0.01 








+ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

* On leave from Oberlin College, Oberlin, Ohio. 

1 F, S. Tomkins and M. Fred, J. Opt. Soc. Am. 39, 357 (1949); 
44, 824 (1954). 


On the other hand the intense arc lines \A 6054 and 6405 
have simple flag patterns with considerable deviation 
from the interval rule, corresponding to J == 9/2 and 7/2, 
respectively, and supporting the assumption that these 
lines are transitions from 5/77s7p P92 and Pz; to the 
unsplit 577s? §S72 ground state. Following the treat- 
ments of Schmidt* and Casimir® we derive the values 
shown in Table I, where 


AT=3AK+BLK(K+1)— (4/3)/(1+1)-J(J+1)], 
K=F(F+1)—I(I[+1)—J(J+1), I==5/2. 


The values of A and B were calculated from measure- 
ments on the Am™! exposures. While the Am ex- 
posures were too light to permit a complete evaluation 
of the A’s and B’s, corresponding intervals in Am*#! 
and Am™* patterns were measured and compared to 
obtain the ratios of the moments. 

The dipole moments were calculated from the 
Goudsmit-Fermi-Segré formula assuming n*=10 and 
do/dn=0; this procedure introduces an uncertainty oJ 
perhaps 10-20 percent in addition to the uncertainties 
in the splittings listed in Table I. There is a further 
uncertainty in the case of the quadrupole moments 
owing to possible perturbations from other terms, 
although this appears unlikely because both P terms 
give essentially the same value. No Sternheimer cor- 
rection was applied to the Q’s. The uncertainty in the 
use of the conventional formulas for so heavy an atom 
is impossible to estimate. 

The dipole moments correspond to an odd fs/2 proton, 
but the quadrupole moments have the wrong sign for 
a single particle, and equal Q’s are somewhat un- 
expected. 


2 T, Schmidt, Z. Physik 108, 408 (1938). 
°H. B. G. Casimir, Physica 2, 719 (1935). 
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Neutron-capture y-ray spectra have been measured in the 
energy range 0.3 to 3 Mev by means of a two-crystal Compton 
scintillation spectrometer. The efficiency of the instrument as a 
function of energy was determined experimentally. The unique- 
ness of the 2.23-Mev y ray following capture of a neutron by 
hydrogen has been confirmed, and this y ray was used as a stand- 
ard to establish the absolute intensity of y rays from other 
elements. 

Most of the y rays observed can be understood in terms of 
known levels, and many appear to be emitted in transitions from 
such levels to the ground state. In many cases, the information 
obtained complements high-energy data in establishing preferred 
modes of decay of the product nucleus. 

In sodium a very strong y ray is emitted from the first excited 
state of Na* at 0.47 Mev, and another ground-state y ray appears 
to be emitted from the level at 1.34 Mev. The strongest y ray in 
the magnesium spectrum is an £1 transition between the levels 
at 3.41 and 0.58 Mev in Mg®. The aluminum spectrum is very 
complex, and only a few peaks have been resolved. A ground-state 
transition is seen from the level at 2.27 Mev in Al*, 

In silicon two E1 transitions are observed from the capturing 
level to the levels at 4.93 and 6.38 Mev, and a ground-state 
transition is seen from the first excited state at 1.28 Mev. Ground- 
state transitions are observed from the levels at 0.52, 1.15, and 


2.18 Mev in P*. In sulfur, there is a strong ground-state y ray 
from the first excited state at 0.84 Mev, and a strong F1 transition 
to this level from that at 2.34 Mev. 

In chlorine almost all of the observed y rays can be understood 
as ground-state transitions from known levels in Cl** at 0.79, 
1.16, 1.95, 2.47, and 2.87 Mev. In K® the decay scheme involves 
several level to level transitions. y rays to the ground state are 
observed from the levels at 2.05 and 3.40 Mev in K*, and possibly 
from the 1.18-Mev level in K*. 

The spectra from calcium and titanium are very simple. A 
strong y ray occurs almost once per capture in Ca from the 1.95- 
Mev first excited state of Ca“, and a strong 7 ray from the 1.39- 
Mev first excited state of Ti® occurs almost once per capture in 
Ti*. 

In V®? most of the observed + rays are emitted by levels below 
1 Mev. Ground-state transitions occur from the levels at 0.42 
and 0.83 Mev. In Cr* a very strong y ray to the ground state is 
emitted by the level at 0.84 Mev, and a weak transition may be 
from the 0.54-Mev level in Cr® to the ground state. 

rays to the ground state are observed from levels at 0.42 and 
0.88 Mev in Ni*®. No definite identification can be made of the 
four y rays observed from zinc. The Cd™ spectrum contains many 
unresolved radiations; by far the most intense is the 0.56-Mev 
ray which is emitted from the first excited state. 





I, INTRODUCTION 


XTENSIVE measurements of the spectra of y 
radiation following the capture of slow neutrons 
by nuclei have been made by Kinsey, Bartholomew, 
and Walker by means of a magnetic pair spectrometer.! 
The information obtained, however, is limited to the 
energy range above 3 Mev, and measurements at 
lower energies are necessary to confirm decay schemes. 
Measurements at lower energies have been made with 
single-crystal scintillation spectrometers? where it is 
difficult to see any but the most prominent peaks. In 
a few cases Motz and Groshev et al.° have employed 
special magnetic spectrometers. 

A preliminary report’*® has been made of y-ray 
energies observed in the range 0.3 to 3 Mev by means 
of a two-crystal Compton scintillation spectrometer® 
and in the present paper a complete account is given 
of the measured energies and intensities of the y rays 
from fifteen elements. 

-* Present address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 

1B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 537 
(1953). 

2B. Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 

3 Thornton, der Mateosian, Motz, and Goldhaber, Phys. Rev. 
86, 604 (1952). 

4 Pringle, Taylor, and Roulston, Phys. Rev. 87, 1016 (1952). 

5H. T. Motz, Phys. Rev. 90, 355 (1953), and 93, 925 (1954). 

6 Groshev, Demidov, and Adyasevich, Geneva Conference, 
1955 (to be published). 

7T. H. Braid, Phys. Rev. 90, 355 (1953). 


8 T, H. Braid, Phys. Rev. 91, 442 (1953). 
®R. Hofstadter and J. A. McIntyre, Phys. Rev. 78, 619 (1950). 


Two-crystal spectrometers have also been employed 
for this purpose by Reardon, Krone, and Stump” and 
by Reier and Shamos." 

The y rays were produced in samples placed in the 
neutron flux of the Chalk River reactor. The variation 
with energy of the efficiency of the spectrometer was 
determined by an empirical method and the absolute 
intensities of the y rays in the spectra were obtained 
by comparison with the y ray following neutron cap- 
ture in hydrogen, which occurs once per capture. The 
energy resolution was not high, and for this reason not 
all of the y rays appear to have been observed, but in 
many cases it has been possible to complement the 
pair spectrometer data and establish the preferred 
modes of decay of the excited nuclei. 

No radiations were observed above background from 
carbon and nitrogen, the capture cross sections being 
very small. The spectra from manganese, iron, cobalt, 
copper, and arsenic were examined, but it was found 
that too many y rays were present to be resolved by the 
spectrometer. 


Il. APPARATUS 


The general experimental arrangement is shown in 
Fig. 1, together with a block diagram of the electronic 
circuits. A sample of the element under investigation 
was placed near the reacting vessel of the Chalk River 

1 Reardon, Krone, and Stump, Phys. Rev. 91, 334 (1953). 


1 M. Reier and M. H. Shamos, Phys. Rev. 95, 636 (1954), and 
100, 1302 (1955). 
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pile and a finely collimated beam of y rays, emitted 
after capture of slow neutrons, was brought out through 
the shielding to the two-crystal spectrometer. 

Since the energy range of interest extended well 
below the threshold for pair production, the Compton 
effect was used in the spectrometer and every effort 
was made to suppress any contribution from the pair 
effect. A coincidence between the two crystals indicated 
a y quantum which had undergone in the center crystal 
a Compton scattering between 130 and 160 degrees. 
In this case the pulse-height distribution from the 
center crystal shows a single peak for each energy 
present in the incident y-ray spectrum.’ The center 
crystal was a /rans-stilbene cylinder, 2 cm high and 2 
cm in diameter. This was chosen in preference to 
Nal(TI) despite its poorer energy resolution because 
the absence of a pair peak made interpretation of 
spectra simple. The off-center crystal was NaI(TI), 2 
inches in diameter and 1 inch high. RCA 5819 photo- 
multipliers were used. For a count to be registered, a 
coincidence was required and also the pulse from the 
off-center crystal was required by a single-channel 
pulse-height analyzer to lie in the energy range 120-250 
kev. This latter requirement reduced background con- 
siderably. The amplified pulses from the center crystal 
were fed through a gate and a biased amplifier to a 
thirty-channel pulse-height analyzer. By varying the 
amplifier bias, spectra could be displayed over a range 
of seventy channels. 

The elements investigated were contained in cylin- 
drical aluminum sample cans, 3 inches by 2 inches 
diameter, with ends of 0.005-inch aluminum foil. The 
cans were mounted, in a cradle, centrally in the 4-inch 
diameter hole through the pile shielding. The collima- 
tion was arranged so that only the central portion 
(about 1 inch diameter) of the sample was visible to 
the spectrometer. A 9-inch thick bismuth block heavily 
attenuated direct radiation from the pile. Shielding and 
collimating lead blocks were placed in the pile hole 
outside the region of slow-neutron flux and at the 
spectrometer itself. A boron-paraffin neutron shield 
was also used but a hole along the axis was left for the 
passage of y rays. Here only 2 cm of polythene were 


placed to scatter some neutrons from the beam. A thin 
sheet of cadmium removed thermal neutrons. The 
sample could be moved very quickly in or out of the 
neutron flux by means of a long rod. This meant that 
y rays whose origin was not the (m,y) process, but 
radioactive decay of a product nucleus, could quickly 
be studied behind the steel gate with the same collima- 
tion and solid angle as when the sample was in the flux. 

Figure 2 shows some typical line shapes. The long 
flat tail extending down to low energies in the Na™ 
spectrum was due mainly to end effect in the crystal 
and in part to radiation penetrating the lead collimator 
and scattering. No contribution from the pair effect 
was visible above statistical uncertainties on this tail. 
The peak from the 280-kev y ray of Hg was sym- 
metrical and had the expected width but that from the 
238-kev y ray of ThB was distorted as pulses from the 
low-energy side became too small to operate the coin- 
cidence circuit reliably. The lower useful limit of the 
spectrometer was therefore taken to be 300 kev. 

The energy calibration was made with thirteen 
known y rays in the range 238 kev to 2.76 Mev. 

Intensities were measured by taking the area under 
the peak and neglecting the flat tail. The efficiency of 
the instrument as a function of energy was found 
empirically and is shown in Fig. 3. The points shown 
were found in a variety of ways. Six were obtained from 
substances in which the decay scheme is clearly estab- 
lished, Hg®*, Au'®’, Cs!*7, Co, and Na™. The sources 
were normalized to the same disintegration rate by 
means of an ionization chamber.” 

To the curve given by these points three sets of 
relative points were fitted. One set was from Na”, 
and another from ThB and ThC” in equilibrium. In 
the latter case the L and M y rays were not resolved, 
and the (L+M)/X intensity ratio was taken to be 1.2." 
The third set was obtained by exposing hydrogen, 
boron, and aluminum to the slow-neutron flux in the 
arrangement of Fig. 1, and comparing the counting 
rates for the H(n,y)D, B"(n,ay)Li’, and Al®* y radia- 
tions. Of these, the first and third occur once per capture 
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Fic. 2. Typical line shapes. The amplifier gain for H; 
ThB was four times that for Na“. The dotted lines on 
peaks show the area taken for intensity measurements. 


2G. C. Laurence, Can. J. Research Al5, 67 (1937). 
%L. G. Elliot (private communication). 
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and the second 0.93 times per capture. The Al’ radia- 


tion was counted as the activity decayed behind the - 


steel gate after the sample had been withdrawn from 
the flux. Thus there was no background from the 
aluminum (n,y) process. 

The accuracy of the efficiency calibration was ten 
percent or better in the range 280 kev to 2.76 Mev. A 
standardized Co® source was used to establish the 
absolute efficiency at 1.25 Mev, (the mean energy of 
the Co y rays) as 5X10~*/quantum/cm?. Only the 
relative efficiency for different energies was required in 
the (n,y) measurements, however. 

A daily check of the efficiency was made by counting 
the (L+M) peak from a thorium source and the 280- 
kev peak from Hg”*. The stability at 0.54 Mev was as 
good as the statistical uncertainty of 3% in the de- 
termination over a period of several months, and the 
variation at 280 kev was not more than 5%. 


III. PROCEDURE 
Background 


The background spectrum which was obtained with 
an empty sample can in position is shown in Fig. 4(a). 
The peak at 0.51 Mev was attributed to pair production 
in the bismuth block by y rays from neutron capture in 
the surrounding material. There was a distribution at 
lower energy with a broad maximum near 250 kev, 
presumably due to backward Compton scattering of 
such y rays. The weak continuous spectrum above 0.51 
Mev, extending to the highest energy measured, showed 
no maxima at all, and no radiations could be assigned 
to captures in bismuth. The ¥ rays arising from cap- 
tures in the thin aluminum foil over the ends of the 
can were not observed above this background. 

It was found that the height of the 0.51-Mev peak 
was independent of the presence of the sample can. A 
large quantity of cadmium foil was wrapped around a 
can so that it was not directly visible to the spec- 
trometer and the height of the peak increased by a 
factor of four. Since the total capture area of the cad- 
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Fic. 3. Spectrometer efficiency as a function of energy. The 
Co point is the mean energy of the two y rays. Where no error 
is shown the point has been fitted to the curve. 


4G. C. Hanna, Phys. Rev. 80, 530 (1950). 
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mium was enormously greater than that of any of the 
samples which were used in the measurements, it was 
clear that the presence of the sample material did not 
affect the height of the annihilation peak except for 
the calculable attenuation of the beam passing through 
to the spectrometer. A simple subtraction could thus 
be made where necessary. 


Hydrogen Spectrum 


Figure 4(b) shows the capture y-ray spectrum from 
hydrogen, contained in a polythene sample. Carbon 
has a low capture cross section, and contributed nothing 
to the spectrum. Nakagawa".'* has reported radiations 
at 0.8 and 1.4 Mev of equal intensity to the well-known 
2.23-Mev vy ray, but these have not been observed 
by Bracci, Faccini, and Malvicini'’? or Hamermesh 
and Culp'* who used single-crystal scintillation 
spectrometers. 

It is clear from Fig. 4(b) that when allowance is 
made for the energy variation of the efficiency, the 
cascade suggested by Nakagawa cannot be present in 
greater intensity than 3% of the direct transition. This 
is in agreement with theory, which does not allow a 
lower lying level. 


Intensity Comparison 


The hydrogen capture y ~ay was used as a standard 
with which other spectra were compared to obtain the 
fraction of times per neutron capture that a particular 
radiation was emitted. 

Neutron captures in the outer layers of the sample 
reduced the flux in the interior so that the y-ray in- 
tensity seen by the spectrometer was not directly 
proportional to the total capture area. This had to be 
allowed for in making the comparison with hydrogen. 

One method of making the comparison was simply 
to mix hydrogen with the element in the same sample. 

15 Nakagawa, Sumoto, and Andarai, Proc. Imp. Acad. (Tokyo) 
19, 373 (1947). 

16S. Nakagawa, J. Sci. Research Inst. Tokyo 43, No. 1196 
Ce Byacd, Faccini, and Malvicini, Phys. Rev. 90, 162 (1953). 

18 B. Hamermesh and R. J. Culp, Phys. Rev. 92, 211 (1953). 
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Fic. 5. Neutron-capture y-ray spectra from sodium, magnesium, aluminum, silicon, phosphorus, and sulfur. Pulse-height 
distributions are in general shown for several values of the amplifier gain (G). 


This was not always convenient, however, and an 
empirical correction to the counting rate from a pure 
sample of the element was determined as a function of 
the total capture area. This corrected value was than 
compared with a similarly corrected counting rate from 
a sample containing only hydrogen. The correction was 
established from a series of measurements made with 
mixed samples of boron and polystyrene powder. The 
boron content was varied to give different capture 
areas. Since hydrogen has a high ratio of scattering to 
capture cross section, the correction to be applied to 
the hydrogen standard was found in a separate series 


of measurements with samples containing different 
amounts of hydrogen as a chemical constituent. 

Comparisons between the two methods of obtaining 
absolute intensities in several cases gave good agree- 
ment, and the second method was usually used. The 
magnitude of the correction was less than 20% for all 
the elements studied. 

The spectrum obtained from any element was cor- 
rected to a standard neutron flux in terms of the pile 
power level and certain other operating conditions. 
Other corrections which had to be made were for ab- 
sorption of the y rays in the sample itself, and in the 
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polythene neutron scatterers and the air between the 
sample and the spectrometer, which was 18 feet distant. 

The uncertainty in the quoted y-ray intensities is 
about 20%, except in the case of weak ¥ rays. 


IV. SODIUM 


The sodium capture spectrum shown in Fig. 5(a) 
was obtained from a sample of pure sodium fluoride. 
Since the Na“ 8 activity slowly built up while the 
sample was in the neutron flux, the area of the peak at 
1.34 Mev had to be corrected for the contribution from 
the 1.39-Mev y ray of Na™ and a similar correction was 
applied to the high-energy side of the 2.53-Mev peak 
for the Na™ 2.75-Mev y ray. These corrections have 
not been made to the spectra shown in Fig. 5(a), but 
to the intensities which are listed in Table I. A correc- 
tion was also made to the 0.48-Mev peak for annihila- 
tion background as discussed in the previous section. 

In calculating the intensities, the capture cross sec- 
tion of sodium was taken to be 0.50 b.” 

The capture 7 rays above 3 Mev have been measured 
by Kinsey, Bartholomew, and Walker” with the mag- 
netic pair spectrometer. Included in Table I are the 
measurements of Motz® and Groshev ef al.® in the 
low-energy region. There is general agreement with 
the present results, though additional y rays have been 
observed due to the higher resolution of the magnetic 
spectrometers. Groshev’s measurements extend over the 
complete energy range, and they have found a number 
of y rays between 2.5 Mev and 3.56 Mev (the lowest 
energy reported by Kinsey) and also several additional 
y rays at higher energies. 

The energy levels of Na™ have been measured by 
Sperduto and Buechner* by the (d,p) reaction. The 
observed y rays have been fitted to these levels in 
Fig. 6, together with some of the higher energy y rays. 

The three lowest energy ¥ rays fit naturally as transi- 


TABLE I. Capture y rays from sodium and magnesium. 








Ref. 5 
Energy 
(Mev) 


Ref. 6 
Energy 
(Mev) 


Intensity in 
photons per 
100 captures 


Energy 


Element (Mev) 





Sodium 0.48+0.02 60 


0.86+0.02 34 


1.350.03 6 
1.66+0.05 5 
2.02+0.03 12 


0.475 
0.877 


0.47 
0.79 
0.86 
1.35 
1.66 
2.02 
2.21 
2.41 
2.53+0.03 19 2.52 
1.07+0.05 13 

1.87+0.03 22 

2.80+0.03 49 








19 F, C. W. Colmer and D. J. Littler, Proc. Phys. Soc. (London) 
A63, 1175 (1950). 

2” Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 

21 A, Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952). 
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Fic. 6. Decay scheme for neutron-capture y rays of Na**. The 
energy levels are drawn to scale. y-ray transitions found in the 
present work are drawn in full lines. The energies are printed 
underneath and the intensities are printed in the middle of the 
lines. High-energy y rays from reference 20 are drawn dashed and 
dotted, and are identified underneath by the letter given in refer- 
ence 20. The transition shown dotted is from reference 6. 


tions involving the first and third excited levels. The 
position of the 1.66-Mev y ray is uncertain. For the 
2.02- and 2.53-Mev y rays there are several possibili- 
ties. The best assignment appears to be that shown, in 
which the 2.02-Mev y ray is emitted in a transition 
between the levels at 2.56 and 0.56 Mev. The 2.56-Mev 
level does not seem to be strongly excited by a high- 
energy transition so it is necessary to assume that it is 
excited by a transition from the strongly excited state 
at 3.41 Mev from which there is no direct transition to 
the ground state. Thus a fraction of the 0.86-Mev peak 
must be due to this transition; the intensity is in 
agreement with this. The 2.53-Mev y ray could be a 
ground-state transition from the 2.56-Mev level, but it 
is in better agreement with the intensity balance at the 
lower levels to assign it between the levels at 3.85 and 
1.34 Mev. The strong excitation of the upper level 
must take place through one of the medium-energy 
rays.° The 0.79-Mev y ray® (intensity 0.04 quanta per 
capture) presumably goes between the 1.34- and 0.56- 
Mev levels. 

Since no 0.56-Mev y ray has been observed, the 
(0.56-Mev level must be de-excited by a very low energy 
y ray to the first excited state. This must then be 
excited at least 0.57 times per capture, in good agree- 
ment with the intensity of the 0.48-Mev y ray. The 
decay scheme shown is of course incomplete, as only 
the lower levels have been considered. The number of 
quanta per capture reaching the ground state is in 
good agreement with the correct value (which should 
of course be unity). 

Angular distributions of the protons from the (d,p) 
reaction on Na* have been measured by Shapiro” and 

* P, Shapiro, Phys. Rev. 93, 290 (1954). 
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Fic. 7. Decay schemes for neutron-capture y rays in Mg” and 
Mg”. For explanation see Fig. 6. High-energy y rays are from 
references 20, 33. The dotted transition is doubtful (see text). 


Bretscher ef al.* for the low-lying levels. The values of 
orbital angular momentum and parity found by them 
are shown on Fig. 6. The spin of the ground state has 
been measured to be 7=4.™ Since the spin of Na” is 
j=#*, capture of an s neutron forms Na™ at the cap- 
turing excitation with j=1 or 2(+) in an unknown 
ratio. 

Of the wide variety of spins allowed for the first 
three excited levels by the coupling of the odd neutron 
with a dy proton the values j=3, 1, and 2, with even 
parity seem in best agreement with the data. A spin 
j=3* for the 0.47-Mev level would account for the 
absence of a direct transition from the capturing state 
if the latter is mainly 7=1*, but would allow the de- 
excitation of the 0.56-Mev level by cascade through it 
rather than by a direct ground state y ray. The 1.34- 
and 0.86-Mev y rays would then be £2 and M1 transi- 
tions in competition. 


Vv. MAGNESIUM 


The magnesium capture spectrum is shown in Fig. 
5(b). Because of the low capture cross section of mag- 
nesium a special large sample was used. This was a 
block of pure magnesium metal 6 inches long and 4 
inches in diameter. The sharp rise in the counting rate 
at low energies is presumably due to scattering into 
the beam of rays produced in the outer regions of 
this block. The intensity correction curve did not 
apply to this sample, so another run was made with 
magnesium oxide powder in a standard-size can to 
determine the intensity of the strongest y ray. The 
othe: stensities were then obtained relative to this 
from the spectrum shown. 

In calculating the intensities, the cross section of 
natural magnesium was taken to be 57 mb.” 

The energies and intensities of the observed y rays 
are listed in Table I. In the magnetic pair spectrometer 

% Bretscher, Alderman, Elwyn, and Shull, Phys. Rev. 96, 103 


(1954). 
™ FE, H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 
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measurements Kinsey ef al.” have observed a 2.83- 
Mev y ray whose intensity (0.39 quanta per capture) 
is in reasonable agreement with the value reported here. 

In Fig. 7 these y rays are fitted to the known levels 
of Mg*® and Mg”. The positions of the levels have 
been measured by Endt et al.?®.** by the (d,p) reaction. 
Holt and Marsham”’ have obtained values of the orbital 
angular momentum and parity for many of the levels 
in Mg” from (d,p) angular distributions. The spins 
chown for the 1.61-Mev level are those consistent with 
the 8 decay of Na®*.® For Mg” the spins shown are 
those suggested by May and Foster” as being consistent 
with the y decay following the Na™(a,p)Mg** reaction. 

The main features of the (n,y) decay scheme of Mg”® 
have been established by Kinsey and Bartholomew.” 
In this scheme the 2.80-Mev y ray occurs as an El 
transition between levels at 3.41 and 0.58 Mev. This, 
together with a strong ground-state transition accounts 
for most of the de-excitation of the 3.41-Mev level. 
However, other transitions might be expected to the 
other even-parity levels at 0.98, 1.61, and 1.96 Mev. 
The energies of the other y rays observed in the present 
experiment are in rough agreement with a cascade from 
the 3.41-Mev level to the 0.58-Mev level through the 
1.61-Mev level. But this identification may be ruled 
out on the basis of evidence from the (,7) reaction in 
Mg” and inelastic proton scattering from Mg”. 

It has been found* in the de-excitation of Al*, the 
mirror nucleus of Mg”, that the j= $- analog of the 
3.41-Mev level does not decay through the analog of 
the 1.61-Mev level, but only to the ground state and 
to the first and second excited states. Also, following 
inelastic proton scattering in Mg*®, the 1.61-Mev level 
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[_ Fic. 8. Decay scheme for neutron-capture 7 rays in AF’, 
For explanation see Fig. 6. 


*6 Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 
wy Endt, Enge, “oe and Buechner, Phys. Rev. 87, 27 (1952). 


. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
M6, 258 (1953). 


*8 E. Bleuler and W. Zunti, Helv. Phys. Acta 20, 195 (1947). 
oy May and B. P. Foster, Phys. Rev. 90, 243 (1953). 
B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 


(1954). 
% Litherland, Paul, Bartholomew, and Gove (to be published). 
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Taste II. Capture y rays from aluminum and silicon. 








Intensity in photons per 100 captures 
(a) in natural element 


Element Energy (Mev) 


Ref. 20 
Intensity 
(a) natural 
element 


Energy 


(b) in Si? (Mev) (b) Si*8 





0.97+0.03 

2.26+0.03 
approx. 2.5 
approx. 2.8 
approx. 3.1 


Aluminum 


1.26+0.03 

2.130.03 19 
2.65+0.03 11 
3.6 +0.06 49 


Silicon 


unresolved 
7 











is de-excited almost entirely by a direct transition to 
the ground state.” 

The 1.07- and 1.87-Mev y rays then cannot be 
assigned to transitions between known levels of Mg”. 
There must evidently be a strong 0.58-Mev y ray from 
the first excited state, but it has not been observed 
because of the large continuous background in this 
region. 

In the decay of Mg” the 1.07- and 1.87-Mev y rays 
would appear to occur as transitions between levels at 
2.97 and 1.83 Mev, and from the 1.83-Mev level to the 
ground state. The energy agreement is not good, and 
it may be that the 1.07-Mev peak is composite, con- 
taining, possibly, contributions from y rays from the 
levels at 0.98 Mev in Mg” and 0.99 Mev in Mg”. 
Kinsey ef al.% and Campion and Bartholomew® have 
found several high-energy y rays which could definitely 
be assigned in Mg’®. The transitions to the lower ex- 
cited states are shown in Fig. 7. The strongest of these 
goes to the second excited state and is weaker than the 
two y rays reported here. There must therefore be 
unobserved transitions to the first excited level, and 
possibly to the second. May and Foster” found by 
coincidence measurements on the y rays following 
Na*™(a,p)Mg”® that the de-excitation of the levels up to 
4.35 Mev proceeds predominantly through the 1.83- 
Mev level. It is not surprising, therefore, that the 
1.87-Mev y ray should be the most intense of the ob- 
served y rays in Mg”. 

VI. ALUMINUM 


The aluminum capture spectrum was obtained from 
a block of pure aluminum. It is shown in Fig. 5(c). It 
is obvious that there is a considerable background of 
unresolved radiations, showing that the spectrum is 
complex. This is to be expected since Kinsey ef al.” 
have found 29 y rays above 2.84 Mev and from the 
(d,p) reaction one hundred levels have been found in 
AP’. The most intense 7 ray in the spectrum is the 

3 Gove, Litherland, Paul, and Bartholomew, Phys. Rev. 99, 


1649 (1955), and Bull. Am. Phys. Soc. Ser. II, 1, 29 (1956). 

% P, J. Campion and G. A. Bartholomew, Bull. Am. Phys. Soc. 
Ser. II, 1, 28 (1956). ; 

* Buechner, Sperduto, and Mazari, Phys. Rev. 99, 644(A) 
(1955). 





1.8-Mev y ray following the 2.3-minute 6 decay of Al’*. 
It occurs once per capture. The energies and intensities 
of the other y rays are listed in Table II. The unresolved 
part of the spectrum from about 2.5 to 3.1 Mev ap- 
pears to contain the radiations at 3.02- and 2.84-Mev 
energy found in the pair spectrometer measurements, 
and a component of roughly 2.5 Mev. 

In calculating the intensities in Table II, a value of 
0.21b was taken for the aluminum capture cross 
section.” 

The first thirteen levels of Al?* as found from the 
(d,p) reaction* are shown in Fig. 8. Many of these are 
excited in transitions from the capturing level, but 
only very weakly. 

The 3.02- and 2.84-Mev 7 rays are readily accounted 
for as transitions from the level at 3.01 Mev and to the 
level at 4.9 Mev.” Then the unresolved 2.5-Mev 
component may be assigned to a transition to the ground 
state from one or more levels of the triplet of this 
approximate energy. The 2.26-Mev vy ray agrees well 
with a transition to the ground state from the level 
at 2.27 Mev. 

The 0.97-Mev y ray corresponds to the energy of 
the second excited level but the accuracy of the energy 
measurement is not sufficient to decide between which 
of the levels of the ground state and 1-Mev doublets 
the transition actually occurs. 

A ¥ ray of this energy (0.95+0.02 Mev) occurs fol- 
lowing the decay of Mg”*. Sheline ef al.** have estab- 
lished that the transition is from the 0.97-Mev level to 
the 0.031-Mev level. On the basis of their measure- 
ments and the values of orbital angular momentum and 
parity found by Holt and Marsham,* they have as- 
signed as most probable the spins shown in Fig. 8. The 
transition is shown as being between the 0.97- and 
0.031-Mev levels but it is quite probable that a transi- 
tion from the 1.01-Mev level is also contained in the 


peak. 
The intensity of these transitions to the ground state 


35 Enge, Buechner, and Sperduto, Phys. Rev. 88, 963 (1952). 

36 Sheline, Johnson, Bell, Davis, and McGowan, Phys. Rev. 
94, 1642 (1954). 

37 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 249 (1953). 
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TABLE III. Capture y rays from phosphorus and sulfur. 








Intensity in pho- 
tons per 100 
captures 


28 
14 


Energy (Mev) 


0.51+0.02 
1.130.03 
2.19+0.03 41 


0.84+0.02 56 
1.52+0.05 1 
2.34+0.03 37 


Element 





Phosphorus 


Sulfur 








is in each case much greater than the intensity of the 
direct transition to the parent level, showing that there 
must be a considerable number of transitions between 
levels. The total number of quanta shown reaching the 
ground state in Fig. 8 is 0.85 per capture. 


VII. SILICON 


The silicon capture spectrum, shown in Fig. 5(d)» 
was obtained from a sample of pure silicon carbide. 
The energies and intensities of the y rays are listed in 
Table II. The capture cross section used to calculate 
the number of quanta per capture in the natural ele- 
ment was 160 mb.'** Pomerance® has found that 
roughly 80% of the cross section is due to Si** and this 
figure has been used to calculate the intensities in the 
third column. 

The 2.65- and 3.6-Mev y rays were also measured at 
these energies by Kinsey ef al.”*° The 3.6-Mev 7 ray is 
outside the calibration range of the crystal spectrometer 
and the values shown for the energy and intensity were 
obtained by extrapolation. They agree well with the 
pair spectrometer values. In the case of the 2.65-Mev 
y ray, however, there is a very considerable disagree- 
ment in the value of the intensity. 

Figure 9 shows the decay scheme in Si” proposed by 
Kinsey and Bartholomew® into which the 2.13- and 
3.6-Mev y rays fit naturally as electric dipole transi- 
tions. The 1.26-Mev transition to the ground state 
agrees well in intensity with the intensity of the y rays 
feeding the first excited level. Since there are presum- 
ably competing transitions from the 6.38-Mev level to 
the lower even-parity states the intensity of the 2.13- 
Mev ¥ ray agrees quite well. The 2.65-Mev y ray cannot 
be fitted into the known levels of Si”. Its intensity is 
sufficiently low that it might be due to capture in Si”. 
It might therefore occur in the decay of Si*® between 
levels at 10.04 and 7.35 Mev.” This would require a 
y tay to the upper level, from the capturing state, of 
only 0.56-Mev energy. No such y ray was observed in 
the capture spectrum. 


VIII. PHOSPHORUS 
The phosphorus sample was pure red phosphorus. 
The spectrum is shown in Fig. 5(e). Only three y rays 


% Harris, Muehlhause, Rasmussen, Schroeder, and Thomas, 
Phys. Rev. 80, 342 (1950). 

*® H. Pomerance, Phys. Rev. 88, 412 (1952). 

“ Brolley, Sampson, and Mitchell, Phys. Rev. 76, 624 (1949). 


BRAID 


were clearly resolved. In calculating the intensities 
shown in Table III, a capture cross section of 190 mb 
was used.” 

The levels of P® and most of the high-energy transi- 
tions found by Kinsey e¢ al.” are shown in Fig. 10. 
The three y rays measured are obviously transitions to 
the ground state from levels at 0.52 and 1.15 Mev and 
from one or both of the doublet levels at 2.2 Mev. 

Since the energies of the 7 rays Q and NV® add up to 
the neutron binding energy in P* it is possible that they 
involve a level at 4.38 Mev.” Another possibility for 
the y ray Q is shown on Fig. 14, where Q is drawn as a 
transition between the levels at 4.03 and 0.52 Mev. 
This transition would account very well for the in- 
tensity of the 0.51-Mev y ray. 

The intensities of the other y rays do not agree well 
with the number of direct excitations of the levels 
concerned and there must be many level-to-level 
transitions. 


IX. SULFUR 


Pure sulfur was melted into a standard sample can 
to obtain the spectrum shown in Fig. 5(f). Two strong 
y Tays are resolved, and one very weak one. These are 
listed in Table III. The intensity calculation was made 
with a cross section for natural sulfur of 490 mb." 

The positions of the energy levels in S* up to 6.30 
Mev have been measured by Davison from the (d,p) 
reaction, and those up to 4.75 Mev have been measured 


a” Mev 


Mev 


i 








Fic. 9. Decay scheme for neutron-capture y rays in Si® 
(reference 30). For explanation see Fig. 6. 


“1Van Patter, Endt, Sperduto, and Buechner, Phys. Rev. 86, 
$02 (1952). 
Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 


(1952). 
 P. W. Davison, Phys. Rev. 75, 757 (1949). 
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with high precision by Paris ef al.“ by the Cl**(d,a)S* 
reaction. Values of the orbital angular momentum and 
parity for some of the levels have been measured from 
(d,p) angular distributions by Holt and Marsham.** 

Kinsey e¢ al.” have measured the high-energy y rays 
and have proposed a scheme for the predominant mode 
of de-excitation of S*. The j= (3,3)~ level at 3.227 
Mev is excited 0.6 times per capture by a direct E1 
transition from the capturing level. It is de-excited 
by two E1 transitions, one of 0.2 quanta per capture to 
the ground state (j= $*) and the 2.34-Mev y ray here 
reported, which goes to the j= 4* first excited state at 
0.844 Mev. This state is then de-excited by the y ray 
of that energy. The intensity balance at the 3.227-Mev 
level is good. Several other transitions must occur to 
the first excited state. According to Paris et al.“ such 
transitions are those of energy 7.78, 3.36, and 2.94 
Mev, which have a total intensity of 0.28 quanta per 
capture.” 

Groshev ef al.* have also measured the capture y-ray 
spectrum over the whole range and have proposed a 
decay scheme based on the level measurements of 
Davison.“ At high energies their results are in agree- 
ment with those of Kinsey et a/.” At lower energies they 
find y rays of energy 0.84 and 2.415 Mev whose in- 
tensities agree roughly with those of the two strong y 
rays reported here. In addition, they find weak radia- 
tions at 2.00, 2.29, 2.55, 2.70, and 2.82 Mev. Of these, 
two may correspond to transitions to the 0.844-Mev 
level. The 2.00-Mev 7 ray may be a transition from the 
2.869-Mev level and the 2.55-Mev y ray may be a 
transition from the 3.365-Mev level. If these assign- 
ments are correct, the first excited state is excited 
approximately 0.70 times per capture. This is higher 
than the measured intensity of the 0.84-Mev y ray but 
is within the errors of measurement. 

The 1.52-Mev y ray might be due to a transition 
between levels at 2.31 and 0.84 Mev or between levels 


Mev 
+0,1 793 








+2 

oio 224% 

= j 

Fic. 10. Decay scheme for neutron-capture y rays in P®. 
For explanation see Fig. 6. 


4 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 
45 J. R. Holt and T. N. Marsham, Proc. Phys. Soc, (London) 
A66, 467 (1953). 


TABLE IV. Capture + rays from chlorine. 





Groshev (Ref. 6) 
Energy 
(Mev) 


0.485 26 
0.77 23 
1.165 36 
1.60 
1.67 
1.72 
1.97 


Intensity in pho- 

tons per 100 
Energy (Mev) captures Intensity 
0.48+0.03 10 
0.75+0.03 10 


1.14+0.03 8 





1.96+0.03 
2.42+0.05 


2,840.03 





at 3.84 and 2.31 Mev. The 2.29, 2.70, and 2.82 Mev 
rays may be fitted to the known levels as, respec- 
tively, transitions from the 2.312-Mev level to the 
ground state, between levels at 7.44 Mev* and 4.749 
Mev, and between levels at 5.63 Mev and 2.869 Mev.® 


X. CHLORINE 


The chlorine capture y rays were studied with a 
sample of pure hexachlorobenzene (CsCl¢). The spec- 
trum is shown in Fig. 11(a). Since the carbon cross 
section is very small and that of Cl*’ is also small,** 
all the y rays observed are due to the decay of Cl**. The 
energies and intensities of the y rays are collected in 
Table IV. 

A precise comparison of the chlorine y-ray intensities 
with the hydrogen capture y ray (to establish the 
absolute intensites) was not made since the sample was 
contained in a nonstandard sample can for which the 
correction to be applied for the flux distortion by cap- 
tures in the outer layers of the sample had not been 
measured. However, an approximate calculation for 
this correction was made. This gave the intensities 
shown. These absolute intensities may be seriously in 
error, but the relative values are known much more 
accurately since they depend only on the spectrometer 
efficiency and calculable y-ray absorption effects. The 
intensity of the 0.75-Mev y ray agrees with the number 
of direct high-energy transitions observed to the 0.79- 
Mev level of Cl** in the high-energy spectra observed 
by Kinsey et al.” and Groshev ef al.® with magnetic 
spectrometers. Table IV shows the results obtained by 
the latter authors below 3 Mev. Many of these y 
rays have been previously observed by scintillation 
spectrometers.” 

The agreement in respect of the measured energies is 
good, but the weak y rays have not been observed in 
the present experiment. An exception to this is the 
2.42-Mev vy ray which is seen as a very weak peak on 
curve (c) only. There is considerable disagreement in 
the intensities, even when only relative values are 
considered. Groshev® finds the three lowest-energy y 
rays to be roughly as strong as the 1.96-Mev y ray, 


46 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 
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‘ Fic. 11. Neutron capture y-ray spectra from chlorine, potassium, calcium, titanium, vanadium, and chromium. Pulse-height 
distributions are shown for several values of the amplifier gain (G). In the case of chlorine, the crosses shown in curve (b) were 


obtained in a different run. 


whereas the present intensities are only about one 
third as great. The disagreement is much greater than 
the experimental errors. 

In Fig. 12 these y rays and some of the high-energy 
 Tays are shown on the energy level diagram of Cl**. 
The levels have been observed in the (d,p) reaction.‘ 
All but the 0.48-Mev y ray are readily understood as 
direct transitions to the ground state from levels which 
are excited by direct transitions from the capturing 
level.* Evidence for such two-step cascades has been 


‘7 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 


found by coincidence measurements.** The 0.48-Mev 
y ray may occur between two levels at higher excita- 
tion,*”? but it is in better agreement with the intensity 
balance at the 2.47- and 1.95-Mev levels to suppose 
that it is emitted in a transition between them. The 
energy agreement is not good, however. 


XI. POTASSIUM 
The potassium capture spectrum, shown in Fig. 


11(b), was measured with a sample of pure potassium 


48 A. L. Reckseidler and B. Hamermesh, Phys. Rev. 96, 109 
(1954). 
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carbonate. The energies and intensities of the observed 
¥ rays are shown in Table V. The intensities were calcu- 
lated with a capture cross section of 1.89 b.* The con- 
tribution of K“ to the cross section is 10 mb and that 
of K* is 80-6 mb.* 

The high-energy capture 7 rays have been measured 
by Kinsey et al.” They found a complex and only 
partly resolved spectrum. The proposed decay scheme 
for K® is shown in Fig. 13. The positions of the levels 
have been measured in the (d,p) reaction®:" but the 
accuracy is not high in the case of the levels above 2 
Mev and so the quoted values are those obtained from 
the energetic capture y rays. The spins shown for the 
lower excited levels are those considered® most prob- 
able on the basis of the shell model and intensities in 
the (d,p) reaction. 

The 0.77-Mev vy ray is readily accounted for as a 
transition between the second and first excited states. 
That the 0.80-Mev level should be de-excited in this 
fashion is in agreement with the suggested spins for 
these levels. The 2.03-Mev y ray may be a ground 
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Fic. 12. Decay scheme 
for neutron-capture y 
rays in Cl, For ex- 
planation see Fig. 6. 





state transition from the level near 2 Mev, or it may be 
due to a transition to the first excited state. The energy 
determination is not sufficiently accurate to distinguish 
between these two possibilities. Since the spin of K*® is 
j=%*, capture of an s neutron forms K“ at the capturing 
level with j=1 or 2+. Since the y rays to the first, 
second, and fourth excited states are of comparable in- 
tensity, they must all be of the E1 type. The spin of 
the 2.05-Mev level must than be j=1, 2, or 3-. This 
level would then not decay to the 0.89-Mev level if its 
spin is indeed j=5~, but it is not possible to rule out 
transitions to the ground state or either of the first 
two excited states. The 1.19-Mev y ray may be emitted 
in a transition between the 2.05- and 0.80-Mev levels, 
though the energy agreement is at the limit of the 
errors. Alternatively, it may occur in the de-excitation 


 G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 927 
(1953). 

% V.L. Sailor, Phys. Rev. 77, 794 (1950). 

5 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1502 (1953). 

8 P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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TABLE V. Capture y rays from potassium and calcium. 








Intensity in photons per 
100 captures 

(a) in 

natural 

element 


(b) in 


Element Energy (Mev) 


0.77+0.03 24 
1.19+0.03 8 
1.61+0.03 5 
2.03+0.03 13 
2.80+0.03 6 
3.45+0.05 8 


0.48+0.05 15 
1,930.03 45 





Potassium 


Calcium 








of K® as a ground state transition from the second 
excited state at 1.18+0.07 Mev. However, the in- 
tensity, 0.08 quanta per capture, is twice the total 
contribution of K* to the capture cross section, so at 
least half of the 1.19-Mev peak must be due to the 
transition in K*. The position of the 1.61-Mev y ray is 
uncertain. It could be emitted between levels at 4.2 
and 2.61 Mev, but it is better, because of the measured 
intensities, to assign it between the 3.67- and 2.05-Mev 
levels. A strong y ray of energy 5.38 Mev® has been 
observed. It is in excellent agreement with the neutron 
binding energy to suppose that this y ray and the 
1.61-Mev y ray occur in a cascade to the 0.80-Mev 
level, (and the two y rays are of equal intensity). How- 
ever, this would require a level at 2.41 Mev which has 
not been observed in the (d,p) reaction. The 2.80-Mev 
y ray may be emitted in a transition between the 4.8- 
and 2.05-Mev levels, and the 3.45-Mev y ray may be a 
ground state transition from the level at 3.40 Mev 
(this y ray is outside the calibrated range of the spec- 
trometer and so the uncertainty in the energy measure- 
ment is greater than for the other y rays). 

The decay scheme is obviously incomplete. The 
strength of the 0.77-Mev y ray is not accounted for by 
the transitions shown reaching the second excited 
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Fic. 13. Decay scheme for neutron-capture y rays in K®. 
For explanation see Fig. 6. 





1120 Fisk. 
level. Also, as in chlorine, the total intensity reaching 
the ground state is only about 0.5 quanta per capture. 
There must be many unresolved radiations. 


XII. CALCIUM 


The capture spectrum of calcium [Fig. 11(c)] was 
obtained from a sample of pure calcium fluoride. 
Fluorine contributes a negligible amount to the capture 
rate. Pomerance® has found that Ca® and Ca® are 
each responsible for roughly half the capture cross 
section of the natural element (0.21 and 0.25 b, re- 
spectively). The only two y rays clearly resolved may 
be attributed to capture in Ca“, and their intensities 
are shown in Table V. No y rays are observed above 
background between 1.93 and 3 Mev. The energy and 
intensity of the 0.48-Mev y ray were obtained after 
subtraction of the underlying background from anni- 
hilation radiation. The errors are for this reason rather 
large. 

Kinsey et al.” have measured the high-energy 7 rays 
and find, amongst others, two strong radiations to the 
first and third excited states of Ca at 1.95 and 2.47 
Mev® of intensity 0.80 and 0.12 photons per capture® 
in Ca“. They have explained the principal features of 
the Ca‘! decay scheme in terms of two E1 transitions 
to these two states which are then de-excited by a 0.5- 
Mev transition between the levels and a 1.95-Mev 
transition to the ground state.** The energies and 
intensities agree excellently with this scheme. The 
spins of the two levels in question are j= (},3)- ™ and 
that of the ground state is 7=7/2-. 

The intensities of the two y rays are rather greater 
than those of the direct transitions to the two levels, 
and indeed the transition from the first excited state 
seems to occur essentially once per capture, suggesting 
that the other radiations emitted by the capturing 
state cascade predominantly through the 2.47- and 
1.95-Mev levels. 


XIII. TITANIUM 


The titanium sample was pure titanium oxide. The 
spectrum is shown in Fig. 11(d). Only two y rays were 
resolved, though there is a definite suggestion of un- 
resolved radiations on the high-energy side of the 
1.4-Mev peak. The energies and intensities of the y 
rays are given in Table VI, along with energies which 
have been measured below 3 Mev by Motz*® and Reier 
and Shamos" with magnetic and scintillation spec- 
trometers respectively. The high-energy y rays have 
been measured by Kinsey and Bartholomew.** The 
agreement with the other low-energy measurements is 
very good in the case of the strong y rays but weaker 


53 C. M. Braams, Phys. Rev. 95, 650 (1954). 

* J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 

55H. T. Motz, Phys. Rev. 93, 925 (1954). 

568. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 
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radiations have been missed. The unresolved region at 
about channel 35 on Fig. 11(d) appears to contain the 
150-, 1.51-, 1.59-, 1.78-, and 1.79-Mev y rays. It is 
possible to make an estimate of the total intensity of 
these. The figure obtained is not more than 0.1 photon 
per capture. 

The capture cross section of natural titanium is 
about 6 b, of which 95% is due to Ti‘. Thus there is 
no doubt that the y rays occur in the decay of Ti®. 

The high-energy spectrum shows two strong y rays 
which have been interpreted® as 1 transitions from 
the capturing state to levels at 1.39 and 1.73 Mev. The 
0.33- and 1.40-Mev vy rays then de-excite these levels, 
the upper to the lower and the lower to the ground 
state, just as in Ca“. The measured values of the in- 
tensities agree well with the intensities of the high- 
energy transitions, which are 0.53 photon per capture 
to the 1.39-Mev level and 0.35 photon per capture to 
the 1.73-Mev level. 

According to the shell model the ground state of 
Ti® has a spin j7=7/2-. Bretscher et a/.¥ have found 
that in the (d,p) reaction the captured neutron is 
accepted with /=1 to the 1.39- and 1.73-Mev levels. 
This gives spins j= (3,3)~ in confirmation of the decay 
scheme. (The capturing level has j=}*, since for Ti‘ 
j=0* and it is an s neutron which is captured.) 


XIV. VANADIUM 


The vanadium sample was vanadium pentoxide. The 
spectrum is shown in Fig. 11(e), and the energies and 
intensities of the y rays are shown in Table VI. The 
intensities were calculated with a value for the vana- 
dium capture cross section of 4.7 b®’ which appears to 
be almost wholly due to the abundant isotope, V®™. 

The strongest peak in the spectrum is due to the 
y ray which follows the 6 decay of V™. The energy is 
measured to be 1.46+0.03 Mev, in agreement with 
other values of 1.44+0.02° and 1.40+0.06.” Since the 


TaBLe VI. Capture y rays from titanium, 
vanadium, and chromium. 








Intensity Motz 
in photons (Ref. 55) 
per 100 Energy 
captures (Mev) 


0.34 


Reier (Ref. 11) 
Energy 
(Mev) 


0.334 
1.06 to 1.10 
1.39 


Energy 
(Mev) 


0.33 40.02 29 
1.40 +0.03 90 


Element 





Titanium 


1.53 to 1.58 


0.43 
0.64 
0.82 (2 unresolved) 


Vanadium 


Chromium 


ab 
PODSON WHA 








57 H. Pomerance, Phys. Rev. 83, 641 (1951). 

58 LeBlanc, Cork, Burson, and Jordan, Phys. Rev. 93, 1124 
(1954). 

® T. Wielding, Phys. Rev. 91, 767 (1953). 
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half-life is 3.75 min,®* the activity quickly built up to 
equilibrium with the neutron flux. The 8 spectrum is 
believed to be simple®*:” and therefore the equilibrium 
intensity of the y ray should be one quantum per 
capture. The measured value is 0.87 quanta per cap- 
ture, in reasonable agreement. 

The energies measured by Reier and Shamos" are 
also shown in Table VI. The high-energy y rays have 
been measured by Bartholomew and Kinsey." The 
positions of the levels of V™ have been measured by 
the (d,p) reaction by Abramov® and by Schwager and 
Cox.® The latter authors find more than twenty levels 
below 3.31 Mev. The energies of the first five of these 
are 0.13, 0.42, 0.78, 0.83, and 1.40 Mev, and in addition 
a weak capture vy ray of energy 6.62+0.02 Mev might 
possibly correspond to a level at 0.69 Mev® though 
this is not otherwise confirmed. 

The 0.42- and 0.84-Mev vy rays are presumably 
emitted in transitions to the ground state from the 
levels of these energies. It is possible that the 0.84-Mev 
peak contains the ground state transition from the 
0.78-Mev level also, but the measured energy is rather 
high. It seems more probable that it is the 0.63-Mev 
ray which occurs in a transition from the 0.78-Mev 
level to the level at 0.13 Mev. The 2.25-Mev y ray 
does not correspond to the energy of any known level, 
and must be emitted in a level to level transition. 

According to Bartholomew and Kinsey,® the 0.42, 
0.78, and 0.83 Mev states are each excited about 0.12 
times per capture. This figure is in only moderate 
agreement with the intensities shown in Table VI. 
The agreement is least good for the 0.42-Mev y ray, 
but if part of the de-excitation of this level proceeds by 
a cascade through the 0.13-Mev first excited state the 
y rays would have too low an energy to be seen by the 
spectrometer. 

All of these levels and the ground state are excited a 
comparable number of times by direct transitions from 
the capturing level, so that they must all have the 
same parity and spins which are not far different. In 
these circumstances level to level transitions may well 
compete with direct transitions to the ground state. 


XV. CHROMIUM 


The chromium capture spectrum [Fig. 11(f)] was 
obtained from a sample of pure chromic oxide. Accord- 
ing to Pomerance® the capture cross section is 2.99 b 
and the contributions to this figure of Cr®°, Cr®, and 
Cr® are 0.73 b, 0.61 b, and 1.65 b. 

The energies and intensities of the observed capture 
rays are listed in Table VI. Also listed are the energies 


®R. Bouchez and G. A. Renard, J. phys. radium 8, 289 
(1947). 

6G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 89, 386 
(1953). 

6A. Y. Abramov, Doklady Akad. Nauk U.S.S.R. 73, No. 5, 
92 (1950). 

6 J, E. Schwager and L. A. Cox, Phys. Rev. 89, 386 (1953). 
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Fic. 14. Neutron-capture y-ray spectra from nickel, zinc, and 
cadmium. Pulse-height distributions are shown for several values 
of the amplifier gain (G). 


measured by Reier and Shamos." There is agreement 
only in the case of the strong 0.83-Mev y ray. 

This strong radiation can only be due to capture in 
Cr® because of its intensity. It agrees well with the 
0.835-Mev y ray which is observed in the 6 decay of 
Mn*, and corresponds to a level of that energy in 
Cr®, The intensity is 0.73 quanta per capture in Cr®; 
this is roughly twice the number of direct transitions 
to this level,®® so that it must be involved in other 
cascades. 

The peak at 0.52 Mev is only in part due to the 
background of annihilation radiation. When this is 
subtracted the y ray appears to have an intensity of 


~ 4M. Deutsch and L. G. Elliott, Phys. Rev. 65, 211 (1944). 
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TABLE VII. Capture y rays from nickel, zinc, and cadmium. 








Intensity in 
photons per Relative 


Energy (Mev) 100 captures intensity 


0.45+0.03 8 
0.86+0.03 3 
1.24+0.03 2 
2.06+0.03 3 
2.680.03 2 


1.07+0.03 11 
1.26+0.03 7 
1.77+0.03 12 
2.02+0.03 10 


0.56+0.02 

1.32 (broad, several 
unresolved) 

2.5340.03 

3.27+0.03 


Element 


~ Nickel 





Cadmium 








0.02 quanta per capture. It may possibly be identified 
with a level found in Cr® at 0.54 Mev by the (d,p) 
reaction.® It is excited 0.03 times per capture by a 
direct transition from the capturing state.*® 

It is not possible to make any assignments for the 
remaining ‘y rays. 


XVI. NICKEL 


The nickel capture spectrum was measured from a 
sample of pure nickelic oxide, and is illustrated in Fig. 


14(a). The energies and intensities of the observed y 
rays are listed in Table VII. For the calculation of the 
intensities the capture cross section of nickel was taken 
to be 4.5 b,*” to which Ni5’, Ni®, and Ni® contribute 
2.87 b, 0.67 b, and 0.54 b, respectively. 

The high-energy capture radiation from nickel has 
been examined by Kinsey and Bartholomew.®* McFar- 
land, Bretscher, and Shull®* have measured the posi- 
tions of energy levels in Ni® by the (d,p) reaction. 
They find the first excited state to be at 0.42 Mev and 
the second at 3.08 Mev. However, Pratt®* has found, 
also from the (d,p) reaction, additional levels at 
0.74+0.2, 1.15+0.2 Mev, and 1.62+0.2 Mev. These 
may be associated with high-energy capture y rays 
which may be supposed to make direct transitions to 
these states from the capturing level in Ni®.**® The 
energies are then fixed more accurately (since the bind- 
ing energy of a neutron in Ni® is known to +5 kev) 
as 0.878+0.015 Mev, 1.180+0.013 Mev, and 1.777 
+0.025 Mev. 

The levels are shown in Fig. 15. Also shown are spin 
values assigned by Pratt® on the basis of (d,p) angular 
distributions. There is some doubt, however, about the 
spin of the 1.18-Mev level, since this proton group was 
not resolved from one due to Ni®™. The value given, 
j=i/2-, is clearly inconsistent with a strong y-ray 
transition from the capturing state to that level. The 
spin of the ground state is j= %~, and the spin of the 


% McFarland, Bretscher, and Shull, Phys. Rev. 89, 892 (1953). 
% W. W. Pratt, Phys. Rev. 95, 1517 (1954). 
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capturing state is j=}+, since the target nucleus, Ni*, 
is even-even. The direct transition to the ground state 
is therefore of the £1 type. The 7.528-Mev 7 ray to the 
1.18-Mev level is about one-fifth as intense®® as the 
ground-state ray. Therefore, it could hardly be E3 
as required by the spins assigned by Pratt. 

It is possible that this particular y ray is not con- 
nected with this level. Then the energy would not be 
accurately fixed. In this case the 1.24-Mev y ray could 
be assigned as a ground-state transition, since it 
agrees with the approximate energy found in the (d,p) 
reaction. 

An 8.532-Mev y ray in the high-energy spectrum 
could correspond to a direct transition to the 0.42-Mev 
first excited state of Ni®. However, it is more probably 
emitted to the ground state of Ni®, for the energy agree- 
ment is better. The arguments used above also concern 
the spin of the 0.42-Mev level, and they make the 
latter alternative the more probable. 

The 0.45- and 0.86-Mev y rays agree well with the 
energies of the first and second excited states of Ni®, 
and the 2.68-Mev y ray may be emitted in a transition 
between the 3.08- and 0.42-Mev levels. 

It has not been possible to assign the other y rays. 


XVII. ZINC 


The zinc sample was pure zinc oxide powder. The 
spectrum is shown in Fig. 14(b). The energies and 
intensities of the resolved y rays are listed in Table VII. 
To calculate the intensities the capture cross section 
for the natural element was taken to be 1.09 b.” Zn™ 
and Zn® contribute about 25% each to this figure‘ 
and the remainder comes from Zn® and Zn®. 

The high-energy capture 7 rays have been measured 
by Kinsey and Bartholomew.** They found the spec- 
trum to be very complex, containing many unresolved 
y rays. 

From their measurements they give the neutron 
binding energy of Zn® as 9.51+0.03 Mev, and that of 
Zn® as 7.876+0.007 Mev. 

By subtraction from these numbers it is found that 
the 1.26-Mev y ray could correspond to the de-excita- 
tion of a possible level in Zn® to which a direct transi- 
tion is made from the capturing level by a y ray of 





+4 8997 


Fic. 15. Decay scheme 
for neutron-capture 
rays in Ni®. For ex- 
planation see Fig. 6. 
The spins shown for the 
levels are those sug- 
gested by Pratt (ref- 
erence 66). 
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energy 8.58+0.02 Mev. This y ray is known® to occur 
in the decay of Zn® since its energy exceeds the binding 
energy in the other isotopes. Alternatively it might 
correspond to a level in Zn® since the energy difference 
agrees with a y ray of energy 6.65+0.03 Mev.* It is 
not known, however, by which of the isotopes this 
latter y ray is emitted. 

None of the other y rays can be assigned in this 
way. The intensities of the low-energy y rays are 
higher by a factor five to ten than the intensities of 
almost all the high-energy y rays, showing that they 
take part in a large number of cascades. 


XVIII. CADMIUM 


The cadmium capture spectrum, shown in Fig. 14(c), 
was obtained from a very thin sheet of cadmium metal. 
The energies and intensities (which in this case are 
relative intensities only) are given in Table VII. The + 
rays are emitted by Cd" since Cd" is responsible for 
the large capture cross section of cadmium. 

The high-energy capture y rays from cadmium have 
been measured by Kinsey and Bartholomew and 
Adyasevich et al.** have made measurements over the 
whole energy range with a magnetic spectrometer. 
Motz® has made measurements up to 1.7 Mev with a 
magnetic spectrometer. Many other measurements have 

67B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 
1051 (1953). 

68 Adyasevich, Groshev, and Demidov, Academy of Science 
U.S.S.R. Atomic Energy Conference Report, 1955 (Academy of 


Science, Moscow, 1955). 
® H. T. Motz, Phys. Rev. 99, 656 (1955). 
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been made at low energies by scintillation spectrom- 
eters.2*° The magnetic spectrometer measurements 
show that the spectrum is extremely complex, and, 
indeed, individual lines have not been resolved between 
3 and 5 Mev. 

The spectrum measured here agrees with the gross 
features of these other measurements. The strongest 
observed y ray is that at 0.56 Mev. It is already well 
established and is emitted in the de-excitation of the 
first excited state of Cd'4.” The tail of this peak ex- 
tends up to about 0.8 Mev and must contain the y rays 
of energies 0.65, 0.73, and 0.80 Mev which have been 
reported. Similarly, the 1.32-Mev peak is very broad, 
and appears to contain seven y rays between 1.2 and 
1.8 Mev.*:® The 2.53-Mev peak agrees with a group of 
four fairly strong y rays between 2.45 and 2.78 Mev.® 
The 3.27-Mev peak corresponds to a region in which 
the magnetic spectrometers no longer resolve the 
spectrum, and it is therefore apparent that this peak 
too must be composite. The relative intensities shown 
in Table VII do not agree well with those of Motz™ 
and Adyasevich ef al.®* 


ACKNOWLEDGMENTS 


The assistance of Miss Anne Rutledge in recording 
some of the data is gratefully acknowledged. It is a 
pleasure to thank Dr. B. B. Kinsey and Dr. G. A. 
Bartholomew for valuable discussions. 


% Johns, Cox, Donelly, and McMullen, Phys. Rev. 87, 1134 
(1952). 





PHYSICAL REVIEW VOLUME 


102, NUMBER 4 MAY 15, 1956 


Tensor Operator Methods and the Two-Body Spin-Orbit Interaction 


J. Hore anv L. W. Loncpon* 
Mathematics Department, The University, Southampton, England 


(Received December 12, 1955) 


Assuming LS coupling, tensor operator methods are used to derive matrix elements of a two-body spin- 
orbit interaction between two-nucleon states, and also between states arising from configurations involving 


closed and almost closed shells. 





1. INTRODUCTION 


HE angular momenta, level spectra, symmetry, 

and other properties of the ground states of 
several nuclei can be predicted by an independent- 
particle shell model in which one-body spin-orbit forces 
of the form £(I-s) are assumed in addition to two-body 
central forces. A variation in the value of & as the 1p 
shell is filled, as well as other facts, have stimulated 
inquiries regarding the existence of such a simple 
nuclear force, and whether it should be replaced by one 
of a more complicated nature, e.g., tensor force,’ 
two-body spin-orbit interaction. From an investigation 
of single-particle and single-hole splittings for several 
(n,l) shells, Elliott and Lane* conclude that data 
explained by a one-body force of varying £ may also be 
accounted for by a two-body spin-orbit interaction with 
neutral isotopic-spin dependence. 

In this paper, we derive general expressions for the 
matrix elements of such a force between antisymmetric 
states in LS coupling arising from two inequivalent 
nucleons, and various combinations of closed and 
almost-closed‘ shells, with and without external ine- 
quivalent nucleons. Extensive use is made of the tensor 
operator methods of Racah,' and related results obtained 
in the course of an analysis of tensor force matrix 
elements.® 


2. SPIN-ORBIT OPERATOR 


We begin by recalling that the two-nucleon spin-orbit 
operator is 


Hi2=T 2 J (112) {(o:+2)-[(t1—12)X (pi— po) ] h}, (1) 


where o;, ri, p; (i=1,2) are respectively the spin, 
position, and momentum vectors of the separate nu- 
cleons, and J(rj2) is a function of the relative distance 
r12 between the two nucleons. 7}. symbolizes the iso- 
topic spin dependence, and expressions in terms of 
tensor products of irreducible tensor operators of 


* Present address: Mathematics Department, Royal Military 
College of Science, Shrivenham, Berkshire, England. 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

2 E. P. Wigner, Rio de Janeiro Conference on Nuclear Physics, 
1952 (unpublished). 

3 J. P. Elliott and A. M. Lane, Phys. Rev. 96, 1160 (1954). 

4 The phrase, “almost-closed shell” implies a shell closed except 
for a single vacancy. 

5G. Racah, Phys. Rev. 62, 438 (1942), referred to as IT. 

6 J. Hope and L. W. Longdon, Phys. Rev. 101, 710 (1956). Re- 
ferred to as I. 


neutral, symmetric, and charged operators will be 
found in I. 

The ultimate object is to employ the methods of I, 
paragraph 4, to find the spin-orbit interaction between 
configurations involving closed and almost-closed shells. 
To this end we require the spin and orbital parts of 
Eq. (1) to be represented in terms of single-nucleon 
operators; we first discuss how 


(t1—t2)X (pi— P2) = (—1)***(0.X ps), (2) 
s,t 
may be written in this form. 

With Racah’s choice of phase factors one may form 
from the rectangular Cartesian components of the 
vectors r,, p,, V=(r.Xp:) (s,/=1, 2), sets of three 
orthonormal functions which transform according to 
the D' representation of the group of rotations in a 
three-dimensional Euclidean space, viz., 

Rai'(s)= 29 Fr (ey2—t7(syy],  Ro'(S)=r¢a)e, 
AP .1'(s)=2-7F p(eys— tp oyu], AP (S)=P(a)e, 
s=1,2); (3) 
T= 2-(+V,-iV,], To=Vs. 
These sets are connected by the easily verified relation 


(4) 


One may similarly construct from the rectangular 
components of the vector at (2), the three components 
Lj} (—1 <q 1) of a two-nucleon angular momentum 
tensor operator. On examining Eqs. (2), ---(4) it 
becomes evident that 


T= —i24(R'(s) O,' Pw) 


2 
['=—i2t DF (—1)*t(R'a) O! Pla). 


8,t=1 


The components of the single nucleon tensor opera- 
tors R', P' were constructed from the rectangular 
Cartesian components of certain vectors. As we propose 
to use the expansion 


J (112) =o Te (ri,r2)(C* ay -C* ey), 
k=0 


of the distance function in terms of the radius vectors 
of the separate nucleons and scalar products of spherical 
harmonics C* in their polar angles 0, ¢, it will be more 
appropriate to have both R! and P' expressed in terms 
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of spherical polar coordinates, and consequently 
spherical harmonics. This transformation is effected 
with the aid of the definition of the components 
C?(|q| <1) of a spherical harmonic of the first degree: 

exp(+ig) sind=F2'C,,', cosd=Co', 


and the single-nucleon angular momentum tensor 
operator: 


L41'= F2-h exp(tig) 


0 0 
+—+4 cott—|, 
06 0g 


0 
Lo = —ih—. 
dg 


Although some tedious manipulation is involved, it is 
not too difficult to show that 


R'(s)=1,C'(3), (5) 


0 
P\(s)= -ilc 1(s)—— 244-4 W! | (6) 
or, 


where W!(s)= (C's) ©! L'¢5)), (s=1, 2). Hence, on 
inserting the above expansion for J(ri2), 


I (ri) =D Je (rire) (C* ay Che) | e+e) 
k=0 


0 ) 
+24(Cha) © Cha) {pre 
Ors Or, 


—2h-{ (Ca) ©! W1(2y) (171/12) 
~ (Wy OCs) (rind) | (7) 


The final step in reducing this operator to single 
nucleon form is effected by recalling from I a relation 
which expresses the product of a scalar product by a 
tensor product of irreducible operators in terms of a 
linear combination of tensor products, viz., 


(C¥ cy +C*ia)) (Ray Of S*) =Lav(-I)*{Ee)- by} 
XW (xkts; ry)(L¥a) Of M%), (8) 
in which [x]=2x+1, ---, L*=(C*©*R’), My» 
=(C* ©» S*). If either operator in the tensor product 
on the left-hand side of Eq. (8) is a spherical harmonic 
operator, then so is the corresponding operator on the 


right-hand side of this equation. In particular, if 
R’=C’, then one replaces L* by (k0r0|x0)C*. Since 


L'= (£11) © C%) 
this last equation may be used to separate 


(C¥(ay-C* (2) Le), (s=1, 2) 
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into single-nucleon operators. Repeated applications of 
(8) to the right-hand side of (7) show that 


I(t) L'= > nO) pe [x }}13-h 


X{(—1)*(X¥q) ©! C*iy) 
+(—1)*(C* 1) ©! X*,2))} +24(—1)* 
XXL): Ly} W (wk 11 ; 1) (1020 | 20) 


0 0 
X (1040| yO) (C*a) ©! Ora) {re——re—| 
Ore Or; 
+24 ¥ { [x]: Ly ]} !W (xk11; 1y) 
X { (— 1)*(10K0] 20) (C* (1) © Vay) (11/12) 
— (—1)"(1020| yO) (Y* «1 O* Crem)rain) | (9) 


where X*= (C* ©# £'), and Y"=(C* ©’ W’). 


3. TWO-NUCLEON AMPLITUDE FACTOR 
OF SPIN-ORBIT OPERATOR 


The vector coupled states of two nucleons in LS 
coupling are described by totally antisymmetric wave 
functions of the form, 


V(yndetwh,TMrSLIM), 


which is implicitly assumed, as and when convenient, 
to be separated into two-nucleon isotopic spin, intrinsic 
spin, and orbital [I, Eq. (6) ] wave functions. 

We consider the amplitude matrix 


(yMalanolo; L\|J (riz) L'\\y'nelenala; L’). (10) 
It is evident that the evaluation of this quantity reduces 
to the evaluation of amplitude matrices of the tensor 
products occurring on the right-hand side of Eq. (9). 
This operation is performed by repeated applications 
of I, Eq. (3),—a result which connects the amplitude 
matrix of a two-nucleon operator, expressed as a 
tensor product of single-nucleon operators R’, S*, with 
the amplitude matrices of R’ and S*. When the single- 
nucleon operators themselves are tensor products of 
irreducible tensor operators, as in the cases}X7, Y", W', 
one is obliged to return to the definition of a tensor 
product 


R,’= (Ae ©,” B) => «8(aabp | rp) A,* Bs’, 
and Eq. (1) of I: 


(jm| R," | a’ j’m’) = (— 1)" (aj|| R"||a’7’) 
X (rpj’m'| jm)(2j7-+1)-4, 


(11) 


(12) 
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and derive the value of the amplitude matrix from first 
principles. 

To do this one equates two expressions for the matrix 
element of R’, one of which involves the amplitude 
matrix of this operator. The other, which follows from 
applying (12) to the right-hand side of (11), contains 
the amplitude matrices of A* and B®, and a summation 
over a product of three Wigner coefficients ; the general 
result [I, Eq. (4)] has been used to evaluate this. 
Without difficulty one concludes that 


(xjl| R" Jar’ 7’) = (—1)9****(2r +1)! 
XX Wad sH5 17 Ves Arla") 
ed 


X (a"7"||_Bja’j"). (13) 


Repeated applications of this result express the am- 
plitude matrices of X*, Y", and W' in terms of those of 
spherical harmonics—which are evaluated by using I, 
Eq. (8)—and the amplitude matrix of the angular 
momentum operator £' whose value is given by 


(nl\| £'\|n'l’) = {1(1+-1) (2/+1)} hd (n,n’)6(1,’). (14) 


The amplitude matrix of the single-nucleon operator 
yr=(C* e(c'o! £')), 


may be calculated either by a repeated application of 
(13) or by noticing that the spherical harmonics may be 
combined to yield 


Y=) {3[2]}#(2010| 20) W (11rk; 12)(C* ©" £'), 


and then applying (13) to the tensor product on the 
right-hand side of this equation. The former method 
shows that 


(j| ¥"||7)= ‘ce 1) FH G++) 2-12 74-1) 


X (300717 (+ DPR, I,7), 
where 


R(a,b,c,d)= (— 1)* © .(22+1){C(c,a,z)C(z,1,d)}! 


XW (alcd; bz)W(1izd; 1d). (15) 


The results enumerated above may be employed, with 
some tedious manipulation involving expansions of the 
x function in terms of Racah’s W functions and sum- 
mation formulas for the W function, to verify that the 
amplitude matrix (10) of the orbital part of the spin- 
orbit operator is given by 


A2- F [T*O (lalsbela; LL; bk: k000){ L(L-+1)}'8(L,L’) 
k=0 


+64 oxy Ollabebela: LL’; xy: k111)[J*+64(—1) 
X{—C*P(l,y,a)+D*P (la,x,Je)} J]. (16) 


The © symbol is as defined in I, and for convenience 
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we have written 


P(a,b,c)=[¢(c+1)(2c+1) }LC(4,1,0)C (a,b,c) F* 


X R(k,b,a,c), 
[k= (Mala,Nole | Ji (r 1,7 2) | Mele, Nala) ’ 


J*= (nalanols| Ji (rire) {11(8/ Ore) —-12(0/dr1)} | 
X Nel.,nala), 


C*= (Mala,Molr| Ji (r1,r2) (r1/r2) | Nele,Nala), 
De= (mala, Nelo | Jy (11,72) (re /r;) | NcleyNala) , 
A=271(— 1) Mette) {0 7, Whe ICT Ia J}. 


It is apparent that any calculation of the functions 
in (16) reduces, at one stage or another, to evaluating 
different Shortley and Fried coefficients and various W 
functions of Racah; certain values of these have been 
tabulated. 

When all the nucleons are equivalent it is straight- 
forward to show by interchanging r; and r2 that J*=0, 
C*= D*, with a consequent reduction in the complexity 
of (16). 

In conclusion it will be recalled that the matrix 
element of the spin-orbit operator (1) is obtained by 
applying Eq. (38) of II and Eq. (1) above to the alter- 
native expression in terms of two nucleon tensor 
operators, v72., 

Ay2=T 2 J (riz) (S'- L'), 
in which 


S'=[(a a) O! o2))+ (a) O! oy) ], 


is an irreducible tensor operator acting in the combined 
spin spaces of the two nucleons. Recalling that 


2 3 S||S*||3 3 S’)=2X644(S,1)6(S’,1), 


one finds that the matrix element of the two nucleon 
spin-orbit operator is given by 


(ynala,Mvly; TM pSLIM | Hy2|y'nel.nala; TMrSL'JM) 
= (—1)*"'-J2x 6§(T)5(S,1)W (AL1L'; J1) 
X (ytala,Noly; L||J (112) L)\|-y'nelenala; L’). 


(7) depends on the type of isotopic spin dependence 
assumed; values for neutral, symmetric, and charged 
dependences are presented in I, Sec. 3. 


4. APPLICATION TO CLOSED AND 
ALMOST-CLOSED SHELLS 
In this section, the foregoing results, together with 
certain equations of Sec. 4 of I, are used to discuss the 
amplitude matrices of the spin-orbit operator between 
configurations consisting of 


(a) a closed (m,/) shell and external inequivalent 
nucleon, 

(b) an almost-closed shell and external inequivalent 
nucleon, and 

(c) a closed (n,/) shell and almost-closed (#2,/4) shell. 
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We adopt a genealogical definition of the states 
describing these configurations and define them by 
coupling each nucleon to the resultant of those before it. 

Amplitude matrices of isotopic and intrinsic spin 
operators in the cases considered may be written down 
from the entries in Table I. These last results are 
expressed in terms of a symbolic tensor product to 
conserve space; the required amplitude factors may be 
deduced by prescribing the irreducible tensor operator 
to be either the isotopic spin or intrinsic spin operator, 
and multiplying by an appropriate factor. Only nonzero 
values are tabulated, and J, J’ symbolize the resultant 
angular momenta of the vector-coupled states arising 
from the configurations under discussion. 

From the above discussion it is clear that the two- 
nucleon spin-orbit operator may be written as a linear 
combination of tensor products acting in the combined 
isoptic spin, intrinsic spin and orbital spaces of the two 
nucleons, a typical term of this combination being 


(r*ay ©" r*¢ay) (77 ay ©! o7¢2y) (E% ay ©! G/ (2).7 


To discuss the spin-orbit interaction between the con- 
figurations 


a (n,l) 1 (Mayla), a’ (n,l) 7 (1,1), 


where m=4(2/+1), we start from the two-nucleon 
amplitude matrices of the above operator, i.e. (n,/), 
(Mala), etc. With the aid of Eqs. (19), (18), and (21) of 
I these amplitude matrices may be presented in a form 
which contains, inter alia, the amplitude matrices of 
certain triple tensor operators (I, Sec. 4) in the 
combined isotopic spin, intrinsic, spin, and orbital 
spaces of the (n,/) nucleon. We denote the single- 
nucleon tensor operator by y“‘**) and let 


™m 


[' (tak) = > vy, (tek) 


r=] 


be the triple tensor operator acting within the closed 
(n,l) shell. Then, by transforming the coupling schemes 
between angular momenta, and employing an ortho- 
gonal relation of the Wigner coefficients, one finds that 


((n,J)™|T*|| (nJJ)™)=m((n,)™|\y- || (n,2)™) 
7 2(2/+ 1)#(m,l\|-y “|| n,D) 
4 (t,0)5(s,0)5 (2,0). 


Thus the transition from the single-nucleon amplitude 
matrix of a single nucleon operator to that of a closed 
shell with an “m” nucleon operator is obtained by 
multiplying the former by the factor 


2 (27+ 1)48(#,0)5(s,0)5(k,0). 


7 Unless a specific tensor operator is being considered, lower 
case Greek letters are used to indicate single-nucleon tensor 
operators. The corresponding upper case Greek letter denotes a 
many-nucleon tensor operator acting within a group of equivalent 
nucleons and defined as the sum of single-particle operators. 
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If instead of the amplitude matrix of the triple 
operator one writes 
|) (Bl|o*||5) (md||x*||nZ), 


one may equally assert that the transition to the closed 
shell is effected by multiplying 


by (27+1)45(a,0). 
Recalling that the momentum of a closed shell is 
zero, it follows after a brief calculation that 


D;(m) = (a(j)™ja,jall (P?’ ©! w*)|\a’ (7) jo, jo) 
= (2j+1)45(r,0)8(s, NX(al |p"||a’’j) 
X (a”’ jal|w*||a’ jo), (17) 
Pra > pyr’. 
A=1 


Further, a straightforward application of Eq. (17) of I 
enables the corresponding exchange term to be derived. 
It is found that 
E,(m)= Y (—1pe-e{ [rs] 
zy,a’ 
X (aj|} 07 |e” jo) (ee’"jal|o*||r’7)x (Fj jo jai xy: 7s:t) 
X((j) "Ja; jal| (X* Of w)|| (7) Fo5 Fo) 
={(C7 ILD MGI} 
Xx (ji jojo: Ot: rs: t) 
xd (aj||p’|la 


(—1)*#-7-st 


"Jo) (a ja\|wo*\\a’j), (18) 


and 
(j\|x7|| 7) = (2x+1)4, 


for all x and y. 

By applying (17) and (18) to a suitably modified 
form of (9), we were able to examine the splitting of the 
states j=/+} due to spin-orbit interaction of the chosed 
(n,l) shell with an external inequivalent nucleon. This 
effect, which is of fundamental significance in the 
Jensen-Mayer shell model, was investigated for (1p), 
(2s), (1d), and (1f) nucleons outside closed shells and 
different choices of interaction potentials. Agreement 
was obtained with Blanchard and Avery’s® formula for 
this separation, and the equivalence to a single-nucleon 
effect pointed out by Hughes and Le Couteur.® 

Next consider the interconfigurational mixing of the 


(Jal| »¥|| jo) = (29+ 1)}, 


8 C. H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951). 
9 J. Hughes and K. T. Le Couteur, Proc. Phys. Soc. (London) 
A63, 1219 (1950). 
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TaBLeE I. Nonzero values of (J||(A"(1) © A*¢2y)||J’) for various configurations. 








Closed-shell-inequivalent- 
nucleon 


Values of total 
angular momentum 
in amplitude 
matrix 


Direct 
term 
Dj(m) 


Values of r, s, t, in 
symbolic tensor 
product 


Configuration 


Almost-closed-shell-inequivalent-nucleon 
Direct term Exchange term 


Exchange 
term “Normal” “Null” “Normal” “Null " 
E;(m) Dj(m—1) Dj(m —1) Ej(m —1) &)(m—1) 





8(J,1)6(J’,1) 


(J,0)6(J’,1) 
5(J,1)5(J’,0) 
et a 
5(J,4)8(J’,4) 


8(J,0)8(J’,1) 
8(7,1)8(J",0) 
8(7.1)8(.1) 
5(J,4)5(J’,4) 


8(J,0)8(J’,0) 
5(J,1)8(J",1) 
5(J,9)8(",4) 


8(J,0)5(J’,0) 
8(J,1)8(J’,1) 
5(J,4)5(J",4) 


r=1, s=1, t=2 


r=0, s=1, i=1 


r=1, s=0, t=1 


r=0, s=0, t=0 


r=1, s=1, t=0 


2/5 


—v3 2v3 
v3 —2v3 
—/6 2/6 


2/5 


—2v3 


—v3 
v3 
v6 


—1 
—v3 


—V/6 








a(n,l)"—" (Mala), TMrSLIM ; 
a’ (nl) (nolo), T’MrS'L'J'M’. 


It follows from I, Eqs. (20), (22) that the direct 
“normal” term arising from 


d(m—1)=(T\|(T* ©* r)||7’)(S|| (Z" ©! o*)||S’) 
X (a(nl)”"ndlaL|| (E* ©! g)|\a’ (nl)”"'mbL’), 


is 
D(m—1)=(—1)**(T|| (r* ©* r||T7’)(—1)*" 
X (S|| (o" ©! o*)||S’)(—1)** 
X (nlndaL||(e* ©! g)|\nlmbL’), (19) 
where 


m—1 m—1 m—1 
T= x mm, 2= a: 0", Et= 3 €°. 


A=I1 d=l A=1 


This result may be repeatedly applied to the almost- 
closed-shell counterparts of the two-nucleon spin-orbit 
operator. Entries in Table I were calculated from values 
of the Pauli spin matrices and x functions; the ampli- 
tude matrix of the orbital operator, however, required 
a more detailed analysis. When (19) is applied to an 
implicitly assumed almost-closed shell form of (9), the 
effect of the orbital “phase factors’’ is to alter appro- 
priately specialized terms inside the outer square 
brackets of (16) as follows: 


(a) For the coefficient of J*, replace {L(L+1)}* by 
2-1{ 21 (1+ 1) —Ia(lot 1) —lo(lo+ 1)}{L(L+1)}-4. 

(b) Multiply the coefficients of J* and C* by —1. 

(c) Multiply the coefficient of D* by (—1)**#, 


The exchange “normal” terms arising from 


e(m—1)=(—1) ee P-s-2(T || (Tt O* +')||7") 
X (S| (2" ©1 o*)||S*) 
X (a(nl)" Nala || (E* ©! 9’) \|a’nel,(nl)"L’), 


are readily evaluated from the general result of Sec. 4 
of I; we accordingly omit any formal description of the 
derivation and content ourselves with a quotation of 
conclusions—a detailed discussion may be obtained on 
application to either of us. Values of the amplitude 
matrices of the tensor products of isotopic spin and 
intrinsic spin operators are given in Table I, whilst 
the orbital exchange “normal” amplitude matrix is 


Ay [le (—1)8(L,&) (2L-+1)W (LAM; L’hy) 
k=0 


X {lo(o+1) (2h+1)C(1,L,b)C (1,LJa)}}* 

+8(L’,k) (2L’+1)W (Lihd; LD) 

X (114-1) (2I+-1)C(1,L' he)C (1,L' he) } 4} 

+W(L’R11; 1L){C(1,L' eC (LL Je)C (1,k,L) 

XC(1,k,L’)}{ — [3/2 t+ (—1)43C.*P (la,L,,l) 
—(—1)"3D-P(I,L’h)}], (20) 

where 


Ay= (— 1) Het b'(2-%) (21-1) {(L LL he Lo J}. 


A subscript “e’’ attached to the radial integral symbols 
indicates that the exchange counterparts of those 
already introduced are to be used. Exchange phase 
factors have everywhere been taken into account. 





TENSOR OPERATOR METHODS 


Denoting by D;(m—1) the “null” term (I, Eq. (22)) 
associated with a representative term 


d;(m—1)=((j)""*joJ|| (X* Of 0) |G)" 75), 


of d(m—1), and writing 
d5= (jjaI || (x? Of m)|| jj"), 


it is immediate from Eq. (3) of I that 


D;(m—1)= (27+1)d6(x,0)5(y,1). 


Clearly the calculation of the ‘‘null’’ direct term consists 
of a succession of applications of this rule to various 
tensor products. It is apparent that the Kronecker 
6(t,0) in the isotopic spin term implies that only a 
neutral charge dependence is associated with the direct 
“null” term. Values of D;(m—1) for the isotopic spin 
and intrinsic spin terms are to be found in Table I: 
that of the orbital part is deduced without difficulty 
from (9) and above results, consequently its explicit 
form is omitted. 
From I, Eq. (18) the operator 


(E* O' ¢’) 


in a typical exchange term e;(m—1) of e(m—1) may be 
expressed in terms of operators acting within the same 
shell, viz., 


(—1)4'{ Le FH slle*ll 50) (all oll) 
XL (— 1) xi joja; xy; ef; t)(X* O! m’). 


Hence the ‘‘null’’ term associated with e;(m—1) is 


&;(m—1) = (— 184 [ef I} (4) 4 (27+-1) 
X (Jllel! jo) (Fal! el] J)x (GI joa; Ot; ef; t) 
Xx(Jjaj jo; JI’; Ot; 2). 


Again, repeated applications of this result yield the 
“null” exchange terms of a spin-orbit interaction 
between the configurations under discussion. Results 
for isotopic spin and intrinsic spin operators are quoted 
in Table I; those of the orbital operators are easily 
calculated by means of (19) and have been omitted to 
conserve space. 

Comparing (17) with (21), and (18) with (22), we 


see that 


D;(m) 
(2j+1)'x(jjeiiv; JI’; 08; D4 
E;(m), 


Dj(m— 1) = 
8;(m—1)= 


so that results for the “‘null” direct and exchange terms 
may alternatively be deduced from the amplitude 
matrices of corresponding operators between con- 
figurations consisting of a closed shell and an external 
inequivalent nucleon. 

Finally, it will be readily appreciated that the 
methods used in this section may be employed to find 
the spin-orbit interaction between a closed (m,/) shell 
and an almost-closed (ma,/,) shell, Denoting by 


D;(m, m.—1), D;(m, ma—1), 


the “‘normal” and “null” direct terms associated with a 
typical amplitude matrix 


d;(m, Ma— 1) 

= ((j)™(ja)™ fall (E* Of ®/)|| (7)"(ja)™ Ja), 
and similarly identifying the “normal” and “null” 
exchange terms arising from 


e;(m, Ma— 1) 

= ((j)™(ja)™ jal] (E* ©! &)|| (ja)™ (7) ™ Fa), 
by E;(m, ma—1), &;(m, ma—1), the methods used above 
show that 


D;(m, ma—1)= (—1)'*'D;(m), 
D;(m, ma—1)= (2ja+1)D;(m)d(¢,0), 
E;(m, ma—1)= (—1)"**E;(m), 
&;(m, ma— 1) = (2 jat+1)E;(m)d(#,0). 


These relations tell us, in the first place, that the 
“normal” and “null” direct and exchange isotopic spin 
and intrinsic spin terms in question may be written 
down from corresponding terms in Table I. Secondly, 
whilst the “normal” direct and exchange orbit terms 
are the same as the corresponding closed-shell-ine- 
quivalent-nucleon terms, the presence of the Kronecker 
symbol shows that there is no “‘null” direct or exchange 


orbit term. 
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The decay scheme of La™ was investigated by using summing 
techniques. This scheme was found to be compatible with a 
modification of the schemes proposed earlier by other investiga- 
tors. The 537-kev gamma ray was found to parallel the other 
transitions. Directional correlation measurements made in the 
162-kev to 304-kev cascade do not allow definite spin and multipole 
order assignment. The following spin sequence (in the order of de- 
creasing energy) appears to be the most probable 1(Q)3(D,Q)4. 

Ce was found to have energy levels with spins 0, 2, 4, and 3 
in the order of increasing energy. The multipole orders were 
found to be: 1.600 Mev-quadrupole; 0.490 Mev-quadrupole; 
0.328 Mev-dipole with some quadrupole admixture; and 0.815 
Mev-dipole with some quadrupole admixture. These assignments 
are in agreement with those made by other investigators. 

It was found that the energy levels of Pt’ have spins 0, 2, 2, 4 
(3 cannot be definitely excluded) in the order of increasing energy. 


The spins of the fourth and fifth excited states could not be 
assigned unambiguously but were found to lie in the ranges 2 to 
5 and 3 to 5, respectively. Multipole orders of the transitions were 
assigned as follows: 316 kev-quadrupole; 468 kev-quadrupole 
(some dipole admixture cannot be definitely excluded) ; 612 kev- 
quadrupole; and 296 kev-dipole-quadrupole mixture. These 
assignments are in rough agreement with those deduced from 
internal conversion measurements made by other investigators 
and with previous directional correlation results obtained by 
other investigators. 

The results obtained for As” did not allow definite spin and 
multipole order assignments. However, the measurements permit 
limits to be placed on the spin assignments. The 281-kev level 
has spin 3/2 or 5/2 with 3/2 being preferred. The 269-kev level 
probably has spin 1/2 or 3/2 and the 405-kev state has a spin in 
the range 1/2 to 5/2 with 3/2 being preferred. 





APPARATUS 


HE instrument used consisted of a conventional 
type fast-slow coincidence spectrometer with an 
effective resolving time of 3X10~* second. Amplifica- 
tion in the fast channel was accomplished by two three- 
tube feedback loops in cascade with pulse amplitudes 
limited between stages by biased crystal diodes. The 
remainder of the apparatus is similar to that described 
by Stewart, Scharenberg, and Wiedenbeck.' 

NalI(TI) crystals, 1} in. diameter by 1 in. height, ob- 
tained from the Harshaw Chemical Corporation were 
coupled to Dumont 6292 photomultipliers. Each crystal 
had 12 mm of lead as lateral absorber and $ in. of alumi- 
num on the front in addition to the 32 mils of aluminum 
and 3; in. of packed magnesium oxide commercial 
mounting. 

LANTHANUM-140 


Previous Investigations 


The decay scheme of lanthanum-140 has been the 
subject of several investigations.?~ Cork et al.‘ proposed 
the decay scheme shown in Fig. 1(A) based on relative 
intensities and energies. Figure 1(B) shows the decay 
scheme proposed by Beach ef al.* based on similar 
measurements. Figure 1(C) shows the scheme that has 
been suggested by Roggenkamp e/ al. and reported in 
the Hollander, Perlman, and Seaborg table of isotopes.” 

It has been shown* that there are no beta transitions 
between the ground states of La™ and Ce™. This is 


* Eastman Kodak predoctoral fellow. Now at Michigan State 
University, East Lansing, Michigan. 

1 Stewart, Scharenberg, and Wiedenbeck, Phys. Rev. 99, 691 
(1955). 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

§ Beach, Peacock, and Wilkinson, Phys. Rev. 76, 1624 (1949). 

* Cork, LeBlanc, Stoddard, Martin, Branyan, and Childs, Phys. 
Rev. 83, 856 (1951). 


interpreted as meaning the ground state of La has 
a spin greater than or equal to 3 with a negative parity 
since the ground state of Ce’ has a spin O*. 

The internal conversion coefficient has been measured 
for the 540-kev gamma ray by Maerker and Birkhoff® 
and Rohr and Birkhoff.* They found that the K/L+M 
ratio was 6 and 5.2, respectively. The K-shell conversion 
coefficient was determined to be (5.6+1.9)X10~. This 
leads to the classification of the 540-kev gamma ray 
as E2. 


Present Investigation 


The radioactive material obtained from Oak Ridge 
was BaCl, in a HCI solution. Figure 2 shows the spec- 
trum of the equilibrium mixture of Ba! and La™. 

Lanthanum chloride in dilute HCl was added as a 
carrier and the lanthanum then precipitated as the 
hydroxide by adding concentrated NH,OH. After 
centrifuging, the liquid Ba(OH): solution was used as 
a source for the correlation measurements. This pro- 
cedure was repeated every 4 to 5 hours. The maximum 
amount of lanthanum present during the directional 
correlation measurements was about 6 parts in 100. 

Figure 3 shows a comparison of the spectrum taken 
within a half-hour after the chemical separation with 
that taken about six hours later. It is seen that the 
correlation measured in this time will be affected rela- 
tively little (less than 1% on the average) by the build- 
up of the La™ activity. 


Decay Scheme 


A study of the decay scheme was made using the 
gamma summing method. A 2-in. X 2-in. NaI (TI) crystal 
with a }-in. hole drilled to its center was used. The 


5 R. E. Maerker and R. D. Birkhoff, Phys. Rev. 89, 1159 (1953). 
6 R. C. Rohr and R. D. Birkhoff, Phys. Rev. 98, 1266 (1955). 
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(B) 


Fic. 1. Previously proposed decay schemes of La. (A) pro- 
posed by Cork ef al.‘ (B) proposed by Beach ef al.* (C) proposed 
by Roggenkamp ef al.? 


summing spectrum was measured with the source inside 
this hole. The outside spectrum was obtained with the 
source about 24 in. above the crystal. Figure 4 shows 
the spectra obtained. 

Resolved peaks appear in the normal spectrum 
(source outside) at positions corresponding to gamma- 
ray energies of 162 kev, 304 kev, 436 kev, and 537 kev. 
The presence of a 30-kev gamma ray is indicated. This 
line appears at the lower limit of the spectrometer 
where the instrument is nonlinear. An unresolved 
gamma ray appears at a position corresponding to 
about 132 kev. 

The summing spectrum shows strong diminishing of 
the 30-kev, 132-kev, 162-kev, and 304-kev lines. Sum 
lines appear at 436 kev and 466 kev. These lines are 
relatively weak and are not resolved. The 537-kev 
gamma ray does not appear to participate in the 
summing. 

These data are seen to be consistent with the decay 
scheme which is also shown in Fig. 4. This decay scheme 
is essentially a combination of those presented in Fig. 1. 
It is suggested that the high-energy beta transition is to 
the 30-kev state because of the necessity of a high spin 
ground state. The existence of a beta transition with 
end-point energy at about 530 kev has to be postulated 
to account for the strong gamma transitions at inter- 
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Fic. 2. Spectrum of the equilibrium mixture of Ba! and La™. 


mediate energies. This beta ray has not yet been 
observed. 


Directional Correlation Measurements of La‘ 


The differential discriminators were adjusted to 
positions corresponding to the 162-kev and 304-kev 
lines. The window widths corresponded to the approxi- 
mate width of these lines at half-maxima. No correc- 
tions were made for the small interference 304 kev—132 
kev correlation since the 132-kev gamma ray is very 
weak. 

Figure 5 shows the directional correlation data that 
were obtained. These data can be represented by the 
least squares curve adjusted for finite geometry 


W (0) = 1+ (0.0937-+0.008) P:(cosé) 
— (0.056-+0.010) P,(cosé). 


This result cannot be explained using pure transitions. 
The existence of the large P4(cos@) term indicates that 
the intermediate state must have a spin > 2. 

It was found that the combinations (in the order 
of decreasing energy) 1(Q)3(D,Q)4 and 1(0)4(D,Q)4 
could be used to explain the data. Figures 6 and 7 show 
the coefficients A, and A, plotted versus the mixture 
ratio 6 for these combinations. The indicated regions 
show the values of 6 consistent with the Az and A, values 
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Fic. 3. Spectra of La“ taken approximately $ hour and 
approximately 6 hours after chemical separation. 


obtained from the experiment. Figure 8 shows a similar 
curve for the 0(Q)2(D,Q)3 combination. Although this 
gives 6 values corresponding to the A» and A, that are 
not consistent, this case cannot be absolutely excluded 
because the mixture ratio values are so close to each 
other. 

The double mixture combinations 1(D,Q)2(D,Q)2 
and 2(D,Q)3(D,Q)3 cannot be definitely excluded. Ex- 
plicit calculations were not carried out here. The 
presence of the negative A, eliminated the other double 
mixture combinations that were considered. 


Discussion 


The 1.022-Mev beta transition to the 30-kev state 
suggests that the 30-kev state has a spin equal to or 
less than 2. A similar statement can be made about the 
466-kev state. Thus the 436-kev transition is probably 
at most quadrupole. From the spectrum, the 304-kev 
transition appears to be more probable than the 436-kev 
transition, and hence the 304-kev transition would not 
be expected to be octupole. From these evidences (and 
from the absence of a 466-kev crossover transition), 
1(0)4(D,0)4 spin sequence is unlikely. 

Internal conversion measurements’ made on the 
537-kev gamma ray indicates that it is an E2 transition. 
The presence of the beta transition to the 537-kev 
state indicates that this state has a low spin value. It 
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Fic. 4. Summing spectra and proposed decay scheme of La™. 


is therefore difficult to understand the absence of a 
transition between the 537-kev and 466-kev levels. 

On the basis of these arguments, the 1(Q)3(D,Q)4 
sequence appears to be most favored for the 304-kev to 
162-kev cascade. 


CERIUM-140 
Result of Previous Investigations 


Lanthanum-140 decays by complex beta emission to 
cerium-140. The essential features of this decay scheme 
are shown with the spectrum in Fig. 9. 

Both directional correlation and polarization correla- 
tion measurements have been made previously on the 
gamma rays of Ce,*-* with some agreement between 
investigators. Table I summarizes their results and 
interpretations. The parities were assigned on the basis 
of polarization correlation’ and internal conversion 
measurements.* It is seen from this table that fair 
agreement is obtained for the 1.60 Mev-0.490 Mev 
correlation and definite disagreement on the 1.60 Mev- 
0.815 Mev correlation. From the decay scheme and 
spectrum, it would be expected that the best agreement 


7G. R. Bishop and J. P. Perez y Jorba, Phys. Rev. 98, 89 (1955). 

8 Bolotin, Pruett, Roggenkamp, and Wilkinson, Phys. Rev. 99, 
62 (1955). 

* B. L. Robinson and L. Madansky, Phys. Rev. 84, 1067 (1951). 
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Fic. 5. Directional correlation measurements of the 304 
kev—162 kev gamma cascade in La!™. 


would be obtained for the latter correlation since smaller 
interference effects are expected. Although there is 
some agreement on the spin assignment, there is a 
disagreement on the magnitude of the correlation and 
hence the multipole order of the 0.815-Mev gamma ray. 

The internal conversion coefficients have been meas- 
ured by Bolotin et al. and Maerker and Birkhoff,® and 
Rohr and Birkhoff.® 


Results of the Present Investigation 


The lanthanum-140 was obtained from Oak Ridge as 
lanthanum oxide. This was dissolved in concentrated 
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Fic. 6. Az and A, versus 3 for the 1(Q)3(P,0)4 
spin sequence in La 
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. 7. Ag and A, versus 6 for the LOO, Q)4 
spin sequence in La!” 


hydrochloric acid and the solution was used for the 
sources for the directional correlation measurements. 


Directional Correlation of 1.600 Mev—0.815 Mev 


Figure 10 shows the results of the directional correla- 
tion measurements made on the 1.600-Mev to 0.815-Mev 
gamma rays. Figure 10(A) shows the correlation meas- 
ured with the discriminators set integral above 0.700 
Mev and the detectors at 0.9% solid angle. The broken 
line shows, for comparison, the theoretical directional 
correlation for a 3(D)2(Q)0 cascade modified for finite 
geometry. Least squares analysis and corrections for 
solid angle yields the equation 


W (6) =1— (0.0094+0.009) P2(cosd) 
+ (0.0068-+40.012) P4(cosd). 


This result is not in agreement with the curves obtained 
by Bolotin et al.* and Bishop et al.’ (See Table I.) 

It is possible that summing of the strong low-energy 
lines enhanced by crystal to crystal scattering can 
account for the difference between the results obtained 
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here and those obtained by others. Summing could be 
appreciable here as well as in the measurements of 
Bolotin. Rough estimates indicate that this could be of 
the order of 10-20%. Much less summing would occur 
in the measurements of Bishop because of his small 
solid angle. On the other hand, crystal-to-crystal 
scattering may enhance a negative correlation. From 
these possible explanations, it would be expected that 
the initial measurements reported here might lie be- 
tween those of Bishop and Bolotin since fairly large 
solid angles (0.9%) were used and lead shielding was 
used only on the sides of the crystals. The discriminator 
settings were approximately the same as those used by 
the other investigators. 

5 mm of lead was placed on the front of each de- 
tector and the correlation measured again using the 
same discriminator settings. This lead should reduce 
scattering, if present, to a point such that the anisot- 
ropy was changed by less than 0.1% and summing 
was reduced by a factor of about 20. Figure 10(B) 
shows the directional correlation obtained with this 
arrangement. The least squares curve corrected for 
finite geometry is 


W (6) =1—(0.0329-+0.014) P;(cos8) 
+ (0.0087=-0.013) P4(cos@). 


as 
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Fic. 9. Decay scheme and spectrum of Ce™. 
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As another check against the presence of summing 
and crystal-to-crystal scattering, one of the discrimina- 
tors was adjusted to accept differentially only the high 
energy side of the 0.815-Mev photopeak and the other 
set integrally above about 1.40 Mev. With these set- 
tings, crystal-to-crystal scattering would be energeti- 
cally eliminated and summing would be reduced by a 
factor of at least 8. The result is shown in Fig. 10(C). 
The solid-angle corrected least squares curve is given by 


W (6) = 1— (0.017+0.007) P2(cos@) 
+ (0.012+-0.009) P4(cos@). 


The results of the three experiments reported here 
are reasonably close, indicating that summing and 
crystal-to-crystal scattering are small effects here. It 
should be noted that the errors quoted on the data 
presented above take into account instrument errors 
as well as statistical errors. 

Perturbation effects are expected to be very small 
because of the estimated short lifetime of the inter- 
mediate state and the fact the source was in solution. 
In addition, data for the 1.600 Mev—0.490 Mev correla- 
tion exhibit the full theoretical correlation. Since these 
two correlations have the same intermediate state, it 
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Fic. 10. Directional correlation measurements of 0.815 Mev- 
1.60 Mev. (A) discriminators were set integral above 700 kev. (B) 
Same discriminator settings, 5 mm of lead on the front of the 
detectors to reduce summing and crystal-to-crystal scattering. 
(C) One discriminator set differentially on the high-energy side 
of the 0.815-Mev line and the other integral above 1.40 Mev. 
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TABLE I. Results of angular correlation measurement on Ce™. 








Cascade 


Measured correlation 


Interpretation (in order of 


increasing energy) Reference 








1.60 Mev-0.815 Mev” 


1.60 Mev—0.490 Mev 


1.60 Mev-0.328 Mev 
(1-3 correlation) 
0.328 Mev-0.490 Mev 


1— (0.081+0.03)P2 
1— (0.092+0.020) P2 


1+0.1111P2+0.00879P, 
1— (0.0745+0.019) Po+ (0.01340.024) P, 
1+ (0.0367 +0.0054) P.— (0.025+0.020) P, 


1+ (0.083+40.015) P2+ (0.021+0.019) P, 
1+ (0.106-+0.0054) P.— (0.0013-0.0019P, 





0-24 9 
0+—2+-—3- 7 
0*(Q)2*(OD,Q)3* 8 
0*(Q)2*(OD,Q)4* 

not excluded 

O+—2+—4+ 

0+—2+—4+ 

0-2-4-(3 or 4) 


2-4—(3 or 4) 








can be concluded that the small correlation observed is 
not due to perturbation effects. 

The above correlation data can be interpreted by 
using the spin assignment 3(D,Q)2(Q)0 with a mixture 
in the 0.815-Mev transition. Figure 11 shows the co- 
efficient A» plotted versus the mixture ratio 6. The 
experimentally determined values of A: are indicated 
with their errors along with the range of 6 consistent 
with these coefficients. The values of A» used here are 
from the data presented in Fig. 10. For this spin assign- 
ment, A, is negative for all real values of 6. However, 
it is small (~—0.0005) for the ranges of 6 indicated in 
Fig. 11. Even though the experimental values of A, are 
positive, they are within the experimental error of the 
coefficient determined from the mixture ratio. 

The above data can also be fitted using a 2(D,Q)2(Q)0 
or a 4((,0)2(Q)0 spin sequence. For reasons to be pre- 
sented in the discussion of the 0.328 Mev—1.600 Mev 
correlation, the 2-2-0 assignment is unlikely. Because 
of the relatively long lifetime of an octupole transition, 
as compared to a quadrupole transition, an octupole- 
quadrupole mixture (~40% octupole, ~60% quadru- 
pole) is unlikely. 

The 3(D,Q)2(Q)0 spin sequence is in best agreement 
with the internal conversion data®:*:* which indicates 
that the 0.815-Mev gamma ray corresponds to an 
E2+ M1 transition and the 1.600-Mev transition is £2. 


Directional Correlation of 1.600 Mev-0.490 Mev 


The least squares curve for the 1.600 Mev-0.490 Mev 
directional correlation corrected for solid angle is 
described by the equation 


W (6) =1+ (0.107+0.005) P2(cosé) 
— (0,00055-+0.009) P;(cos@) 


which compares well with the basic 2’— 2? theoretical 


value 
W (0)= 1+0.1020P2(cos#)+ 0.0091 P,(cos@). 


Summing and interfering Comptons detected with the 
0.490-Mev photopeak contribute to the correlation here. 
Rough estimates show that summing is less than 1% of 
the observed coincidence rate. The interfering Compton 
electrons are due to the 0.815 Mev-1.600 Mev correla- 
tion and since this correlation is small, it is expected 


that the effect would be to decrease slightly the ob- 
served anisotropy. These results are in agreement with 
the internal conversion data,*:** and the correlation 
results obtained by others. 


Directional Correlation of 1.600 Mev-0.328 Mev 


This is the 1-3 correlation. The discriminators were 
set on the peaks with window widths corresponding to 
the widths of the lines at half-maximum. Least squares 
analysis and solid angle correction gives for Ymax= 4 


W (6) =1— (0.0954-0.005) P2(cosd) 
+ (0.016+0.01) P4(cosé) 
and for Ymax= 2, 


W (0) = 1— (0.0897-0.008) P:(cosé), 


in essential agreement with the result obtained by 
Bolotin et al.* The theoretical curve for a 3(D)4- - -2(Q)0 
is (the intermediate radiation is unobserved) 


W (@)=1—0.140P2(cos@). 


Notice that the measured anisotropy is less negative 
than the theoretical value. This is in the direction to be 
expected if interfering Compton electrons of the 0.815- 
Mev and 0.490-Mev gamma rays are present. Part of 
this difference between theory and experiment can be 
due to a small dipole-quadrupole mixture in the 0.328- 
Mev transition. The P4(cos@) term is needed if mixtures 


are present. 
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Fic. 11. A» versus 6 for a 3(D,Q)2(Q)0 assignment to 
the 0.815 Mev—1.60-Mev cascade of Ce, 
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A spin assignment of 2 to the top state (2.45-Mev 
level) would be unlikely since a quadrupole-octupole 
mixture would be needed to explain the negative 
correlation measured. 

The spin sequence (3-4-2-0) determined by this 
cascade is in agreement with the sequences determined 
by the other correlations discussed above and with the 
internal conversion data. 


Directional Correlation of 0.328 Mev-0.490 Mev 


For this correlation, the differential discriminators 
were set to positions corresponding to the peaks of 
these lines and the window widths were adjusted to 
correspond to the width of the lines at half-maximum. 
Interfering radiations enter via both detectors here and 
so good quantitative data cannot be obtained from this 
correlation. The least squares curve corrected for finite 
geometry is given by 


W (6)=1— (0.103+0.006) P2(cosé) 
+ (0.0249+-0.008) P4(cosé). 


Theoretically, this should be the same as the 1.60 Mev- 
0.328 Mev correlation. The agreement is fair and serves 
to corroborate the spin assignments. 
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Fic. 12. Pt decay scheme and spectrum. The numbers in 
parentheses are the relative intensities as reported by Muller 
et al. 
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Summary 


The directional correlation data presented above are 
in good agreement with the spin assignments 0-2-4-3 
for the energy levels of Ce! in the order of increasing 
energy. These assignments are consistent with the 
internal conversion data®** and most of the angular 
correlation measurements’* made by the other 
investigators. 

The measured correlation function for the cascade of 
0.815 Mev-1.600 Mev was shown to be in disagree- 
ment with that measured by other investigators. Sum- 
ming and crystal-to-crystal scattering (demonstrated 
to be small here) are postulated as possible explanations 
for the differences. 


PLATINUM-192 
Introduction 


The decay scheme of Pt" has been the subject of 
many investigations.” The presently accepted decay 
scheme was proposed by Cork ef ai. and later modified 
by Pringle et al." and Johns ef al.” 


TABLE II. Internal conversion data for Pt!®.* 








Gamma ray 
ev 


207 
296 
309 
316 
468 
590 
605 
613 
880 


tal 
~sS 
foal 


Interpretation> 
E2 

E2+M1 or E2 

E2+M1 or E2 
E2 

E2 

E2+M1 

E2+M1 
E2 
E3 





AAS & os 000 
CAKRNONNE 








® See reference 13. 
> See reference 18. 


Bashilov et al. have measured the internal conver- 
sion coefficients using a “ketron’’ spectrometer with a 
finely powdered source mounted on paper. The K/L 
ratios shown in Table II are computed from their data. 
The interpretations were made by using the empirical 
curves of Goldhaber and Sunyar.'* 

On the basis of log(ft) values and the observed 
pattern of gamma intensities, Johns ef al.” assign a 
spin 4 to the ground state of Ir™. 

Since this investigation was completed, Taylor and 
Pringle” have published the results of their directional 


® Cork, LeBlanc, Stoddard, Childs, Branyan, and Martin, 
Phys. Rev. 82, 258 (1951). 

1 Pringle, Turchinetz, and Taylor, Phys. Rev. 95, 115 (1954). 

2M. W. Johns and S. V. Nablo, Phys. Rev. 96, 1599 (1954). 

18 Bashilov, Anton’eva, Dzhelepov, Izvest. Akad. Nauk Ser. Fiz. 
S.S.S.R. 16, 264 (1952). 

“J. L. Wolfson, Proc. Roy. Soc. Canada 44, 193(A) (1950). 

1° Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 

16 K. I. Roulston and R, W. Pringle, Phys. Rev. 87, 930 (1952). 

17D. C. Lu and M. L. Wiedenbeck, Phys. Rev. 94, 501 (1954). 

18M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

#” H. W. Taylor and R. W. Pringle, Phys. Rev. 99, 1345 (1955). 
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correlation measurements. They propose a spin se- 
quence 0,2,2,3(4),4 for the ground state and 316, 613, 
784, and 921-kev levels. A spin of 3 is assigned to the 
784-kev level since they have seen the 784-kev cross- 
over. Spin 4 was not definitely excluded, however. 


Results 


The source was finely powdered iridium metal ob- 
tained from Oak Ridge. 

Figure 12 shows the spectrum obtained and the 
essential features of the decay scheme. The numbers in 
parentheses are relative intensities as measured by 
Muller et al.'® 


P#® 468 kev-316 kev Correlation 


The differential discriminators were set to positions 
corresponding to the peak of the 468-kev gamma ray 
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Fic. 13. Pt 468 kev—316 kev directional correlation. The 
solid curve is the least-squares curve and the broken curve the 
theoretical correlation for a 2?—2? basic correlation modified for 
finite geometry. 


316-kev composite peak. The window widths were 
adjusted to correspond to the widths of the measured 
lines at half-maximum. Figure 13 shows the least 
squares fit to the data (solid line) with the flags in- 
dicating the rms statistical errors, and the theoretical 
curve (broken line) for a basic 2?—2? correlation modi- 
fied for finite geometry. The least squares curve cor- 
rected for solid angle” was found to be 


W (6) = (0.0992+-0.006) P2(cos@) 
+ (0.0085-+0.007) P(cosé), 


which agrees well with the theoretical expression 
W (6) =1+0.102P2(cosé)+0.0091 P4(cos@) 


®” Annihilation radiation was used to obtain the angular resolu- 
tion correction. 
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Fic. 14. Pt’ 306 kev-296 kev-316 kev “double” directional 
correlation. 


for the basic 2*—2? correlation. Since the measured 
coefficient of the P, term is small, it is conceivable that 
the correlation could be explained by a 3(D,Q)2(Q)0 
spin sequence as suggested by Taylor et a/.'* However, 
in view of the good agreement between the above data 
and the theoretical curve for a 4(Q)2(Q)0 sequence, we 
feel that the 3(D,Q)2(Q)0 sequence appears unlikely. 

Interference correlations arising from other cascades 
(e.g., summing of lower-energy photoelectrons with 
Compton electrons, etc.) are small and no corrections 
were made. 


PP® 306 kev-296 kev-316 kev Correlations 


Both counters were set on the composite peak corre- 
sponding to the gamma rays of 306kev+ 296kev+ 316kev 
with window widths approximately equal to the width 
of the photoelectron peak at the base. The data, essen- 
tially a combination of four correlations (i.e., 306-296, 
296-316, 306-316, and 468 Compton-316), is shown in 
Fig. 14 with the least squares curve and root mean 
square statistical errors indicated. This curve, when 
corrected for finite geometry, can be represented by 


W (6) =1— (0.0565-+0.004) P2(cosd) 
+ (0.0929-+0.005) P4(cosd). 


The presence of the relatively large positive coeffi- 
cient of the P,(cos#) term and the existence of the 612- 
kev cross-over gamma transition indicate that the 
second excited state must have a spin of at least J;= 2. 

Different combinations of Jo and J; (spins of the 
fourth and second excited states, respectively) for 
O<Jo<6 and 2<J,<4 in the sequence Jo—J:-2-0 
were used in calculations in an attempt to interpret the 
above result. For J;=2 and a dipole-quadrupole mix- 
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Fic. 15. Pt! 589 kev—612 kev directional correlation measured 
with (solid curve) and without (dashed curve) 7.5 mm of lead 
absorbers to reduce summing. 


ture in the intermediate transition the following method 
of calculation was used. The correlation function was 
assumed to be a function of two adjustable parameters 
6 and 6, where 6 is the mixture ratio 


&=1(L+1)/I(L) 


and 8 is the ratio of the intensity of the triple 
306-296-316 kev cascade to the intensity of the double 
296-316 kev cascade. From the decay scheme and 
relative intensity measurements it was expected that 
B~1. The coefficients of the Legendre polynomials were 
equated and the resulting fourth-order equations for 6 
were solved for Jo=0, 1,3, 4,5, and 6. The intensity 
ratios 8 were computed for the real values of 6. These 
results are presented in Table III. The best values of 8 
are obtained for Jo>=3, 4, and 5. Since the relative in- 
tensities of the gamma rays are not accurately known, 
corrections for the interfering 4-2-0 correlation could 
not be made. 

For Jo=J:=2, there is a high probability that a 
mixture can occur in two transitions. The data can be 
interpreted with such a spin choice. 

Making similar calculations it was found that no 
combinations of J»=0,1,2,3,4,5,6 and J;=3,4 could be 
used to fit the above results. (Mixtures were considered 
in only one of the transitions at a time.) 


P#® 589-612 kev Correlation 


Because of the relatively low intensities of these two 
lines and the high intensities of the low-energy lines, 
it is possible to obtain a large interference due to 


Nit. 
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accidental summing of the low-energy lines in the 
crystal detectors, e.g., 4 summing coincidences to one 
589 kev-612 kev coincidence. Imposing 7.5 mm of lead 
between the source and the crystals allows an improve- 
ment by a factor of approximately 8 in the good/bad 
ratio of coincidences. Figure 15 shows the measured 
correlations with and without lead. It seems reasonable 
on the basis of these data to conclude that the correla- 
tion function for the 589-612 kev cascade lies above the 
correlation shown. This means that the 1201-kev state 
can have a spin 2,3,4, or 5. 


Summary and Conclusions 


From the above data, we see that the spin sequence 
in the order of increasing energy 0,2,2,4(3),(2,3,4,5), 
(2,3,4,5) is consistent with the directional correlation 
data. 

A comparison of the above data and the internal 
conversion results of Bashilov' (Table II) shows that 
the agreement for the 468-, 316-, and 612-kev transi- 
tions is good. The conversion data implies that the 
parities are all positive for the first three excited states. 

From the information presented, it is seen that a 
mixture of ~95% quadrupole and ~5% dipole for 
the 296-kev data is consistent with the angular correla- 
tion data. This is in approximate agreement with the 
K/L internal conversion ratio. This helps to confirm 
the spin assignment of a 2* to the second excited state. 
Unfortunately, neither of the two types of data are 
good enough to enable us to differentiate definitely 
between the spins 2,3,4,5 of the fourth excited state. 
The best agreement between the internal conversion 
data and the directional correlation data is obtained 
for a spin assignment of 2+ or 3+ to the fourth excited 
state and a spin 5 to the fifth. The ground state of 
Ir’ has been assigned a 4- and the log/t values deter- 
mined by Johns” indicate that the two higher-energy 
beta transitions can be classed as first forbidden and 
the lower-energy transitions as second forbidden. We 
see the spin assignment of 3* to the fourth excited 
state and a negative parity for the fifth is reasonable.” 


TABLE III. Summary of calculations made for triple 
cascade using 6 and § as parameters. 








Spin sequence é B Remarks 


0-2-2-0 
1-2-2-0 


3-2-2-0 





Complex 
0. 


0.267 
0.015 
1.16+0.7 
<0 
1.28+0.8 
<0 
1.15+0.7 
<0 

0.111 

<0 


Possible 
4-2-2-0 Possible 
5-2-2-0 Possible 


6-2-2-0 








*t Baggerly, Marmier, Boehm, and DuMond, Phys. Rev. 100, 
1364 (1955). 
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The gamma-gamma directional correlations of the 
unresolved 124 kev—281 kev and the 138 kev—269 kev 
cascades of As’ were studied previous to the recent 
paper by Schardt and Welker.” The results obtained 
and the methods used are in essential agreement with 
theirs and so will be described very briefly here. 

Figure 16 gives the decay scheme suggested by Lu 
et al. and the spectrum obtained.* The correlations 
were measured for three different positionings of the 
single-channel discriminators. 

(a) Both discriminators set symmetric on the two 
pairs of unresolved lines with the window widths 
adjusted to correspond to the approximate width of 
these lines at their base. The least-squares curve after 
correction for finite geometry (Rose correction”®) is 


W (@)=1— (0.1030.005) P2(cos#) 
— (0.0100+0.009) P4(cosé). 


For the case of two coefficients, W(@)=1— (0.107 
+0.006) P2(cos@). 

(b) The higher energy discriminator setting was 
increased 10% and the low-energy position decreased 
10% (i.e., to accept proportionately more of the 281 
kev—124 kev cascade). The window widths here and in 
case (c) were about a third as wide as they were in 
case (a). The least squares curve after correction for 
finite geometry is 


W (6) =1— (0.278-+0.008) P:(cos#) 
— (0.0072-+0.009) P4(cos6). 


For the case of two coefficients, W(#)=1— (0.281 
+0.009) P2(cos@). 

(c) In like fashion, the equipment was adjusted so 
that more of the 269 kev—138 kev cascade was accepted. 
The curve obtained after correction for angular resolu- 
tion is 
W (6) = 1— (0.0166+0.007) P2(cosé) 

+ (0.0080+0.009) P4(cos@). 


For the case of two coefficients, W(6)=1— (0.0136 
+0.007) P2(cos@). 

It should be pointed out that in each of the above 
cases the coefficient of the P4(cos#) term is comparable 
to the error and its existence is therefore questioned. 

Since the measured correlation functions W (@) have 
been normalized by dividing through by Ao, the correla- 
tion function for two interfering cascades can be 
written 


W (6) =[nW (0) +W (0) ]/ (n+1), 


where W,(6) and W,(@) are the correlation functions 
for the cascades of 138 kev—269 kev and 124 kev—281 


2 A.W. Schardt and J. P. Welker, Phys. Rev. 99, 810 (1955). 
% Lu, Kelly, and Wiedenbeck, Phys. Rev. 97, 139 (1955). 

4 A. W. Schardt, Bull. Am. Phys. Soc. Ser. II, 1, 85 (1956). 
%M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 16. Decay scheme and spectrum of As”. 


kev, respectively, and 


N, E(138)E(269) 
J me rrr 
Nq E(124)E(281) 


N./N.z is the ratio of the total number of nuclei that 
decay per second through the 138 kev—269 kev mode to 
the number that decay through the 124 kev—281 kev 
mode. E(138) is the efficiency of the apparatus for the 
138-kev gamma ray and includes the solid angle, etc. 
These efficiencies can be evaluated from known line 
shapes and equipment parameters. The three quan- 
tities V./Na, W,(0), and W.(@) can be evaluated from 
the above data. The following results were obtained : 


W (6) = 1+ (0.016+0.03) P2(cos@) 
for the 138 kev—269 kev correlation, 
W (6) =1— (0.41+0.03) P2(cos#) 
for the 124 kev—281 kev correlation, and 
N./Na=1.8+1. 


These results are similar to those obtained by Schardt 
and Welker® who used a slightly different method of 
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analysis that necessitated the determination of V,/N. 
in a separate experiment. 


Conclusions 


Neither of the above correlation functions can be 
obtained using unmixed transitions. Comparison of 
these results with the internal conversion data of 
Schardt and Welker* and the agreement between the 
two different directional correlation data lead us to 
essentially the same conclusions put forth by them: 
namely, the 269-kev state probably has a spin 1/2 
although a spin 3/2 cannot be definitely excluded; the 
281-kev state probably has a spin 3/2 with a 5/2 spin 
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not being excluded. We found that the assignment of 
spins 1/2, 3/2, or 5/2 to the 405-kev level is consistent 
with the correlation data. The log/t values, the internal 
conversion data, and the decay spectrum of Ge”® pre- 
sented by Schardt and Welker” seem to indicate that 
the 3/2 assignment to this state is more likely. 
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Neutron-Capture Cross Section of Actinium-227+ 


H. W. Kirsy, G. R. Grove, anp D. L. Trma* 
Mound Laboratory,t Monsanto Chemical Company, Miamisburg, Ohio 


(Received October 20, 1955) 


In the production of actinium-227 by thermal neutron irradiation of radium-226, thorium-228 has been 
recovered as a by-product. The reactions involved are: Ra®*(n,7)Ra®’—~Ac®'+-8-, and Ac®"(n,y)Ac?*—> 
Th**+-8-. The thermal neutron capture cross section of actinium-227 is 495+-35 barns, as determined by 
the pile oscillation method. The half-life of thorium-228, determined by daily alpha counting for two years, 


is 697.8+0.7 days or 1.910+0.002 year. 


INTRODUCTION 


N his announcement of the isolation of actinium-227 
from neutron-irradiated radium-226, Hagemann! 
noted the presence of an undetermined, but large, 
amount of lead-212, indicating the presence of thorium- 
228. The possibility that thorium-228 was formed as a 
result of second-order neutron capture made it desirable 
to determine the capture cross section of actinium. 
The radium which had been used by Hagemann for 
his actinium studies and from which the actinium and 
thorium isotopes had been separated was subsequently 
irradiated again in a thermal neutron reactor. The 
radium was adsorbed on a Dowex-50 ion exchanger, and 
the radium and actinium isotopes were eluted in two 
and four normal nitric acid, respectively. Thorium 
isotopes could be expected to remain on the resin.” 


+ Presented at Nuclear Engineering and Science Congress, 
Cleveland, Ohio, December 16, 1955. 

* Present address: Monsanto Chemical Company, Inorganic 
Chemicals Division, Everett Station, Boston, Massachusetts. 

t Mound Laboratory is operated by Monsanto Chemical Com- 

y for the U. S. Atomic Energy Commission under Contract 

Seensber AT33-1-GEN-S3. 

1 F, Hagemann, J. Am. Chem. Soc. 72, 768 (1950). 

2F, T. Hagemann, The Actinide Elements (McGraw-Hill Book 
Company, Inc., New York, 1954), National Nuclear Energy 
Series, Plutonium Project Record, Vol, 14A, Div. IV, Chap. 2, 
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EXPERIMENTAL 


A preliminary estimate of the cross section of 
actinium was made by an alpha-counting technique. 
Several small portions of the radium- and actinium- 
depleted resin were boiled with concentrated nitric acid 
and filtered. The filtrates were purified of radium 
isotopes by several barium nitrate precipitations, and 
portions of the solution containing thorium isotopes 
were alpha-counted daily. Other portions of the filtrates 
were analyzed for actinium-227 by extraction with 
thenoyltrifluoracetone.! No actinium was detected. 

The radium fraction recovered from the ion-exchange 
column was analyzed calorimetrically and the radium- 
226 content was found to agree with the sample weight 
to within less than one percent. Thus, radium-228 was 
not present in any significant amount. 

The growth and decay of the thorium-228/thorium- 
227 isotopes was analyzed by the method of differ- 
ential decay,* and the ratio of their activities was con- 
verted to a thorium-228/actinium-227 weight ratio as 
of the time of removal from the reactor. 

The integrated neutron flux could be estimated with 
about 10% uncertainty, and the total time in the reactor 
was known. The neutron capture cross section of ac- 


3H. W. Kirby, Anal, Chem, 26, 1063 (1954). 








NEUTRON-CAPTURE CROSS SECTION OF Ac?#3? 


tinium-227 was estimated to be 430 barns with an error 
of the order of 10%. 

A sample of actinium which had been separated from 
radium and thorium isotopes by ion exchange was 
purified further by two successive oxalate precipitations 
from homogeneous solution.‘ The actinium oxalate was 
ignited to the oxide and weighed to the nearest 0.02 
milligram. 

The actinium oxide was dissolved in dilute nitric 
acid, and the solution was placed in a quartz centrifuge 
tube whose lower portion was a tube of three milli- 
meters inside diameter. The actinium was precipitated 
as the oxalate and centrifuged into the lower portion 
of the tube. The oxalate was dried and then ignited 
for one hour at 900°C. The centrifuge tube was attached 
to a vacuum system, and the lower portion, containing 
the actinium oxide, was sealed off under reduced 
pressure. The capsule containing actinium oxide was 
sealed in a pure bismuth container of 0.035-inch wall 
thickness. The bismuth container served to prevent 
spread of contamination from the outside of the capsule 
and, to some degree, acted as an absorber for gamma 
rays originating in the sample. A dummy container was 
prepared consisting of the same masses of quartz and 
bismuth as the container for the actinium. 

The neutron absorption of the sample and of the 
dummy container were measured by the pile oscillation 
technique.>-7 

The absorption of the dummy container was meas- 
ured over an interval of 700 cycles after which several 
runs of 700 cycles each were made using varying 
amounts of gold absorber. Then the absorption of the 
dummy container was redetermined. In the same 
manner, the absorption of the sample was determined 
and compared with the absorption of the different 
weights of gold. 

The gold equivalents of the dummy and the sample 
were determined to be 21.2 mg and 173 mg, respectively. 

On the basis of preliminary gravimetric data supplied 
by this laboratory, Pomerance® reported a cross-section 
value of 500 barns. However, a subsequent calorimetric 
study of the sealed sample after the measurements 
gave a more accurate weight of 33.53 milligrams of 


4M. L. Salutsky and H. W. Kirby, Anal. Chem. (to be 
published). 

5 A. M. Weinberg and W. C. Schweinler, Phys. Rev. 74, 851-63 
(1948). 

6 Hoover, Jordan, Moak, Pardue, Pomerance, Strong, and 
Wollan, Phys. Rev. 74, 864-70 (1948). 

7H. Pomerance, Phys. Rev. 83, 641-5 (1951). 

8H. Pomerance, Oak Ridge National Laboratory Report 
ORNL-1415, Feb. 12, 1953 (unpublished), p. 15. 


1141 


actinium based on a 22-year half-life. These values 
gave 495 barns as the cross section for Ac”’. 

The absorption measurement of the sample is thought 
to be accurate to 5%. Calorimetric determination of 
the power output of the sample is believed to be ac- 
curate to about 2%, but the half-life used to convert the 
power output to mass of actinium has an uncertainty of 
about 5%. The mismatch of the absorption of the 
dummy and sample containers is believed to have been 
about 1%. Therefore, it is felt that the value of the 
cross section may be in error by about 7% or 35 barns. 

Both the alpha-counting method and the pile oscilla- 
tion method are subject to criticism on the basis of 
possible impurities. Radioactive impurities would affect 
the weight ratio found by alpha counting, while high 
cross-section impurities (such as boron from borosilicate 
glassware) would affect the pile-oscillation measure- 
ment. The fairly good agreement between the two 
independent determinations indicates that neither type 
of impurity was present in significant amounts. 

Two of the samples which had been used in the pre- 
liminary estimation of the cross section of actinium by 
alpha counting were used to determine the half-life of 
thorium-228. 

Two-hundred days after the column separation, the 
thorium-227 was presumed to have decayed to insig- 
nificance. The samples were alpha counted almost 
daily for two years; over 400 observations were made 
on each sample. 

The half-life of thorium-228 was determined as the 
average of the least-squares determination for the two 
samples weighted inversely as the squares of their 
probable errors. The weighted average is 697.8+0.7 
days or 1.910+0.002 year. 

The half-life of thorium-228 was reported by Meitner® 
to be 696 days with an uncertainty of about one percent. 
The present value is only slightly different, but offers a 
somewhat better precision. 
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The twice forbidden beta spectrum of Cl** has been measured with a 47 scintillation spectrometer which 
is particularly well suited for measuring beta spectrum shapes from sources with low specific activity. 
The distribution was measured to as low as 89 kev with three sources of average thicknesses of 9, 19, and 
20 ug/cm?. The data were analyzed by using the exact twice forbidden shape factor for the linear combination 
of the S and T couplings for AJ =2. The ratios of nuclear beta moments appearing in the shape factor were 
treated as variable parameters. The best fit to the data was for R;;/T;;=0 and Ai;/T;;= 14.2. 





INTRODUCTION 


HE beta spectrum of the twice forbidden decay 

of Cl®* has been studied with very thin sources 

by means of a scintillation spectrometer employing 4x 

solid angle geometry. The data have been used to 

evaluate the ratios of nuclear 8 moments (matrix 

elements) that occur for a linear combination of the 
scalar and tensor forms of the interaction. 

Previous measurements!” do not agree on the shape 
of the spectrum in the low-energy region. The propor- 
tional counter measurements of Fulbright and Milton? 
show relatively fewer low-energy electrons than do the 
magnetic lens spectrometer measurements of Wu and 
Feldman.! These data were analyzed using a low-Z 
approximation of the twice forbidden shape factor, 
C27,* for the pure Tensor interaction. Using the ratio 
of 8 moments, which appear in C27, as a parameter, 
Wu and Feldman found agreement for A ,;/7;;= 4.2. 
A similar analysis of the proportional counter data by 
Fulbright and Milton gave A ;;/7;;=5.1. 

The present investigation of the Cl** spectrum was 
made to determine the shape of the spectrum at low 
energies and to evaluate the ratios of nuclear 8 moments 
which appear in the “exact” twice forbidden shape 
factor for the linear combination of the scalar and 
tensor interactions. The spectrum was measured with a 
4m scintillation spectrometer for three sources whose 
average thicknesses were 9, 19, and 20 wg/cm’. A 5-cm?* 
source area and the 4m source-detector geometry made 
it possible to obtain a large number of points on each 
spectrum with good counting statistics. Consistent 
results were obtained for the three different sources. 

CF* decays with a half-life of 4.4 10° years‘ by a 
single transition to the ground state of A**. The ground 
state spin of Cl** has been determined experimentally® 
as two. A®*, an even-even nucleus, is presumed to have 
a ground-state spin of zero. The shell model predicts 


t+ Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission and by a 
grant from the Research Corporation. 

1C. S. Wu and L. Feldman, Phys. Rev. 76, 693 (1949); 87, 
1091 (1952). 

2H. W. Fulbright and J. C. Milton, Phys. Rev. 82, 274 (1951). 

8 E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 

4 Wu, Townes, and Feldman, Phys. Rev. 76, 692 (1949). 

5 C. H. Townes and L. C. Aamodt, Phys. Rev. 76, 691 (1949). 


no change in parity. This, along with a logft of 13.5, 
classifies the transition as twice forbidden with a spin 
chaage of two. 

The theoretical shape factor for a twice forbidden 
transition with a spin change of two depends on which 
interaction form or forms are assumed appropriate for 
the transition. Mahmoud and Konopinski*® have shown 
that the scalar (S) and tensor (7) components are 
essential and that the existing experimental evidence 
indicates the absence of any appreciable amount of the 
vector (V) and pseudovector (A) components. There- 
fore, the “exact” shape factor that is used for the 
analysis of the present data is the one which results 
from a linear combination of the S and T components. 
The ratios of nuclear 6 moments which appear in the 
exact shape factor are treated as free parameters and 
varied to obtain the best fit to the present experimental 
results. 

The data have also been analyzed by using the low-Z 
approximation of the exact shape factor and the 
low-Z approximation of the twice forbidden shape 
factor for the pure tensor interaction. These analyses 
are used to compare the present experimental results 
with those of other investigators and to check on the 
conclusions drawn from the analysis of the data with 
the exact shape factor. The low-Z approximation of 
the exact shape factor is also used for determining the 
end point of the spectrum which is then used in calcu- 
lating the experimental shape factor. 


EXPERIMENTAL APPARATUS 


A beta spectrum measured with a scintillation spec- 
trometer which uses only one scintillator as a detector 
and an external source is badly distorted in the low- 
energy region of the spectrum. Jordan and Bell’ sug- 
gested that this effect was largely the result of scattering 
of the beta particles out of the scintillator. By sand- 
wiching a beta-ray source between two anthracene 
crystals which were mounted on a photomultiplier 
tube, Ketelle* showed that Jordan and Bell’s explana- 
tion of the distortion was correct. A 4m beta-ray 


ash M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
1952). 
7 W. H. Jordan and P. R. Bell, Nucleonics 5, No. 10, 30 (1949). 
® B. H. Ketelle, Phys. Rev. 80, 758 (1950). 
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scintillation spectrometer which is capable of utilizing 
large source areas has been built in this laboratory. 
The 4m source-detector geometry is obtained by mount- 
ing the source between two plastic scintillators with a 
phototube viewing each scintillator (Fig. 1). For the 
present investigations, plastic scintillators 1.75 in. in 
diameter and 0.625 in. thick were optically coupled 
with silicon fluid to Dumont 6292 phototubes. Pulses 
from the phototubes go into preamplifiers whose output 
pulses are added in an electronic, linear addition circuit. 
Thus, an output pulse then corresponds to the full 
energy of a beta particle whether it is stopped in one 
scintillator or scattered from one into the other. The 
output pulses from the addition circuit are amplified 
further and then analyzed in a ten-channel differentia- 
discriminator. The pulse heights from the two photol 
tubes are matched by varying the high voltage on each 
tube separately. The high voltages are monitored and 
maintained to about +0.02%. Calibration of the spec- 
trometer with internal conversion electrons of known 
energy usually preceded and followed each measure- 
ment of a beta spectrum. The percentage change in 
calibration pulse heights before and after runs which 
were as long as 9 hours was less than 2%. Figure 1 shows 
a block diagram of the experimental arrangement. 

To determine the energy response of the plastic 
scintillator, the pulse heights from internal conversion 
electrons of different energies have been measured. The 
internal conversion electrons were from the decay of 
Bi®’ (976 kev), Cs'®’ (624 kev), In! (162 kev), and 
Sn!” (61 kev, L-line), Fig. 2 shows a plot of the results. 
The energy response of the plastic scintillator is linear 
from 61 kev to 976 kev but the linear extrapolation to 
zero pulse height intersects the energy axis at 10 kev. 
This is similar to the result found by Hopkins" for 
anthracene, for which the straight line intersected the 
energy axis at 20 kev. 

As a further check of the reliability of the 42 beta-ray 
scintillation spectrometer, the beta spectra of P®, T]™, 
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Fic. 1. Block diagram of apparatus. 


9 Pilot Chemicals, Inc., 47 Felton Street, Waltham, Massa- 
chusetts. 
” J. I. Hopkins, Phys. Rev. 77, 406 (1950). 





ENERGY CALIBRATION 
INTERNAL CONVERSION ELECTRONS 
—G PILOT SCINTILLATOR B 


* * 
IF ox rwiex 


ENERGY (MEV) 


Sn? (.364) 


in''* (162) 


Sni!9™ 1 LINE (.061) 
16 32 48 64 80 96 
a EE Mee he: ry a: 
PULSE HEIGHT (VOLTS) 











Fic. 2. Energy response of plastic phosphor. 


and W!*, whose shapes are known from magnetic 
spectrometer measurements, have been investigated. 

Each of the sources was prepared in the following 
manner. A zapon film of less than 8 ug/cm? in thickness 
was placed over one of the scintillators. The source 
material was deposited from an aqueous solution on 
this film and was spread with the aid of insulin" over a 
circular area of about 5 cm? at the center of the scintil- 
lator. The other scintillator was covered by a zapon 
film of less than 8 ug/cm? and the two scintillators were 
brought into “contact” for the run. The average source 
thicknesses were less than 1 ug/cm? as determined from 
the Oak Ridge assays of the source materials and the 
total counting rates of the sources. 

The P® spectrum was measured with the ten-channel 
analyzer with 2% window widths. The full-width resolu- 
tion of the spectrometer for this run was 12.9% for the 
624-kev internal conversion line from the Cs'*’ decay. 
In the region below 1.1 Mev, at least 10‘ counts were 
taken at each point and below 1.6 Mev at least 10° 
counts were taken at each point. The background 
counting rate, which was less than 1% of the source 
counting rate except near the end point of the spectrum, 
was subtracted. A conventional Fermi-Kurie (F-K) 
plot of the data, before corrections for the finite resolu- 
tion of the spectrometer were applied, is shown by the 
upper curve in Fig. 3. The effect of the resolution on 


.. M. Langer, Rev. Sci. Instr. 20, 216 (1949). 
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Fic. 3. P® Fermi-Kurie plot with and without 
resolution corrections. 


the shape of the spectrum near the end point is evident, 
but very little distortion is seen in the “body” of the 
spectrum. The lower curve in Fig. 3 shows the F-K plot 
after the resolution corrections of Palmer and Laslett” 
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are applied. The resolution correction was less than 
one percent for any point on the spectrum except for 
the six points nearest the end point. The corrected 
F-K plot is in good agreement with the results of mag- 
netic spectrometer measurements and the end-point 
energy of 1.72 Mev also agrees well. Calibration of the 
spectrometer for this run was made with the 976-kev 
internal conversion line from the decay of Bi®’. 

The spectrum of Tl was obtained in a similar 
manner to that of P®, The spectrometer was calibrated 
with the 624-kev internal conversion line from the Cs!” 
decay and the resolution of the spectrometer for this 
line was 11.6%. Corrections to the data for the resolu- 
tion of the instrument were less than two percent at 
any point on the spectrum except for the six highest 
energy points. A conventional F-K plot of the data 
after resolution corrections were applied is shown by 
the upper curve in Fig. 4. This plot exhibits the charac- 
teristics of a beta spectrum with a unique once for- 
bidden shape. The lower curve in Fig. 4 shows the F-K 
plot with the unique once-forbidden shape factor in- 
cluded. The end-point energy of 748 kev is in reasonable 
agreement with the values from the magnetic spec- 
trometer measurements. 

The beta spectrum of W!* was obtained in a similar 
manner to that of P®. Calibration of the spectrometer 
was obtained from the 364-kev internal conversion line 
from the decay of Sn"*. The full-width resolution of the 
spectrometer was 12.0% for the 624kev Cs!” line. 
Resolution corrections to the data were less than 2% 
at any point on the spectrum except for the nine highest 
energy points. A conventional F-K plot of the corrected 
spectrum is seen in Fig. 5. The plot is quite linear from 
the end point down to the 56 kev which was the lowest 
energy that could be measured without changing the 
pulse amplification for the spectrometer. The back- 
ground counting rate was less than 5% of the source 
counting rate for points below 390 kev. The end-point 
energy of 434 kev is in good agreement with the values 
from the magnetic spectrometer measurements. 


BETA SPECTRUM OF Cl* 


The present data from the Cl** activity were obtained 
in essentially the same manner as the data from the 
activities already discussed. The calibration and resolu- 
tion of the spectrometer were established from the 
624-kev line from the Cs'*’ decay. 

Five microcuries of Cl** source material with a 
specific activity of 0.28 mC/g were obtained as HCl 
from the Oak Ridge National Laboratory where the 
activity was produced by the pile reactions Cl*(m,7)CI*. 
This material was transformed to NH,Cl for use as 
a source. 

The Cl** beta spectrum was obtained from three 
different sources over a period of about one month. 
In each of the three runs, a water solution of NH,Cl 
was spread with the aid of insulin over a 5-cm? disk at 
the center of a 7-4g/cm? zapon film and the two scintil- 
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-lators placed in contact with the source sandwiched 
between them. (See Fig. 1.) The average source thick- 
nesses were calculated on the basis of the total counting 
rate of the source and the total weight and activity of 
the source material as given by the Oak Ridge National 
Laboratory assay. 

The first run on Cl** was made with a 9-ug/cm? source 
whose total activity was 8 millimicrocuries. At least 
6X 10° counts were recorded for each point below 650 
kev. The background counting rate was less than five 
percent of the source counting rate at the lowest energy 
measured. At this energy the background was twenty 
counts per minute per channel and it decreased rapidly 
to about one count per minute per channel near the 
end point. The window widths for the ten-channel 
analyzer were 2%, and the resolution for this run was 
12.9% for the Cs'*’ line. 
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Fic. 5. W'® Fermi-Kurie plot. 


The second run on Cl** was made with a 20-ug/cm? 
source. At least 10‘ counts were obtained for each point 
on the spectrum below 500 kev and at least 10° counts 
were obtained for each point below 680 kev. New photo- 
tubes resulted in an improvement of the resolution to 
11.4% for the Cs'*’ line. The window widths for the 
ten-channel analyzer were 2% and the data from this 
run are plotted in Fig. 6. 

The third run on Cl** was made with a 19-yg/cm? 
source and was obtained in essentially the same manner 
as the previous run. The resolution for the Cs'*’ line 
was 11.7% and the total time between the initial and 
the final calibration was about six hours. 

The resolution corrections of Palmer and Laslett” 
were applied to the data from each of the three runs. 
These corrections were 2% or less at each point except 
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Fic. 6. Cl* beta spectrum from 20-ug/cm? source. 


for the five points nearest the end point which were 
corrected by the “end-point correction.’’” A conven- 
tional F-K plot of the data from the 20 ug/cm? source 
is shown by the upper curve in Fig. 7, and the deviation 
from an allowed shape is obvious. The experimental 
data extends down to 89 kev. 

In order to compare the present measurements with 
those of previous investigators,'? and analysis of the 
data was made using the unique twice forbidden shape 
factor, although this shape factor is applicable only for 
a spin change of 3. This analysis affords a convenient 
method of comparing the data since this shape factor 
has a unique energy dependence and had been used by 
the previous investigators to analyze their data. This 
shape factor was applied to all three of the runs made 
in the present investigation and in each case it failed 
to linearize the F-K plot. The lower curve in Fig. 6 
shows the F-K plot of the data from the 20-yg/cm? 
source with the unique twice forbidden shape factor 
included. The deviation from linearity is in good agree- 
ment with the results of Fulbright and Milton whose 
data, however, extended down only to about 180 kev. 


THEORETICAL INTERPRETATION 


The beta spectrum for a twice forbidden transition is 
described by an equation which gives the number of 
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Fic. 7. C}* Fermi-Kurie plot—conventional and with 
unique twice forbidden shape factor. 
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Fic. 8. C* Fermi-Kurie plots with C, included. 


electrons V (W) emitted in the energy range between W 
and W+dW, as 


N(W)dW = (g?/2*)F(Z,W)nW (Wo—W)?S2(W), (1) 


where the energy W and momentum 7 of the electron 
are in relativistic units. Wo is the end-point energy of 
the spectrum, g is the Fermi coupling constant, and 
F(Z,W) is the Coulomb factor. It is the “shape factor,” 
S2(W), that is of particular interest here. It depends 
parametrically on the nuclear moments responsible for 
the 8 radiation. Determination of the parameters 
through fitting S.(W) to the experimental spectrum 
should, in principle, serve to measure ratios of nuclear 
8 moments of the Cl** transition. 
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Fic. 9. CP* experimental shape factor. 
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The “exact” theoretical shape factor, 5:(W), as 
presented by Konopinski,’* was used here. It was 
found convenient to replace the parameters £, m2 in 
Konopinski’s notation with 


Cs Cs Ri; 
f=—h=2——, =—mn=—. (2) 
Cr Cr Ti; 2R OT 
Here, Cs and Cr are the coupling strengths for the 
scalar and tensor £ interactions. They are known to be 
of about the same absolute magnitude. R;; is, in con- 
ventional notation, a nuclear 8 moment through which 
the scalar interaction contributes. Similarly, the tensor 
interaction contributes through both the nuclear matrix 
elements 7;; and A,j. 
An experimental shape factor is obtained as 


S(exp)~N(W)/nW(Wo—-W)2F(Z,W) (3) 


aZ A ij 


by putting the experimental values of N(W) into (1). 
Clearly, S:(exp) becomes very sensitive to the value 
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Fic. 10. Comparison of exact shape factors for best fit to data. 


adopted for the end-point energy, Wo, for energies W 
near Wo. It should be noted, however, that any un- 
certainties in Wo arising from calibration will affect 
Wo—W negligibly. Hence, this contributes very little 
to the uncertainty in S2(exp). 

To obtain a value for Wo, a preliminary fitting with 
a low-Z approximation to the theoretical shape factor 
should be sufficient (since Coulomb effects are least 
important at high energies) : 


Sx(aZ&1)~C,= 9-04". (4) 


Here, 7 is the electron momentum, as before, and 
qg=W o—W is the neutrino momentum in units mc. 
Only one parameter, A, remains in this approximation 
and its relation to 7’ and ?’ of (2) is 


_ [laz/2R)(1+e)—n'} 
[(aZ/2R)(1+¢')—2n/}° 
%E. J. Konopinski, Beta- and Gamma-Ray Spectroscopy, 


edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 10. 


d 





(5) 
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This was used as a variable parameter in fitting C, to 
the experimental data. As expected, the fitting depended 
only weakly on the choice of Wo. The conventional 
method of “linearizing’”’ the F-K plot was used, i.e., 


(N/nWFC))! (6) 


which is theoretically ~ (Wo—W), was plotted against 
W, for various values of \. The best fit, as shown in 
Fig. 8, was found for \=0.57. This gives an end-point 
energy of 717 kev. Figure 8 also shows the deviation 
from linearity when \=0.54 and A=0.60 are used. The 
straight lines were determined through a least squares 
fitting of all points having W> 1.70, excluding the five 
points nearest Wo. For an end-point energy of 717 kev, 
the experimental shape factor shown in Fig. 9 is 
obtained. 

The “exact” shape factor S2(w) depends on the two 
parameters ¢’, 7’, of (2) instead of the single one, X, 
which remains in the low-Z approximation. In fitting 
to the experimental data, S:(exp), values of ¢ from —1 
to +50 were tried. For each trial, ’ was determined to 
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Fic. 11. Comparison of exact shape factors for ’ =0. 


give the best fit. The best agreement between S2(exp) 
and the theoretical shape factor was found for ¢’=0 
and n’= 14.2. This fit is shown in Fig. 10, together with 
the best fits for ’=—4 and ¢’=+1. Figure 11 shows 
the theoretical curves for ¢’=0 and various values of n’. 

It is thus found that the best fit with the data (¢’=0) 
is obtained from the Tensor coupling alone [see (2) ]. 
The conclusion from this is that the scalar-interaction 
moment, R;;, must be small compared to the tensor- 
interaction moment, 7;;. 

However, caution is necessary in accepting this con- 
clusion. Large uncertainties are caused by the extreme 
sensitivity, pointed out above, of S.(exp) in (3), to the 
exact value of Wo. To investigate this, S:(exp) was also 
evaluated for two end-point energies differing from 
717 kev by +4%. The experimental shape factors 
which result are shown by the curves A and B in Fig. 12. 
Taking these as the limits on the uncertainty in 
S2(exp), the following limits on ¢’ and 7’ are obtained: 


—0.7<#<2.0 for 6.5<7'<35. (7) 
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Fic. 12. Exact shape factors for limits of & and 7’. 


The theoretical shapes factors for these limits are shown 
by the curves C and D in Fig. 12. 

To compare the three runs on Cl**, the exact theo- 
retical shape factor with £’=0 and n/= 14.2, which was 
obtained for the spectrum from the 20-yg/cm? source, 
was also used to analyze the spectra obtained from the 
other two sources. The F-K plots, with this shape 
factor included, are shown in Fig. 13. No variations 
among the F-K plots due to source thickness effects are 
evident, and the average end-point energy is 714+4 kev. 

In previously published work on the analysis of the 
Cl** spectrum, no attempt was made to include the 
scalar coupling, as here; the tensor interaction alone 
was considered. However, our result that the best fit is 
obtained without scalar coupling makes a direct com- 
parison with the old results possible. Moreover, the old 
analyses were confined to a low-Z approximation, com- 
parable to (4); this procedure should yield a value for 
the single parameter A, irrespective of the assumptions 
about the coupling. The latter pertains only to the 
relation (5) of \ to &’ and 7’. 

Wu and Feldman quote their finding as n’/=4.2 and 
Fulbright and Milton as n’=5.1. Both automatically 
presumed ¢’=0 by using a purely tensor coupling. 
These findings appear to be in thorough disagreement 
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Fic. 13. Fermi-Kurie plots with S, included for three runs on Cl**, 
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Fic. 14. Best fit of S, to data for 7;;=0. 


with the present conclusion that &=0 and »’=14.2. 
Only by straining the limits on the uncertainty, as 
in (7), can we approach as low a value as 6.5. 

The resolution of the disagreement rests on the 
following. The analyses using the low-Z approximation 
are only capable of determining the parameter d of (4), 
and (5). In our own preliminary fitting, we found 
A=0.57+0.03, as quoted above. If we now use our 
exact fitting results, ’=0 and n’=14.2, in (5), we find 
\=0.60, showing that the low-Z approximation is a 
good one. 

It appears, therefore, that the previous workers 
happened upon the wrong root, 7’, of the two possible 
roots of the quadratic (5) for /(A). The more exact 
analysis shows that the correct root, 7’, is 3 to 4 times 
as large as that quoted by the previous workers. This 
was checked by actual trial of the low root in the exact 
shape factor. We also found that, if we followed the 
same approximate procedure as did the previous 
workers, we obtain equally good agreements with 


n' ~13.5 and n/~4.5. The more exact work shows that 
the second of these two values is spurious. 

Our conclusion that the matrix element R,; is 
negligible compared to 7T;;, for Cl**, disagrees with the 
predictions based on the shell model, by Peaslee"* and 
Fowler.'® These investigators report instead that T,;=0 
and that a finite R;; is to be expected. The expectation 
is based on the presumption that, in the Cl** transition, 
a d; neutron is transformed into a d; proton. The pre- 
diction is unchanged"® as long as only d; particles are 
admitted into the open shell of Cl**. The inconsistency 
of the present measurements with the theoretical pre- 
diction 7;;=0 was checked directly. Figure 14 shows 
the results. After 7;;=0 is put into the exact theoretical 
shape factor, it retains only one parameter 0=¢'/y’. 
Values of @ from —0.1 to +0.5 were tried and Fig. 14 
shows that the best fit to this family of theoretical 
curves is obtained for 6=0.12. Even this, however, is 
outside the uncertainty in the experimental shape 
factor. Moreover, from Eq. (5), @=0.12 leads to \=0.29 
when 7;;=0, and this is inconsistent with \=0.57, 
which was found using \ as a variable parameter in (4). 

On even less secure grounds that those of the shell 
model, Fowler also predicts A,;=0 for Cl**. In effect, 
he would have the Cl** transition be generated solely 
by the scalar coupling; yielding \=4. This is entirely 
inconsistent with all the analyses of the experimental 
spectrum. 
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The energy spectrum of y rays obtained from the proton bombardment of separated copper isotopes has 
been measured. It was found by coincidence measurements that the majority of these y rays arise from the 
capture process when the bombarding energy is held below 2.2 Mev. The thick target cross section for 
proton capture at 1.9 Mey is found to be 0.1 millibarn. Above 2.2 Mev, excitation of the 0.67-Mevy level in 
in Cu® by either inelastic scattering or Coulomb excitation is observed. Excited level schemes for both Zn™ 
and Zn® have been obtained. The first three levels in Zn™ are found to be at 0.97, 2.27, and 3.04 Mev. The 
scheme for Zn® is essentially the same as that earlier proposed from the decay of Ga®*. 





I. INTRODUCTION 


HE original interest concerning this work arose as 
a result of curiosity regarding the spectrum of 
y rays produced by 2-Mev proton bombardment of a 
copper foil being used in a Coulomb excitation experi- 
ment. The existence of several discrete lines in the 
vicinity of 1 Mev superimposed on a more or less con- 
tinuous background extending upwards to 10 Mev sug- 
gested that some valuable information regarding nuclear 
excitation might be derived from a closer study of the 
energy spectrum. Curiously enough, very little quanti- 
tative work has been done in this direction. Malich and 
Harris! reported the existence of such gamma rays but 
to the best of our knowledge this comprises the only 
previous work. 

In the principle, the y radiation may appear as the 
result of (1) de-excitation of the copper nucleus follow- 
ing inelastic scattering of the protons; (2) proton 
capture and subsequent de-excitation of the residual 
zinc nucleus; (3) de-excitation of the zinc nucleus 
following a (p,m) reaction, and (4) de-excitation of the 
copper nucleus following Coulomb excitation. Several 
other possibilities, such as a (p,a) reaction, are possible 
but not probable considering the low energy of the 
bombarding protons. Possibility (3) above can be easily 
eliminated by holding the bombarding energy below the 
(p,m) threshold.? This was done throughout the experi- 
ment. A choice between the other possibilities (1), (2), 


and (4) can be made in a number of ways. In the first + 


place, the existence of any y radiation with energy 
higher than that available from the bombarding proton 
alone will indicate that proton capture is occurring. 
The source of any questionable low-energy radiation can 
then be checked by the presence or absence of coin- 
cidences with the high-energy radiation. A thick-target 
excitation curve of the questionable y ray will in some 
cases allow one to decide between capture or inelastic 


* Assisted by the United States Air Force, through the Office 
of Scientific Research of the Air Research and Development 
Command. 

t Now at Shell Development Company, Houston, Texas. 

1C, W. Malich and J. C. Harris, Phys. Rev. 81, 318 (1951). 

2 The reported thresholds are Cu®(,), 3.6 Mev, and Cu®(p,n), 
2.16 Mev. L. A. Delsasso ef al., Phys. Rev. 55, 113 (1939); Shoupp, 
Jennings, and Jones, Phys. Rev. 73, 421 (1948). 


scattering. Finally, correlation of the y-ray energies 
with known excited levels in the possible residual nuclei 
can help determine the origin of the radiation. In the 
experiment to be described, all of these methods were 
used in some degree to interpret the results obtained. 


II. EXPERIMENTAL DETAILS 


The University of Texas electrostatic generator was 
used as a source of monoenergetic protons. The atomic 
(H*) beam was separated from the molecular beam by 
means of an analyzing magnet (Fig. 1) and sufficiently 
collimated so that the beam current at the target was 
limited to approximately 3 microamperes. The target 
assembly was removed 9 feet from the magnet in order 
to reduce background radiations. An electrostatic 
“strong” focusing arrangement provided a well-con- 
centrated beam at the target at all times. 

Targets of separated copper isotopes,*’ Cu® enriched 
to 99.85%, and Cu® enriched to 98.16%, were used in 
the form of CuO. In order to secure a self-supporting 
target, finely ground CuO was made into the form of a 
thin paste by stirring it into distilled water. The paste 
was then painted on tin plates 0.020 inch thick which 
were cross-ruled to improve adhesion of the CuO. 
Under bombardment, the CuO was quickly reduced to 
metallic copper, so in practice the targets were thin 
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Fic. 1. Schematic diagram of experimental arrangement for 
detection of single y-ray spectra. 
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Fic. 2. Pulse-height spectrum of the y rays from tin bombarded 
with 2.8-Mev protons. The spectrum of + rays from Cu® is shown 
for comparison. 


metallic copper flakes which adhered (sometimes rather 
precariously) to the tin backing. These flakes were at 
all time thick to the bombarding protons. Tin is a good 
target backing in such experiments, for with a closed 
shell of protons, excitation by proton capture or 
Coulomb excitation is extremely unlikely. Figure 2 
shows the complete absence of any structure in the 
radiation observed when a blank tin plate was bom- 
barded with 2.8-Mev protons. The small amount of 
radiation present is presumably due to proton brems- 
strahlung. The interior of the target assembly tube was 
also lined with tin foil to reduce background. 

Gamma radiation was observed with a single 131} 
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Fic. 3. Schematic diagram of experimental arrangement for 
detection of coincidence y-ray spectra. Position 1 gave somewhat 
better resolution but with some reduction in counting rate. 
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inch Nal(Tl) crystal mounted on a DuMont 6292 
photomultiplier tube. Electric pulses from the photo- 
multiplier circuit were fed through a preamplifier into 
a twenty-channel pulse-height analyzer. Calibration of 
the analyzer was performed before and after each series 
of runs. The calibration was done at points correspond- 
ing to well known y-ray energies: Cs’ (0.669 Mev), 
Co® (1.17 and 1.33 Mev); two high-energy points 
were obtained at 5.62 Mev and 5.11 Mev corresponding 
to the pair-production peaks of a 6.13-Mev y 1ay from 
the reaction F'*(p,a)O'*. The twenty-channel analyzer 
was frequently checked for uniformity in channel width 
and the individual channel widths were held to within 
one percent accuracy. The regulated high-voltage 
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Fic. 4. Test coincidence spectrum taken with a Co™ source. 
The 1.33-Mev radiation was used to gate the 20-channel analyzer 


* which recorded the coincidence spectrum shown. The singles 


spectrum is shown for comparison. 


supply of the photomultiplier circuit was constantly 
monitored with a potentiometer and was held constant 
within +0.001 volt. 

In order to establish possible coincidences between 
two y rays, the arrangement shown schematically in 
Fig. 3 was used. Two scintillation counters of identical 
design were used. A single-channel analyzer was used to 
select pulses of a given height from counter No. 1. These 
pulses were then used to gate the twenty-channel 
analyzer so that it became operative only on the arrival 
of a pulse of the proper size from counter No. 1. The 
coincidence spectrum from counter No. 2 was then 
recorded directly on the multichannel analyzer. In order 
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to equalize the delay in each of the two circuits, proper 
lengths of RG-65/U delay cable were inserted as shown 
in the figure. The proper delay for a given pulse-height 
setting on the single-channel analyzer could be checked 
experimentally in two ways. First, test pulses were 
introduced simultaneously in both circuits and the 
coincidence in time of the pulses at the gating circuit 
checked by means of displaying one pulse on an oscillo- 
scope sweep driven by the other pulse. The delay of the 
first pulse with respect to the beginning of the sweep 
was then observed. Secondly, a Co® source was placed 
between the counters and the coincidence spectrum 
measured when one of the cascade y rays was used to 
gate the multichannel analyzer. In practice the delay 
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Fic. 5. The energy spectrum of + rays in the interval 0-1.8 Mev 
observed when Cu® is bombarded with 1.9-Mev protons. +; indi- 
cates the photopeak of a given y ray. 


line was always adjusted to give the best rejection of 
the gating pulse in this coincidence spectrum. Figure 4 
depicts a single and a coincidence spectrum taken when 
the 1.33-Mev y ray was used as the gating pulse. The 
rejection of this y ray relative to the 1.13-Mev line is 
approximately 1:30. 


Ill. RESULTS AND TREATMENT OF DATA 


Single-crystal spectrometer measurement of the y-ray 
spectrum from the two copper isotopes showed that 
rays up to ~10 Mev were present. These high-energy 
rays can arise only from the capture process, consider- 
ing the 2-Mev bombarding energy of the protons. Sub- 
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sequent coincidence measurements showed that nearly 
all of the lower energy y rays also arise as a result of 
capture. An analysis of the singles spectrum will there- 
fore yield information concerning the excited states of 
the residual nuclei, Zn™ and Zn®. 

Mann, Meyerhoff, and West‘ and Mukerji and 
Preiswerk* have investigated in detail the radioactivity 
of Ga® which decays by positron emission to Zn, 
and have succeeded in establishing the excited level 
scheme of Zn®* up to about 5 Mev. The experiment 
reported here essentially confirms their results. The 
structure of Zn® is not as well known. In fact, the only 
data available are those of Cohen® on Ga™, which does 
not include a decay scheme. We therefore devoted the 
majority of our efforts to the gamma rays from Cu® in 
order to propose a level scheme for the residual nu- 
cleus Zn®, 


Copper-65 


The singles gamma-ray spectrum from the proton 
bombardment of Cu® is shown in Figs. 5 and 6 for y-ray 
energies up to 4.5 Mev. The spectra appear to be quite 
complex, which is not surprising in view of the fact that 
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Fic. 6. The energy spectrum of y rays in the interval 1.7-4.6 
Mev observed when Cu® is bombarded with 1.9-Mev protons. 
i= photopeak ; y;!=pair production with escape of one annihila- 
tion photon ; 7;?= pair production with escape of both annihilation 
photons. 
4Mann, Meyerhoff, and West, Phys. Rev. 92, 1481 (1953); 
A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 386 (1952). 

5 B. L. Cohen, Phys. Rev. 91, 71 (1953). 





C. E. WELLER AND J. 





T T T 
4 


protons on Cu-65 
Coincidences with 104Mev 
y roy 4 
Port 1. 
E, =L9 Mev 


bial 
oO 
°o 


1m 
be 
°o 

| 


COUNTS PER CHANNEL 





1 l 1 1 
50 100 150 200 
PULSE HEIGHT -arbitrary 








J 
250 


Fic. 7. The energy spectrum of + rays in the interval 0-1.3 Mev 
which are in coincidence with the 1.04-Mev 7 ray observed when 
Cu® is bombarded with 1.9-Mev protons. 


a Zn nucleus, excited to ~10 Mev, may decay to its 
ground state in a great number of ways. With the ex- 
ception of direct to ground transitions, all cascades and 
cross-overs terminate on the first excited level. Conse- 
sequently the intensity of gamma radiations corre- 
sponding to the de-excitation of the first excited level 
is expected to be the greatest. Other y rays may be 
identified as cascades, or crossovers, or direct to ground 
transitions by the lack or presence of coincidences be- 
tween them and the “first-level-to-ground” gamma rays. 
Relative intensity measurements can also supplement 
the coincidence measurements in establishing the source 
of a particular y ray. Unfortunately, the picture is 
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Fic. 8. The energy spectrum of y rays in the interval 1.1—2.2 
Mev which are in coincidence with the 1.04-Mev + ray observed 
when Cu® is bombarded with 1.9-Mev protons. 
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further complicated by the very behavior of scintillation 
crystals to impinging rays. In sodium iodide it is well 
known that a single y ray will produce a photopeak 
pulse, a Compton pulse distribution, and for incident 
y-Tay energies greater than 1.02 Mev, pair-production 
peaks. 

Inspection of Figs. 5 and 6 shows the most intense 
y tay to be 1.04 Mev in energy. This then would indi- 
cate the first excited state of Zn® to be at this energy. 
This is in agreement with the results of Mann et al., 
and Mukerji and Preiswerk.* The identification of 
discrete y-ray energies up to 2.72-Mev is possible from 
the present data without ambiguity. Above this energy, 
the multiplicity of peaks makes identification extremely 
difficult, and we have frankly labeled these peaks in 
Fig. 6 only on the basis of the known ¥ rays in this 
energy range found by Mann ¢/ al.,‘ using a 3-crystal 
pair spectrometer. 

The spectrum of the y rays in coincidence with the 
1.04-Mev 7 ray is shown in Figs. 7 and 8. The coinci- 
dences at 0.51 Mev are the result of annihilation 
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Fic. 9. The proposed decay scheme of Zn* which is formed by 
proton capture in Cu®. Energies are in Mev. Dotted levels and 
transitions are uncertain. 


radiation produced in the target backing by high-energy 
cascade y rays. The 0.83-, 1.37-, and 2.13-Mev lines are 
interpreted as photopeaks of y rays of these energies. 
The 0.69- and 1.20-Mev lines are interpreted as “2- 
escape” and “1-escape” pair peaks of a 1.71-Mev y ray. 
The 1.60 peak is the 1-escape peak of the 2.13-Mev 
radiation. The broad peak at 1.74 Mev is interpreted as 
a superposition of the photopeak of a 1.71-Mev 7 ray 
and the 2-escape peak of a 2.75-Mev 7 ray. All of these 
7 rays can be fitted into a decay scheme for Zn® which 
is in good agreement with the one proposed by Mann.‘ 
This is displayed in Fig. 9. The 1.46- and 1.97-Mev lines 
are most likely the 2- and 1-escape peaks of a 2.48-Mev 
7 ray. Mann et al.‘ obtained a 2.40-Mev y¥ ray in coin- 
cidence with the 1.04-Mev radiation which was in- 
terpreted as a transition from a 3.41-Mev state to the 
1.04-Mev state in Zn®, This scheme can be further 
strengthened by an alternative interpretation of our 
Cu® singles spectrum (Fig. 6) in which the peak 
labeled 2.88 Mev is ascribed to the 1-escape of a 3.39- 
Mev ¥ ray. The 2-escape peak of such a y ray would be 
buried in the photopeak of the 2.41-Mev y ray. The 
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difficulty of such an interpretation from our data lies in 
the fact that the singles spectrum would place the level 
at 3.3940.05 Mev, while the coincidence spectrum 
would put it at 2.48+1.04=3.52--0.04 Mev. The two 
values do not agree within the experimental error. We 
therefore are unable to make a definite assignment re- 
garding a level in Zn® in the neighborhood of 3.4 Mev. 

It remains to mention the appearance of a 1.04-Mev 
y ray in coincidence with the 1.04-Mev gating radiation. 
Although a 1.01-Mev ¥ ray can be fitted into the Zn® 
scheme which would be in coincidence with the 1.04 
line, we do not feel that the majority of observed 
coincidences at this energy are true coincidences. 
Rather they appear to be the result of a rather special 
kind of accidental coincidence which we have called 
“Compton coincidences.” They are caused by the 
simultaneous appearance of a Compton recoil pulse of 
1.04-Mev energy in the gating circuit and a 1.04-Mev 
photoelectron pulse in the 20-channel analyzer. There 
is a strong possibility that there will be many of these 
events in coincidence considering the nature of the de- 


TABLE I, Gamma rays from the proton bombardment of Cu. 








7 ray Ey (Mev) + rays in coincidence with y: 
by 0.8340.02 
y2 1.04+0.01 
v3 1.37+0.02 
ya?) 1.78+0.03 
5 2.17+0.04 
pa 2.41+0.04 
17 2.72+0.04 
% 3.76-+0.05 
v 4,120.05 
v0 4,330.05 
yu (?) 4.52+0.05 





V1, 3; va(1.71 Mev), Y5 Y7 
(also 2.48-Mev y ray) 








cay of the Zn® nucleus. This process and the magnitude 
of the effect is discussed in detail in an appendix. 

Table I summarizes the results of our measurements 
on Cu®, 


Copper-63 


The singles y-ray spectrum from the proton bombard- 
ment of Cu® is shown in Figs. 10 and 11 for y-ray 
energies up to approximately 3 Mev. The resolution of 
the spectrometer is shown at various energies. The most 
intense line here appears at an energy of 0.97 Mev. 
This is also the energy of the most intense line in the 
decay of Ga®.® We therefore assign the first energy level 
of Zn™ to be 0.97 Mev above ground. Table II lists the 
y rays which we observe in the decay of the residual 
nucleus Zn“, y; and yg are not shown in the data of 
Figs. 10 and 11. Although photoelectric and pair- 
production peaks have been identified for these two 
7 rays, we do not feel that we have entirely convincing 
evidence of their presence. 

The various peaks of the single pulse spectrum appear 
to be riding on a seemingly continuous background. It 
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Fic. 10. The energy spectrum of y rays in the interval 0-1.8 
Mev observed when Cu® is bombarded with 2.0-Mev protons. 
«= photopeak ; y;!= pair production with escape of one annihila- 
tion photon; y;?= pair production with escape of two annihilation 
photons. Resloution of the spectrometer is indicated at intervals. 


was found that for energies greater than 0.5 Mev, the 
background at any point was primarily due to the 
Compton pulse distribution of gamma rays with larger 
energies. (Below 0.5 Mev, proton bremsstrahlung be- 
comes significant.) In order to calculate the true in- 
tensity of any given y ray, the following procedure was 
used. McGowan’s® data relating the number of counts 
in the full energy peak to the total number of counts in 
the entire pulse spectrum for a Nal crystal were 
supplemented by measurements of our own which ex- 
tended up to 2.62 Mev (ThC” y ray). These data, 
together with the known cross sections for photo- 
electric, Compton, and pair-production events in Nal, 


TABLE II. Gamma rays from the proton bombardment of Cu®. 








Relative 


: i ¥ rays in coincidence 
intensity 


Ey (Mev) with y2 
0.78+0.02 
0.97+0.01 
1.16+0.03 
1.30+0.03 
2.07+0.04 
2.27+0.05 
3.84+0.05 
5.64+0.05 
3.040.05 
2.38+0.05 





Y1y Y3y Y4y V5, Y10(?) 








6 F, K, McGowan, Phys. Rev. 93, 163 (1954). 
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Fic. 11, The energy spectrum of y rays in the interval 1.6-3.2 
Mev observed when Cu® is bombarded with 2.0-Mev protons. 
«= photopeak ; +;!=pair production with escape of one annihila- 
tion photon ; y;*= pair production with escape of two annihilation 
photons. Resolution of the spectrometer is indicated at intervals. 


and the relative heights of the 1-escape and 2-escape 
pair peaks for our geometry, were then used to calculate 
the total Compton contribution. The energy distribu- 
tion of the Compton electrons was approximated by 
straight lines, as indicated in Fig. 10. Beginning with 
6, the above procedure was repeated for the next y ray, 
then for the next, all the way down to 72. In this way 
it was possible to fit the experimental spectra quite 
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Fic, 12. Various 20-channel spectra of the y rays in coincidence 
with the 0.97-Mev 7 ray observed when Cu® is bombarded with 
2.5-Mev protons. —w— position 1 (see Fig. 3); —a— repeated 
spectrum, position 1; —®— position 2. Singles spectra are plotted 
at the top for comparison purposes. 
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closely. The relative intensities given in Table II were 
computed from the observed number of counts in a 
given full-energy peak which were then corrected to 
the number of counts in the total spectrum by the 
method just described. 

The spectrum of the y rays in coincidence with the 
0.97-Mev y ray is shown in Figs. 12 and 13. Singles 
spectra are plotted at the top for reference. The peaks 
at 0.79, 1.9, 1.30, 2.07, and 2.38 Mev are assigned as 
photopeaks due to y rays of these energies. The 1.56 
peak is the 1-escape of the 2.07-Mev y ray; the 2-escape 
is buried in the leading edge of the 0.97 peak. The 1.90 
line is the 1-escape of the 2.38-Mev vy ray; the 2-escape 
of this y ray is buried in the leading edge of the 1.30 
peak. We have not been able to assign the origin of the 
peak at 1.75 Mev without ambiguity. The outstanding 
feature of these curves is found in the section labeled 
“D” in Fig. 13. It can be seen clearly that a 2.27-Mev 
ray which is present in the singles spectrum is not in 
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Fic. 13. Various 20-channel spectra of the y rays in coincidence 
with the 0.97-Mev 7 ray observed when Cu® is bombarded with 
2.5-Mev protons. —w— position 1 (see Fig. 3); —a— repeated 
spectrum, position 1; —®— position 2. Singles spectra are plotted 
at the top for comparison purposes. 


coincidence with the 0.97-Mev y ray. We therefore 
assign the second excited level of Zn®™ as 2.27 Mev. 
This fits in nicely with the observed coincidence of the 
0.97-Mev and 1.30-Mev y rays. Above this level, the 
identification becomes more tedious and uncertain. 
Figure 14 depicts our best attempt in assignment of the 
various observed radiations. Everything above the 
2.27-Mev level is subject to some doubt in almost 
every case. Dotted levels are very uncertain. 

The chance coincidence rates were checked in all runs 
by simply removing part of the delay cable which was 
originally inserted to equalize the over-all delay in each 
of the coincidence channels. Chance rates were always 
quite smali in comparison to the actual rate. A certain 
background will be evident in all the coincidence 
spectra. This is interpreted as being due to Compton 
recoils of higher energy 7 rays which are in coincidence 
with the “gating” y ray. As in the case of Cu®, there 
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appears a coincidence between the gating pulse (0.97) 
and a ¥ ray of exactly the same energy. This is also the 
result of Compton coincidences which are discussed 
in the Appendix. 

The only example of a y ray which did not arise from 
the capture process occurred for Cu® when the bom- 
barding energy of the protons was raised above 2.2 Mev. 
Figure 15 depicts the low-energy spectrum of y rays for 
various bombarding energies. The emergence of a 0.67- 
Mev y ray is quite clear. This energy corresponds ex- 
actly to the energy of the first excited state of Cu® as 
determined by Schiffer e¢ al., and Heydenburg and 
Temmer.’ This y ray is being excited most probably by 
inelastic scattering in our case. Competition between 
the capture and inelastic processes can be seen if the 
thick-target yields of the 0.97- and 0.67-Mev y rays are 
are plotted. This is shown in Fig. 16. The rise in the 
0.97-Mev y-ray yield above 3.0-Mev proton energy 
is due to inelastic excitation of the second excited state 
in Cu® which happens to fall at precisely 0.97 Mev. 























ae 




















Fic. 14. The proposed decay scheme of Zn™ which is formed by 
proton capture in Cu®. Energies are in Mev. Dotted levels and 
transitions are uncertain. 


The cross section for proton capture by Cu® has been 
calculated from the thick-target yield of the 0.97-Mev 
y ray. Supposing the protons to produce 0.97-Mev 
y rays uniformly until they reach the end of their range 
in the copper, we find the thick-target cross section to 
be 0.1 millibarn at 1.9-Mev incident proton energy. A 
similar figure holds for the other copper isotope. 


IV. CONCLUSIONS 


The present experiments establish conclusively that 
at moderate proton bombarding energies (<2.1 Mev) 
the exclusive nuclear process is proton capture for each 
of the two stable copper isotopes Cu® and Cu®. The 
emitted gamma radiation is therefore the result of the 
de-excitation of the respective compound nuclei, Zn™ 
and Zn®, 

In the case of Cu®, at bombarding energies between 
2.2 and 3.2 Mev the predominant process is still proton 

7 Schiffer, Windham, Gossett, and Phillips, Phys. Rev. 99, 655 


(1955); G. M. Temmer and N. P. Heydenburg, Phys. Rev. 100, 
961(A) (1955). 
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Fic. 15. The spectra of gamma rays from Cu® when bombarded 
with protons of various energies. 


capture, with inelastic proton scattering emerging at 
about 2.2 Mev. Because of the low (p,m) threshold for 
Cu®, no detailed study of the emitted gamma radiation 
was undertaken beyond 2.0-Mev bombarding energy ; 
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. 16. Thick-target yield of the 0.67-Mev and 0.97-Mev + rays 
observed when Cu® is bombarded with protons. 
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however, it is expected that neutron emission will replace 
proton capture soon after the (p,m) threshold is ex- 
ceeded, leaving little room for inelastic proton scattering 
from Cu®. 

Two scintillation spectrometers, in conjunction with 
a twenty-channel differential pulse-height analyzer, 
were used to detect gamma rays in coincidence. The 
correlated single and coincidence results confirmed the 
decay scheme for Zn, previously obtained from the 
decay of Ga*, the next higher element in the atomic 
table. It was also possible to propose a level scheme for 
the isotope Zn“ which, up to now, has been almost 
completely unexplored. 

A more complete interpretation of the high-energy 
gamma-ray region would be possible with a three- 
crystal scintillation pair spectrometer. 
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APPENDIX 


The coincidence spectrum from each copper isotope 
contains counts over and above the expected accidental 
rate at an energy identical with that of the gating 
gamma ray (Fig. 7 and Fig. 12). We have not inter- 
preted these as true coincidences, but rather as the 
result of a Compton recoil (or recoils) produced in 
counter 1 (Fig. 3) of proper energy to gate the 20- 
channel analyzer plus the simultaneous appearance in 
counter 2 of a photoelectron of the same energy. That 
there is a high probability of the simultaneity of such 
events is evident from the cascade nature of the decay 
of the Zn nucleus. There is also a good chance that many 
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of the coincidences recorded at other energies in the 
spectra of Figs. 7, 8, 11, and 12 are of this nature rather 
than true coincidences. In order to establish a criterion 
for deciding whether an observed coincidence was true 
or not, we adopted the following test. 

In the case of either isotope, the gating -y ray has been 
labeled v2. Now in the singles spectra (Fig. 5 and Fig. 
10) at an energy £, there are a certain number of counts, 


m2, which are due to photoelectrons produced in the 


crystal by yz while the remainder of the counts, m2, are 
produced by Compton recoils from higher energy + rays. 
A certain fraction of these Compton recoils, £2, will be 
in coincidence with 2. Thus, if D2 is the total number 
of 2 events per unit time produced in the target, the 
“Compton coincidence” rate at energy » in the coin- 
cidence spectrum will be 


Ceog= Egm2em2/ Do. 
At some higher energy, E,, the rate will be 
Cen= £,m2-m,/ Dp, 


where &, is the fraction of m,, which are in coincidence 
with Yn. 

Now we cannot calculate Cc, absolutely, since D, 
and £, are unknown. However, if one assumes that all 
of the observed coincidences at E2 are due to Compton 
coincidences (after correction for the accidental rate), 
then one can write 


Cen Cee (E,m™»D-2/tEem2D»») : 


Now é, is proportional to D,, and since &,<£2, we can 
finally write 
Cen<Ceo (m,,/me) . 


The quantities m, and m, can be read off the singles 
spectrum, and Ce; from the coincidence spectrum. In 
order to qualify as a true coincidence, the counting rate 
at a given energy was required to exceed Ce2(m,/mz) by 
at least a factor of two. 
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Optical-Model Potential for Nucleons Scattered by Nuclei* 
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The Serber model of high-energy nuclear interactions permits one to express the ‘“‘optical-model” potential 
for nucleons in terms of nucleon-nucleon scattering amplitudes. The potential is written in terms of four 
well-depth parameters in the form 
1 be. 

ride. 
and experiments necessary to determine the four parameters Vcr, Vcr, Vsr, and Vg; are discussed. The 
explicit relations between the parameters and nucleon-nucleon scattering amplitudes are given and existing 


h 
Vc=—[Vert+iVer Jo(r) +[VantiVsi(*) 


experimental data are reviewed. 


The phase shifts of Feshbach and Lomon have been used to calculate Vcr, Vsr, and Vs;. These values 
seem to reproduce the qualitative features of the “measured” values of these quantities. (A quantitative 
comparison is not possible, since analyses of the experimental data are not sufficiently complete.) 





I, INTRODUCTION 


HE optical model! of nuclear scattering provides 
a means of studying nuclear structure by com- 
paring nucleon-nucleus with nucleon-nucleon scattering 
and pion-nucleus’ with pion-nucleon scattering. In the 
present note we wish to review briefly the relevant 
relations between nucleon-nucleus and nucleon-nucleon 
scattering.’ The general theory was given in reference 3. 
However, the results were not put into a convenient 
form for use. 


II. RELATION OF THE OPTICAL-MODEL POTENTIAL 
TO NUCLEON-NUCLEON SCATTERING AMPLITUDES 


To describe the nucleon-nucleon scattering amplitude 
M, we shall use the notation of Wright.‘ He writes for 
the matrix M in the spin space of the nucleons: 


M=BS+C(o;+02)-A+N (01-4) (o2-A)T 
+436 (01: A_) (62: A_)+ (01-4) (2-84) IT 
+$H[ (01: A_) (o2-A_)— (01-4) (o2-A,) JT. (1) 


Here S and 7 are the respective singlet and triplet spin 
projection operators. #, #_, fi, are unit vectors in the 
directions of pXp’, p’—p, and p’+p, respectively, 
where p’ and p are the final and initial center-of-mass 
(abbreviated c.m.) momenta of the particles. The 
coefficients B, C, N, G, H depend upon energy and the 
c.m. scattering angle 6. To distinguish between proton- 
proton and proton-neutron scattering, we shall use 
subscripts PP and VP on the coefficients B, C, etc. 


* Work supported in part by a grant from the National Science 
Foundation. 

1 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

? For the scattering of pions, the dispersion relation of M. L. 
Goldberger [Phys. Rev. 99, 979 (1955)4 permit one to establish 
some general relations between the scattering from nucleons and 
the scattering from nuclei, if one uses the simple optical model. 
These relations are discussed by Frank, Gammel, and Watson 
(submitted to The Physical Review). 

3G. Takeda and K. Watson, Phys. Rev. 94, 1087 (1954) and 
Phys. Rev. 97, 1336 (1955). 

4S. C. Wright, Phys. Rev. 99, 996 (1955). 


To describe the elastic scattering of a nucleon by a 
nucleus in the laboratory system,® we suppose the 
initial and final nucleon momenta to be P and P’, 
respectively. The scattering occurs primarily at small 
angles, so we may consider the nucleus to be at rest 
both before and after the scattering, and suppose the 
nucleon energy, Eiap» (which is the sum of kinetic and 
rest energy), to be unchanged by the scattering. The 
“center-of-mass” energy is 


Eom.=C p+}. (2) 


The nuclear radius, Ra, volume, Vu, and density, 
p(x), are related by 


fo (x)Bx=V 4, 


Va == (4/3)rR.4°, 
Ra=(h/uc)dA}, 


(3) 


where yu is the pion rest mass and ) is a dimensionless 
scale parameter. Consequently A~™1. 

In momentum space the optical-model potential is 
given by*® 


3 
(P| velP)=-— ue} 
v3 


M) 
“(2ah)3 





Pin “| = 1 


E\aymh 
i 
x ff exe] — cP) -xfocars (4) 


where (M) is the M-matrix of Eq. (1) averaged over 
PP and NP interactions and over the spins of the 
nuclear particles, and m is the rest mass of the nucleon. 
The last factor above implies that small scattering 
angles will be most important, so we expand to first 
order in the scattering angle 0. If we take Z=}A for 


5 We are treating the nucleus as being infinitely heavy. For 
nonrelativistic scattering it is more nearly accurate to suppose 
that our formulas apply to the nucleon-nucleus center-of-mass 
coordinate system. 
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the nucleus, so that M=4[Mpp+Myp] we have 
(M)=M+io-[(p'Xp)/#* 1M, (5) 
with [see Eq. (1)] 
Myo= 4{[B+N+G]pe+[B+N+G]w} | 0-0, 


if 1 
M,=-— —(CrrtCve)] (6) 


2it sin8 9—0- 


It is convenient to eliminate p’X p/p” from Eq. (5), 
using 
p’ Xp 2E..m.P’XP 


Pe me P? 





; (7) 


which is valid to first order in 6. We also introduce the 
following ney 


e.m He 
rad Fan _ } 

2Ec.m.fucy 

=| me El : 
Vor=+Fr Re{Mo}, 
Ver=+F Im{M)}, 

Vsre=—OFr Re{M}}, 

Vsr=—OF Im{M}. 


Using Egs. (5), (7), and (8), we may write Eq. (4) 
in the form 


1\2 
(P’|Uc| P)= - (VentiVei)+(—) io-P’XP 
MC 


foc 


XLV set iV] | ~~ 


xexp| ——(P—P)-x |r| (9) 


Together with Eqs. (6) and (8), this expresses the 
nucleon-nucleus “optical-model” potential explicitly in 
terms of the nucleon-nucleon scattering amplitudes. 
As we shall discuss below, the four quantities Vcr, Vcz, 
Vsr, and Vz, are directly measurable, as are also the 
coefficients in Eq. (1). Thus a detailed experimental 
study of the validity of the optical model is possible. 

A somewhat more useful form for Eq. (9) is obtained 
on transforming Uc to a coordinate representation. To 
an approximation consistent with our assumption of 
small 6, we have® 


Vc(x)=—[Vert+iV cr lo(x) 


h\*1dp 
+[Vse+iVsr](—) -—e-l, (10) 
ucs xd: 


x 
6 See the appendix for a derivation. 
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where 


1 
l=xX ( -) (11) 
1 
is the nucleon angular momentum operator. The spin- 
orbit term above differs from that usually considered 


in that it contains an imaginary term, Vg, in the well 
depth. 


III. EXPANSION OF OPTICAL MODEL POTENTIALS IN 
TERMS OF NUCLEON-NUCLEON SCATTERING 
PHASE SHIFTS 


We may also easily express Uc in terms of the 
nucleon-nucleon scattering phase shifts. We again use 
Wright’s notation‘: 


€;= mixing parameter for angular momentum J, 
6,', 62=two eigenphase shifts for triplet states of 
parity= — (—1)’, 
5;,1=phase shifts for tripet states with parity 
* (- 1)/, 

5,,0= phase shift for s-nglet states, 
and in addition we write explicitly 
5(*Po)= phase shift for scattering in the *Po state. (12) 


Then 


h 
Vee-+|—r [tc Y +3 YE ](2+1) sin2s;,o 
16p l(odd) l(even) 


+£ ¥ +3 } JL(2/+1) sin26,; 
d) 


Keven) I(od 
+ (21/4+-3) (sin26,,1!+-sin26;,,°) ] 
+3 sin26(*Po)}, 


h 
Vse-|—or |{C ~ +3 & j{—(21-+1) sin2s,,, 
32p 


l(even) l(odd) 
+ (2/+-3)[sin262,1*(7 cos*e141— (J-+-3) sin*e241) 


+sin26,,:°(/ sin*€z41— (l+3) cos*€r41) |} (13) 


—6 sin25(8Ps) }, 


+3 ¥ ]{—(21+1)(siné;, 1)? 
(odd) 


h 
V o=[0°] t 2 


l(even) 


+ (21+-3)[(sind,,1')°(7 cos*er,1— (1+-3) sin®er41) 
+-(sind,,1°)°(7 sin?e1,1— (1+3) cos*er41) ]} 


—6(sin* (*P,))*}. 


The form for V cz is most easily given in terms of total 
nucleon-nucleon cross sections by means of the relation 


Ver=hr,»/2As, (14) 
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where 2,» is the nucleon velocity in the laboratory 
frame of reference and 


hi; Saba eine uc\? 
aratekck a) | 
As 4nlLNILA h 
In this expression ¢ is the average nucleon-nucleon 
cross section in the nucleus’’®: 


(15) 


6=}yLonetorp], (16) 


where oyp and opp are the total scattering cross 
sections for nucleons on free nucleons and y is Gold- 
berger’s correction factor for binding effects. For 
energies greater than 100 Mev, y=~1. 


IV. THE PARAMETERS OF THE M MATRIX AND 
POLARIZATION EXPERIMENTS IN NUCLEON- 
NUCLEUS SCATTERING 


The effective nucleon-nucleus scattering matrix 
assumes the form (we are neglecting the nuclear spin) 


My=A+Le-f, (17) 


where # is a unit normal to the plane of scattering, and 
A and L are functions of the scattering angle, readily 
expressible in terms of the nucleon-nucleon scattering 
parameters B, G, C, and N, or in terms of the phase 
shifts and mixing parameters as defined by Wright.‘ 
Hence the matrix My, and consequently the four 
optical-model potentials Ver, Ver, Vsr, Vsr, are 
directly measurable quantities. At each scattering angle 
only three independent quantities, such as the magni- 
tudes and relative phase of A and L, need be deter- 
mined. This can be done by means of angular distri- 
bution and polarization measurements in double and 
triple scattering experiments.®:”” 

Letting po be the von Neumann density matrix in the 
spin space of the incoming nucleon beam, we may write 
the differential cross section J,(@) after the first scat- 
tering in the form 


I, (0) = Trl M 1p0M 1 ]/Tr[po |, (18) 
where 


M,=A+lLe-f. 


is the M-matrix describing the first scattering. The 
_ polarization P, after the first scattering is given by 


P,= TrloM 190M it ]/TrlM 1poM 1"). (19) 


If the incident beam is unpolarized, we may write 


po= zz 


™M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

8 N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

9L. Wolfenstein, Phys. Rev. 96, 1654 (1954); L. Wolfenstein 
and J. Ashkin, Phys. Rev. 85, 947 (1952). 

1 R. H. Dalitz, Proc. Phys. Soc. (London) A65, 175 (1952). 


(20) 


and obtain 
I=} TrLM,M,t] i 
=|A|*+|L|*, 


P= Tr{oM,M,t]/2/, 
= Ay(Ji/T), 


(21) 


(22) 
where 
J,=A*L+AL*. 


The magnitude of the polarization P, may be measured 
by letting the scattered beam undergo a second scat- 
tering in the same plane through the same angle, and 
observing the azimuthal right-left asymmetry in the 
scattered intensity. If the normal #2 to the plane of the 
second scattering is defined to be parallel to #; for 
“right” scattering and antiparallel for “left” scattering, 
then we may write the M-matrix describing the second 
scattering in the form 


M2r=A+Le- hi, 
The differential cross section J, has the general form 
I= Trl MoM 1poM tM ot |/ Trl M ipoM it). (25) 


Using (20), (21), (23), and (24), the right-left asym- 
metry ratio becomes 


Ier—Ten_ TrU(itJie- fi) Je: fy | 
Ter+Tor Trl (itJie-f)I,] 
= (Ji/T)?= (Pi 1)’, 


(23) 


Mo,=A—Le-fy. (24) 








(26) 


which is a positive definite quantity. 

Thus the measurements of cross section and polar- 
ization in a double scattering experiment determine 
two parameters, J; and |/;| for example. The third 
independent parameter may be found by letting the 
second scattering take place in a plane perpendicular 
to the plane of the first scattering, and measuring the 
polarization P, of the scattered beam by means of a 
right-left asymmetry determination in a third scatter- 
ing. The polarization after the second scattering is 
given by 


P,=TrloM2M 1poM1tMot]/Tr[M2M 1poM 1tM2t] (27) 


which for the special case under consideration becomes 


1 
P.= pat iGrt Mal Tit Ax AeliKr], (28) 


1 


where 
Gi= |A [?— IL], 
K,=i[AL*—A*L], 
fy: Ao=0. 


Since J;, Ji, and G; are independent they determine 
the M matrix up to a trivial phase factor, and K,, being 
similarly fixed, is a dependent parameter. Thus the 
triple scattering experiments furnish an overdetermi- 
nation of the parameters and consistency checks are 


(29) 
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possible. If the third scattering takes place in a plane 
parallel to the first scattering, then the sequence of 
scatterings is described by the following set of matrices: 


M,=A+Lo-fuy, 

M.=A+Le: fe, 
Msr=A+Le-h, 
M31,=A—Le-hy, 
hy: fi2=0. 


The scattered intensity after the third scattering is 
given by 


I,= TrLM;M2M,M,tM.tM3"] TrLM.M,M,tM,1]. (31) 


With the use of (22), (28), and (29) a brief calculation 
yields the following for the asymmetry ratio: 


JYG, 
= Ts 
= (P:-:) (P- fi). 


Isr—Ts1 
IsretTsz 
(32) 


This type of experiment measures the component of 
polarization along #; of the beam after the second 
scattering, and thus provides a direct determination of 
the parameters J;, J;, and G, (except for the sign of J) 
without overdetermination. 

A more probable experimental situation is one in 
which the beam of nucleons entering the experimental 
area has a known polarization P;. This is the case when 
the first scattering, which occurs at a target inside the 
accelerator, is used to extract the beam. A subsequent 
external scattering with # parallel to P; leads to the 
scattered intensities: 


Ter) TrlTiitJipic- fi | 
Tor Tr[p: | 


where p; is the density matrix for the incoming beam 
corresponding to polarization P,; i.e., P;=Tr[p.0 ]/ 
Trip; ]. The asymmetry ratio becomes 


Ier—Inn Ji Tr[pyo- ft] 
Tort+Tor I; Trip: ] 
_ (J1/Th) Pi. 





(33) 





(34) 


Thus J, is determined. 

Similarly, a doubie scattering experiment for which 
the normal #; to the plane of the first external scattering 
is perpendicular to P;, and for which the normal #2 to 
the plane of the second external scattering is parallel 
to. P,, leads to the asymmetry ratio 

Isr—Isx JG; 
= P,. (35) 
Isetls, J? 


This suffices to determine G. 
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As a simple and instructive example, let us consider 
scattering nearly in the forward direction from a light 
nucleus. In this case we may use the Born approxi- 
mation to calculate My: 


My=- (2ar)*(h/c*) Ean (P’ | Vol P). (36) 


By comparing Eqs. (17) and (36), and using (9) to 
substitute for Uc, we obtain 


h 
A=+ 6d view senate 
x f esos) exp| ——(P—P)-x, 
(37) 


h Pv? 1 
bast (r)*—BialVartiV si] i(—) sins] — 
C uc (2nh) 


x [aso(e) exp| ——(P—P)-x]. 


As an approximation we may assume that Ver and Ver 
are known from simple scattering experiments. Then 
knowledge of G; and J; determine both Vsr and Vsr, 
as can easily be seen by substituting the solution (37) 
into (34) and (35). There results 


Tor—Ter 


Iert+Tex 
C—VerVsrt+VeciV sr ](P/uc)* sinPiar 


‘Vert+Ver-+[(P/uc)? sindiav PCV sr?-+V sr] 





Ji 
= P,-, (38) 
I 


1 


Ise—Ist [Ji 
i 
Isrts, lly 
{Ver’+Vcr—[(P/uc) sinOian LV sr’ +V sr }} 
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Most previous investigations have ignored the term 
V sr. 

A similar analysis may be carried through for the 
nucleon-nucleon scattering problem.’ The M-matrix 
then will have the form given by Eq. (1) which is the 
most general expression for the scattering of two spin-} 
particles, assuming symmetry of the interaction under 
spin exchange. In this case there are nine independent 
parameters, and again the measurement of angular 
distribution and asymmetry ratios in triple scattering 
processes serves to determine these parameters (al- 
though much more complex experiments are needed?). 


1 Henry P. Stapp, thesis, University of California Radiation 
Laboratory Report 2825 (unpublished). 
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V. EXPERIMENTAL VALUES FOR THE 
OPTICAL-MODEL POTENTIALS 

A number of authors!*-*' have employed the optical 
model to fit the nucleon-nucleus scattering data, and 
several have interpreted the polarization data in terms 
of an effective spin-orbit potential as suggested by 
Fermi.” With various assumptions concerning the 
nuclear radius and shape of the function p(x), they 
estimate numerical values for the optical-model pa- 
rameter as a function of energy. 

Taylor’ uses the cross-section data for neutrons on 
Cd, Cu, Al, and C at 85 Mev to evaluate well depths, 
nuclear radius parameters, and absorption mean free 
paths as a function of neutron energy ranging from 30 
to 400 Mev. Woods and Saxon, and Le Levier and 
Saxon fit values for Vcr and Ve; to agree with the 
elastic cross sections of protons at energies in the 
neighborhood of 20 Mev on Al, Ni, Pt, Pd, and W, 
using a diffuse surface optical model. The values quoted 
by Melkanoff, Moszkowski, Nodvik, and Saxon" at 17 
and 31.5 Mev were obtained from an analysis of elastic 
scattering of protons on elements ranging from Fe to 
Pb, and the 5.25-Mev values from protons on Ni. 
Clementel and Villi'® calculate Ver as a function of 
energy up to 200 Mev, using a Fermi-gas model for the 
nucleus and relating the energy dependence of Ver to 
that of the neutron-proton total cross section. Kind 
and Villi'® derive a perturbation theoretic expression 
for the optical-model potential Vcr on the basis of the 
independent particle model, starting from a nucleon- 
nucleon interaction of Yukawa type. They fit neutron 
scattering data at energies from 50 to 300 Mev. 

It is to be noted that the above-cited investiga- 
tions!*-!* do not take account of the spin-orbit potential, 
and that values for the spin-independent potentials 
will in general depend on the magnitude of the spin- 
orbit interaction. 

Fernbach, Heckrotte, and Lepore!’ and Tamor'® 
include a discussion of the spin-orbit interaction in 
their analyses, and quote values for Vcr, Vcr, and Vsr 
which give agreement with the 290-Mev scattering 
data. Snow, Sternheimer, and Yang" investigate the 
effect of the spin-orbit term on polarization, and fit 
the polarization data* for 316-Mev nucleons on Be, 

12 T. B. Taylor, Phys. Rev. 92, 831 (1953). 

1 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
R. E. Le Levier and D. S. Saxon, Phys. Rev. 87, 40 (1952). 

4 Melkanoff, Moszkowski, Nodvik, and Saxon (to be published). 

15 E. Clementel and C. Villi, Nuovo cimento 2, 176 (1955); 
see also A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 

16 A. Kind and C. Villi, Nuovo cimento 1, 749 (1955). 

17 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1095 
(1955); W. Heckrotte, Phys. Rev. 94, 1797 (1954); W. Heckrotte 
and J. V. Lepore, Phys. Rev. 94, 500 (1954). 

18S. Tamor, Phys. Rev. 97, 1077 (1955). 

19 Snow, Sternheimer, and Yang, Phys. Rev. 94, 1073 (1954); 
R. M. Sternheimer, Phys. Rev. 95, 587 (1954) ; 97, 1314 (1955). 

2 TD. M. Chase and F. Rohrlich, Phys. Rev. 94, 81 (1954). 

21 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 
and Phys. Rev. 90, 166 (1953). 

2 E. Fermi, Nuovo cimento 11, 407 (1954). 

8 Marshall, Marshall, and De Carvalho, Phys. Rev. 93, 1431 
(1954), 
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TABLE I. Compilation of numerical values for the optical-model 
potentials from scattering and polarization data. 








Ver Energy Ver 
Mev Reference Mev Mev 
21 1.6 
14 2 
3.45 
0.9 


Reference 





Energy SR 
Mev Mev Reference 


290 2.5 17 
316 0.58" 19 
316 1.23 19 








* Square well for Vc. 
> Harmonic oscillator potential for Ve. 


assuming for Uc both square-well and harmonic- 
oscillator potentials and for Vsr various shapes in- 
cluding the Fermi-Thomas precession form given by 
Eq. (10). 

These results, together with those of Chase and 
Rohrlich” for 20-Mev protons on Al, Cu, and Ag, and 
those of Feshbach, Porter, and Weisskopf* for low- 
energy neutrons are summarized in Table I and by the 
graphs of Figs. 1 and 2. For comparison, values of Ver 
obtained from total nucleon-nucleon cross sections 
[see Eq. (14) ] are included in Fig. 1. 


VI. EVALUATION OF POTENTIALS FROM 
FESHBACH-LOMON PHASE SHIFTS 


Recently, Feshbach and Lomon™ have given a phase- 
shift analysis of the nucleon-nucleon scattering cross 


Symbol Reference 
® 13,14 

* 20 

e 2i 

* 11> 


eal 


‘ Equation (I4) 
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Fic. 1. Several calculated and measured values of V cy. 


*H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). 
We are indebted to these authors for sending us their phase shifts, 
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Fic. 2. Experimental values of Vcr. The curve from reference 16 
represents calculated values. 


sections. Using their phase shifts, we have evaluated 
Ver, Vsr and Vs; from Eqs. (13). The results are 
shown in Table II and Fig. 3 for their two sets of phase 
shifts A and B. In making a comparison with the 
“experimental” values for these quantities, we must 
recall that: (1) except for the work of Fernbach, 
Heckrotte, and Lepore’? (who obtain Vcr~™~0 at 290 
Mev), most determinations of Vcr have neglected V sr 
and V sr; (2) determinations of V sz have neglected V 57; 
(3) values quoted for these parameters do not agree 
sufficiently well to permit a quantitative comparison 
with our calculated values. It seems, however, that 
the qualitative features of the V’s are correctly given. 

These values of the V’s, along with Vcr as given by 
Eq. (14), have been used to calculate the polarization 
of nucleons scattered from carbon at 6),,=20°. For 
this calculation the Coulomb force is neglected (for the 
case when the incident particle is a proton) and the 
spin-orbit term is treated in Born approximation. That 
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Fic. 3. Values of Vcr, Vsr, and Vs, calculated from the 
Feshbach-Lomon phase shifts. The labels “A” and “B” refer to 
the two sets of phase shifts of these authors, 
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Fic. 4. Calculated polarization of nucleons scattered from 
carbon at @;4)=20°. The values of Ver, Vsr, and Vs; were 
obtained from the Feshbach-Lomon phase shifts. The experi- 
mental points are those of Dickson, Rose, and Salter [Proc. 
Phys. Soc. (London) 68, 361 (1955)]. The point at 290 Mev is 
due to Chamberlain, Segré, Wiegand, Tripp, and Ypsilantis 
(quoted in reference 17). The error indicated has been estimated 
from the scatter of the experimental points. The curve is drawn 
from points calculated only at the five energies shown, so the 
extent of the discrepancy between calculated and experimental 
value at 130 Mev is not clear. Also, for quantitative comparison 
more accurate evaluation than ours from Eq. (39) are required. 


is, we take 


My=My(0)— (2x)*E ian (Yo™>, User), (39) 


where Mw(0), Yo, Yo are the scattering amplitudes 
and wave functions for the central potential only and 
have been evaluated by a simple eikonal approximation. 
V so is the spin-orbit term in Eq. (10). The polarization, 
calculated at five energies, is shown in Fig. 4. 


VII. CONCLUSIONS 


Use of Eqs. (6) and (8) enables one to express the 
parameters of the optical-model potential directly in 
terms of nucleon-nucleon scattering amplitudes. The 
implication of this is that the potential may be specifi- 
cally obtained from the results of appropriate nucleon- 
nucleon scattering experiments. It may also be ‘“‘meas- 


TABLE II. Optical model potentials calculated from Eq. (13) 
using the two sets (A) and (B) of Feshbach-Lomon phase shifts.* 
All quantities are in Mev. 








Kin. energy Vcr Ver 
(lab) 





38.5 22.53 
80 14.88 
120 8.65 
190 4.05 
274 2.23 


23.88 
16.86 
9.01 
—0.57 
—8.19 








* See reference 24, 
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ured” by studying the elastic scattering of nucleons by 
nuclei. Comparison of these two sets of values should 
give an indication of the validity of the Serber model 
of high-energy nuclear reactions, in which it is assumed 
that “two-body” processes determine the scattering. 
This, in turn, has a bearing on a number of related 
questions such as the relative importance of two-body 
versus many-body forces,?*-*’ the relative importance 
of “compound nucleus” effects versus “knock-on” 
processes,* and the contribution from “nonlinear” 
meson effects. 


APPENDIX 


We shall derive here the coordinate-space expres- 
sion'’.* for the optical model potential. 

The optical-model potential in momentum space has 
the form 


/ 
| 


P’xP_ 
(P’|U¢|P) = -1( +20. mn) (2nh)-8 


mc. 
x fase) exp| —(P'—P)-y] 


1 
= | Ve+—ie:P’KPV 5s (2rh)- 
uc)? 


x f d*yp(y) exr| —(P—P)-y| 


using the definitions and notation established in the 
text, with 


Ve=—(VertiVer), Vs=VsrtiV sr. 


The corresponding expression in the coordinate space 
of the incoming nucleon is obtained by taking the 


% L. I. Schiff, Phys. Rev. 84, 1, 10 (1951) ; 86, 856 (1952). 

26M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 

*7 Drell, Huang, and Weisskopf, Phys. Rev. 91, 460 (1953); 
S. D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953). 

28 See the discussion by H. McManus, ef al. Brookhaven Na- 
tional Laboratory Report BNL-331(C21), 1955 (unpublished). 

% See also E. Clementel, Nuovo cimento, 1, 509 (1955). 


Fourier transform of the foregoing. Thus 


(x!|Velx) {a (: P’) 
x’|Uclx)= e —x’-P’ 
¥ (aeh)® Nh 
1 
x| Vet Vsio-P'xP | p(s) 
(uc)? 


1 i 
Xexp} ——(P’—P y| exp(- xP) 
| = ) Meri 
yd PhP hy? 
- {- {ve+(—) Vsio-w'xy} 
(2rh)® uc 


xo(9) exp| (yx) , P| exp (a »)-P'} 


In view of the small-scattering-angle approximation, 
the integrations over P and P’ may be performed by 
moving the term within the brackets outside the 
integral sign. The symbols ¥V and ¥V’ denote gradient 
operators with respect to the x and x’ coordinates, 
respectively. The resultant delta functions render the 
integration over y trivial, and there results 


(x’|Uc]x) ar 
“| Vet (-) V sie: (VX) }Coceaa’—x)) 


If furthermore it is assumed that p(x) depends only on 
the magnitude of x, then it follows that 


1d 
(V’XV)Lp(x)8(x’—x) J= —- — (xX V)3(x’—x) 
x dx 


11dp 
=-—-—I§(x’—x), 
i x dx 
where | is the nucleon orbital angular momentum 
operator. There results finally 


h\? 1dp 
(x’|Uc|x)= Veo(2)sx’—x)+(—) V s- —o-18(x’—x). 
pc x dx 


The space-dependent potential operator Uc¢(x) is given 
by the relationship 
(x’|Uc|x)= Ve(x)6(x’—x), 
so that 
h\?1dp 
Vc(x) =Vcp(x)+ v:(—) -—erl. 


uct xdx 
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Cloud-Chamber Study of the Second Maximum 


Bartow Hopce* anp Lioyp W. Morris 
Department of Physics, Louisiana State University, Baton Rouge, Louisiana 
(Received November 28, 1955) 


A 12-in. G-M tube controlled cloud chamber was used to study the second maximum of the shower 
transition curve for lead. Stereoscopic pictures were taken to study the angular divergence of the pairs 
produced. Over 14 000 photographs were analyzed for a range of lead thickness from 10 to 23 cm. The frames 
with pairs were reprojected and the angular divergence of the tracks measured with a protractor. The 
experimental results appear to indicate a second maximum at a thickness in the neighborhood of 17.5 cm lead. 





1. INTRODUCTION 


F the frequency of shower production resulting from 
cosmic rays is measured below an absorber, for 
instance lead, and if the frequency is plotted against the 
thickness of absorbing material, a curve will be obtained 
which rises to a maximum at about 1.5 centimeters of 
lead and diminishes with corresponding rapidity, until 
at a thickness comparable to 4 or 5 centimeters it attains 
a condition in which the curves decrease slowly with the 
thickness of absorber. Such curves are called “Rossi” 
curves. Ackemann and Hummel! observed such curves 
with the additional feature of a second maximum in the 
neighborhood of 15-18 centimeters of lead. The exist- 
ence of the so-called second maximum has been ques- 
tioned. For example, Schwegler,? Morgan and Nielsen,’ 
Auger, Maze, Ehrenfest, and Freon,‘ Altmann, Walker, 
and Hess,® and Weaver failed to observe the second 
maximum. On the other hand, the second maximum has 
been observed by Priebach,’ Swann and Ramsey,* 
Bothe,? Clay,” and Broussard and Graves"; also 
Nielsen and Morgan” found the second maximum with 
one counter arrangement and failed to observe it with 
another arrangement. In the determinations discussed, 
only Broussard and Graves used a cloud chamber; the 
others used different arrangements of G-M tubes. 
Chaudhury® discussed the controversial existence of 
the Rossi second maximum of cosmic rays in the light 
of her experiments with lead using triple coincidence 
arrangements of counters under different geometrical 
conditions, and obtained definite evidence of the exist- 
ence of a second maximum at about 18 centimeters lead 
with a third maximum at about 23 centimeters lead. 


* Now at International Business Machines Corporation, Hou- 
ston, Texas. 

1M. Ackemann, Naturwiss 22, 169 (1934); J. N. Hummel, 
Naturwiss. 22, 170 (1934). 

2A. Schwegler, Z. Physik 101, 93 (1938). 

3 J. E. Morgan and W. N. Nielsen, Phys. Rev. 52, 569 (1937). 

‘P. Auger and R. Maze, J. phys. radium 10, 39 (1939). 

5 Altmann, Walker, and Hess, Phys. Rev. 58, 1011 (1940). 

6 A. B. Weaver, Phys. Rev. 90, 86 (1953). 

TJ. A. Priebach, Akad. Wiss. Wien 145, 2a/-2, 101 (1936). 

8 W. F. G. Swann, Revs. Modern Phys. 11, 242 (1939). 

®*W. Bothe, Phys. Rev. 79, 544 (1950); W. Bothe and H. 
Kraemer, Phys. Rev. 94, 1402 (1954). 

#@ J. Clay and E. Van Alphen, Physica 17, 711 (1951). 

1 L. Broussard and A. G. Graves, Phys. Rev. 59, 413 (1941). 

2 W. M. Nielsen and J. E. Morgan, Phys. Rev. 55, 995 (1939). 

3K. S. Chaudhury, Indian J. Phys. 25, 539 (1951). 


Except for a drop in coincidence rate at about 20 
centimeters of lead, both these maxima might be con- 
sidered as a single maximum from 16 to 24 centimeters, 
similar to the work reported by others. From her careful 
analysis of the investigations made by other workers, it 
appeared that the failure of some workers to confirm the 
existence of these maxima might be due to differences in 
geometry of the counter banks. With counter banks too 
close together, the possibility of counting side showers 
originated outside of the lead is increased. With too 
wide a separation, showers having narrow angles are 
favored. Some of these difficulties of geometry can be 
removed by the use of a cloud chamber which allows the 
origin of the event to be localized. With such a chamber, 





‘a: 














Fic. 1. G-M tube 
and_ cloud-chamber 
geometry. 








SIDE VIEW ‘FRONT VIEW 

the coincidence banks can be placed close enough to- 
gether to avoid favoring narrow angle showers, while 
coincidences caused by oblique showers can be recog- 
nized and discounted. 

To investigate the existence of the second maximum 
in the cosmic-ray transition curve for lead, a large 
Wilson cloud chamber was constructed and operated 
continuously over a 2}-month period to obtain sufh- 
cient data to be statistically sound. The arrange- 
ment of the triggering counter tubes, the lead used 
as the penetrating material and the chamber is shown 
in Fig. 1. This experiment was performed in the 
basement of the Physics Building at Louisiana State 
University, Baton Rouge, Louisiana. 


1164 





CLOUD-CHAMBER STUDY OF SECOND MAXIMUM 


Taste I. Cloud-chamber data on pair and shower production as the thickness of Pb absorber is varied. 
The frequency is given in number of events per hour. 








Thickness Total active 
of P time of 
chamber 
(hours) 


Penetrating pairs 
Angular divergence 
< 20° >20° 


Total 
(all pairs) 


Total 
events 


Showers 
(>2 particles) 


Total 
intensity 





7.0 No. of events 20 26 46 28 74 


Frequency 2.86 3.72 6.58 4.0 10.6 


No. of events 15 30 45 9 54 
Frequency 1.93 3.85 5.77 1.16 6.9 


No. of events 30 20 50 9 59 
Frequency 3.06 2.04 a 6.0 


121 
3.1 


372 
53.2 


373 
48.0 


424 
43.2 


1698 
45.5 


1404 
43.3 


2234 
45.6 


2506 
46.5 


2104 
45.7 


193 
48.3 


640 
50.7 


7.8 


194 31 
4.95 0.79 


No. of events 73 
Frequency 1.87 


225 
5.8 


188 
5.75 


111 
3.42 


137 
2.33 


127 
2.36 


103 
2.24 


162 26 
5.0 0.8 


285 57 
5.82 


236 69 
4.39 1.28 


179 Ad 
3.89 0.96 


No. of events 51 
Frequency 1.57 


148 
3.0 


109 
2.02 


342 
7.0 


315 
5.8 


223 
4.8 


No. of events 
Frequency 


No. of events 
Frequency 


No. of events 76 
Frequency 1.64 


No. of events 10 2 12 a 16 
Frequency 2.5 0.5 3.0 1.0 4.0 


15 19 34 12 46 
1.56 2.7 0.95 3.7 


No. of events 
Frequency 








2. EXPERIMENTAL TECHNIQUES 


The counter-controlled, rubber-diaphragm type Wil- 
son cloud chamber had an inside diameter of about 12 in. 
and a depth of 4 in. Referring to Fig. 1, G-M tube A was 
a 6-in. active length, 1-in. diam, 30-mil Cu wall, 
gamma-ray tube; G-M tube bank B consisted of 3 
similar tubes with an active length of 12 in. The ab- 
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Fic. 2. Rossi transition curve for Pb (total events— 
pairs and showers). 


sorbing lead was placed immediately above the G-M 
tube A. A coincidence between A and any one of the 
tubes of bank B would fire the chamber. Stereoscopic 
pictures were taken in order to study the angular 
divergence of the pairs produced. 

For a particular series of runs, with a selected thick- 
ness of lead above the chamber, the total number of 
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Fic. 3. Cosmic-ray shower transition curve for Pb (all showers— 
i.e., events with more than two particles). 
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Fic. 4. Cosmic-ray transition curve for pair production in Pb 
(total pair production). 
































10 15 20 
ABSORBER THICKNESS (CM~-Pb) 


pictures taken, the total time elapsed, and the averaged 
resetting time of the chamber were recorded. The total 
active time of the chamber was thus the difference be- 
tween the total elapsed time and the product of the 
number of pictures and the dead time of the chamber. 
The pictures were scanned and those with pairs or 
showers marked. The total number of pictures in each 
series with three or more particles (showers) were 
counted and recorded. The frames with pairs (two 
particles) were projected and the angular divergence of 
the tracks measured. 

The selection criteria for defining and using a track 
were (1) it must be a minimum ionization particle as 
indicated by the track in the photograph, (2) it must 
not scatter but be energetic enough to give a straight 
track through the chamber, (3) pairs or showers must 
appear to have originated in the lead above the chamber, 
i.e., the reprojection of the tracks must intersect within 
the lead block. Under this criterion parallel tracks were 
counted as single particles and not as a very narrow 
angle pair. 

The thicknesses of lead used were 7.0, 10.4, 14.0, 15.2, 
16.3, 17.5, 19.0, 20.5, 21.5, and 23.0 centimeters. Data 
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Fic. 5. Cosmic-ray transition curve for pair production in Pb 


= production with angular divergence greater than 20° between 
rticles). 


were taken continuously over a period of time covering 
about 24 months. One thickness was used for one 
particular day, for instance 14.0 centimeters, and the 
next day a 20.5 cm thickness might be used, the thick- 
ness being selected at random to minimize barometric 
effects or other systematic errors. The pairs were 
separated into groups having angular divergences 
ranging between 0-5°, 5-10°, 10-15°, 15-20°, and 
greater than 20° for the particular thickness of lead 
being studied. 

Only a very few pictures, less than 1%, showed no 
tracks, and few pictures showed tracks which were not 
representative of penetrating particles as defined by the 
foregoing criteria. This indicated that the equipment as 
a whole was functioning reliably and that the geometry 
and performance of the G-M telescope was satisfactory. 
Most of the pictures showed single tracks. About 15% 
of the pictures contained pairs or showers according to 
criterion (3). 
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Fic. 6. Cosmic-ray transition curve for pair production i in Pb 
or production with angular divergence less than 20° between 
e particles). 


3. DATA AND RESULTS 


The data collected are shown in Table I. Figures 2 
through 6 show the plots of the data. The frequency 
(number per hour) of the total events (pairs plus 
showers) versus absorber thickness in centimeters of 
lead, is plotted in Fig. 2. A maximum at about 17.5 
centimeters is indicated. The standard error is shown for 
each data point. The plot of showers (events with more 
than two particles originating from a common source in 
the lead) is shown in Fig. 3. Again a maxiraum is sug- 
gested at about 18.0 centimeters of lead. Figure 4 is a 
plot of the total pair production. Again a maximum is 
exhibited but now the maximum is at about 17.0 
centimeters of lead. The right side of the curve shows an 
increasing downward trend as absorber thickness is 
increased. Figure 5 represents the pairs with angular 
divergence larger than 20°, Again a maximum occurs, in 
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this case at about 16 centimeters. Figure 6 represents 
the pairs with angular divergence less than 20°. A 
maximum is definitely marked at 17.5 cm where the rate 
is at least four standard errors above the nearest two 
points on either side. 

The results displayed in the last column of Table I 
agree with what others in the field have reported: the 
maximum is not indicated by the total intensity of the 
particles, The upward trend suggested by the last two 
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points may be discounted because of an inadequate 
number of counts. 
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Influence of Geomagnetic Quadrupole Fields upon Cosmic-Ray Intensity*+ 


F. S. Joryt 
Institute for Nuclear Studies and Department of Physics, University of Chicago, Chicago, Illinois 
(Received August 24, 1955) 


The effect upon cosmic-ray particles of the quadrupole part of the earth’s magnetic field has been calcu- 
lated, using the results of the magnetic survey of 1945. The effect predicted from the zonal quadrupole 
term is a northern shift of the cosmic-ray latitude curve. The 1945 magnetic center was calculated, using 
Schmidt’s method, and it is 0.0629 earth radii from the center of the earth, as compared to 0.0536 earth 
radii in 1922. The shift in magnetic center results in an increase in the predicted longitude effect. The 
residual or sectorial quadrupole effect upon cosmic-ray intensity is predicted to be a two-period sine curve 


in the longitude effect. 


I, INTRODUCTION 


HE latitude effect in cosmic-ray intensity has been 
explained by Fermi and Rossi.! They used the 
angular integral of motion for a charged particle moving 
in a dipole magnetic field, i.e., Stoermer’s theorem,’ and 
assumed an isotropic cosmic-ray flux at infinity. The 
longitude effect has been shown to be consistent with 
an off-center position for the earth’s magnetic dipole.’ 
The present investigation is concerned with the in- 
fluence upon cosmic-ray intensity of all the quadrupole 
terms of the earth’s magnetic field. The calculations 
made are based on the 1945 magnetic survey by Vestine 
and Lange.‘ 

During a magnetic survey, measurements of the 
earth’s magnetic field are made at a large number of 
stations all over the world. For the analysis of the 
measurements, a magnetic potential function is intro- 
duced and expanded in spherical harmonics, the coeffi- 
cients of the expansion being called Gauss coefficients. 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. ; : ' 
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The coefficients are adjusted so that the gradient of 
the magnetic potential renders a best fit to the experi- 
mentally measured field.® 

In the study of geomagnetic effects upon cosmic-ray 
intensity, two different dipole approximations to the 
earth’s magnetic field have been used. The first approxi- 
mation is a dipole located at the geographic center of 
the earth, which can be represented mathematically by 
the first three Gauss coefficients. The second and higher 
approximation is an off-center dipole located at the 
magnetic center. The equations for the magnetic center 
involve the first eight Gauss coefficients and are given 
by Schmidt.® A line along the centered dipole deter- 
mines the magnetic axis of the earth. A quadrupole 
which is symmetric about this axis, i.e., a zonal quad- 
rupole, can be added to the centered dipole and the 
motion of charged particles in the combined dipole and 
zonal quadrupole fields can be studied, following a 
suggestion by S. B. Treiman. The cylindrical symmetry 
leads to an angular integral of motion which is similar 
to Stoermer’s theorem, and critical magnetic rigidities 
or cutoff rigidities are defined analogous to the ordinary 
Stoermer case. 

The location of the off-center dipole has been com- 
puted by Schmidt® from the magnetic survey of 1922. 
To find the effect of the off-center dipole upon cosmic- 
ray intensity, ordinary Stoermer theory can be applied 


5S. Chapman and J. Bartels, Geomagnetism (Oxford University 
Press, New York, 1951). 
* A. Schmidt, Beitr. angew. Geophys. 41, 346 (1934). 





TABLE I. Gauss coefficients of V in 10~ cgs. 








Dipole Quadrupole 


Source Epoch = gi® gi hy ee? ge?! he ge? het 
Dyson and 


Furner 





1922 -—3095 -—226 592 — 89 299 -124 144 84 


Vestine and 


Lange 1945 -3057 -—211 581 -—1i27 296 -166 164 S4 








to the motion of particles in the off-center dipole field. 
Then proper account must be taken of the position of 
the observer relative to the magnetic center. As dis- 
cussed by Vallarta* for the 1922 survey, a correction is 
added to the centered dipole cut-off rigidity to give the 
off-center dipole cutoff. 

Using the method of Schmidt, the magnetic center for 
1945 has been computed and is found to be 59 km 
farther from the earth’s center than it was in 1922. 
The correction to be added to the centered dipole cut- 
off rigidity to give the off-centered cutoff has been com- 
puted for the 1945 survey by a method slightly different 
from that used by Vallarta. 

The dipole and quadrupole terms of the earth’s mag- 
netic potential are equivalent to the off-centered dipole 
plus a residual or sectorial quadrupole.*® The off-centered 
dipole has cylindrical symmetry in the limited sense 
that Stoermer theory of a single dipole can still be 
applied to compute vertical cut-off rigidities, provided 
the latitude and radius vector of the observer relative 
to the magnetic center are used. The addition of a 
sectorial quadrupole to the off-center dipole, however, 
destroys the cylindrical symmetry of the dipole alto- 
gether. Stoermer’s theorem is then no longer valid. 
The corresponding equation now contains a variable 
term which depends explicitly on the charged particle 
trajectory. The magnitude of this variable term is 
computed for two cases by a perturbation calculation. 


Il. ZONAL QUADRUPOLE 
A. Modification of Stoermer’s Theorem 


The earth’s magnetic field can be approximated by 
a centered dipole. To obtain a better approximation, 
higher order poles must be included. It is the purpose 
of this section to consider the model of centered dipole 
plus zonal quadrupole. A line along the centered dipole 
defines the magnetic axis and a quadrupole symmetric 
about this line permits an integral of the motion (in 
addition to the energy integral) similar to the integral 
of the dipole case. The effect upon cosmic-ray intensity 
is, of course, independent of magnetic longitude, and it 
will be shown that the intensity in the geomagnetic 
equatorial plane remains the same. However, the 
northern hemisphere intensity is different from that in 
the southern hemisphere at the same geomagnetic 
latitude. 

A description of the earth’s magnetic field conven- 
tionally consists of an internal and an external part. 
An example of an external field can be found in the 


JORY 


great magnetic storms which have been described by a 
ring current external to the earth’ and their effect upon 
cosmic-ray intensity has been calculated by several 
workers.”'® We are assuming here, however, that the 
earth’s main field is entirely of internal origin. This is 
in line with the Vestine and Lange analysis which does 
not reveal the existence of any permanent external 
source of field. Accordingly, the earth’s magnetic poten- 
tial is written® 


V qit 
—=)> —(g." cosm’+ h,” sinm®) P;™(cos@). 


a l,m ih 


Here a is the earth radius, @ is geographic longitude 
east from Greenwich, @ is the geographic colatitude, 
and g;", 4," are the Gauss coefficients. ‘The P;”(cos@) 
are associated Legendre polynomials. Vestine and 
Lange computed the Gauss coefficients up to sixth 
order for the epoch 1945. The 1922 and 1945 coefficients 
for the dipole and quadrupole orders are given in 
Table I. The octopole terms are seven in number. 
They are of less interest, however, first because they 
are about half the size of the quadrupole terms, and 
second, because their magnetic field falls off with in- 
creasing r like the inverse fifth power of r, as compared 
to inverse fourth power for quadrupole field and inverse 
third power for dipole field. 

There is a way of estimating the error in some of the 
Gauss coefficients, when they can be derived separately 
from the northern and eastern components of the 
earth’s magnetic field. A coefficient derived from the 
northern component should check with that derived 
from the eastern component. If there is disagreement, 
a weighted average is taken. The disagreement in the 
dipole and quadrupole coefficients has been reported by 
Vestine and Lange. g,° and g,° are derived from the 
northern components alone so there is no test for con- 
sistency. g;', which is derived separately, shows dis- 
agreement of 19X 10~ gauss from the average. /2? shows 
departures of 8X10 gauss from average. The other 
coefficients disagree by only 1 or 2X 10~ gauss. 

We consider the magnetic potential of the earth’s 
centered dipole plus zonal quadrupole, calling it V’. 


Fic. 1. Illustra- 
tion of the coordi- 
nates that are used 
for the centered di- 
pole plus zonal quad- 
rupole model. Also 
shown is the vector 
pointing toward mag- 
netic west and the 
path of the particle. 
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As coordinate system we choose geomagnetic coordi- 
nates with the z axis along the northern magnetic axis 
(Fig. 1). The earth’s dipole will then be directed along 
the negative z axis. The zonal quadrupole can be repre- 
sented as two dipoles lined up along the z axis with 
north poles together or south poles together, depending 
on a choice of sign. The magnetic longitude ¢ and 
magnetic colatitude @ are in small letters to distinguish 
them from the geographic longitude and colatitude ®, 0 
which appeared above. It is evident that the magnetic 
potential V’ has the form 


—am a‘ 
= ——P,"(cos6) Pi eal ° 


r 


The value of m and the direction of the magnetic 
axis are derived from the first three Gauss coefficients.® 
The magnetic axis intersects the northern hemisphere 
at the geomagnetic pole with coordinates @>= 11° 26’, 
&)= —70° 2’. The geomagnetic coordinates refer then 
to this pole. The dipole strength m= 3119X10~ gauss. 
To evaluate the zonal quadrupole strength q2°, we take 
the quadrupole terms of the earth’s magnetic potential 
and expand them in terms of spherical harmonics with 
geomagnetic coordinates. g2° is the coefficient of P2° in 
the expansion. We find that for 1945, g.°=—38x10~ 
gauss. 

The relative strength of g2° with respect to m is 1.2%. 
For comparison, the quadrupoles which are combined 
with the centered dipole to give the off-center dipole 
are about 10% of m. The residual or sectorial quad- 
rupole is about 7% of m. We can thus expect that the 
zonal effect will be less prominent than either the longi- 
tude or the sectorial effect. It must be emphasized, 
however, that a secular change in the geomagnetic field 
would change the relative strength of the various 
quadrupoles, and thus a discussion of their effect upon 
cosmic-ray intensity seems justified. 

We take the motion of a particle of charge e in the 
combined magnetic field of centered dipole and zonal 
quadrupole. We are interested in the modified Stoermer’s 
theorem and the modified vertical cutoff. It will be 
recalled that the integral of motion in the simple dipole 
case is? 


R cos\ cosw-+ (cos*d)/R= B, 


where R is the radius vector from the dipole measured 
in Stoermer units: R=(N/M)'r (N is the magnetic 
rigidity, M=ma' is the dipole moment). \ is geomag 
netic latitude, w is the angle between the velocity vector 
and the west, and B is the impact parameter in the 
ordinary sense, provided distances are measured in 
Stoermer units. From the Lagrangian for the motion of 
a charged particle in the combined magnetic fields, it 
is evident that the equation of motion in geomagnetic 
longitude can be integrated at once. We then have the 
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Fic. 2. Vertical cut-off rigidity for the centered dipole model 
neglecting penumbra effects. 


following result : 


3 g2° A 
--—— sinh |= B. 


cos?\ 
R cos\ cosw—— ‘| 
2mR 


R 


Requiring cosw<1 defines an allowed region of the 
R— plane. As in ordinary Stoermer theory, at some 
value of B the allowed region splits up into an inner 
and an outer region. Since in the equatorial plane the 
above integral reduces to the Stoermer integral, we find 
that the value of B at which the allowed regions 
separate is B=2, as in ordinary Stoermer theory. We 
note therefore that the intensity in the centered dipole 
equator is unchanged. 


B. Modified Vertical Cutoff 


It is well known that for a centered dipole there is a 
minimum rigidity for which a particle coming from 
infinity can arrive at the earth’s surface at latitude 
and angle with the west w. For particles which arrive 
in the geomagnetic meridian plane, the lowest rigidity, 
i.e., the vertical cut-off rigidity NV, is given by 


N= 14.9 cos*A Bv 


(see Fig. 2). It is clear that the vertical cutoff is of 
particular interest because particles arriving from the 
west have a lower critical rigidity and those from the 
east have a higher critical rigidity, but on the average 
over zenith and azimuth for a given latitude, the mean 
effective cutoff is that of the vertical. 

The effect of adding a zonal quadrupole to the 
centered dipole is to modify Stoermer’s theorem, as 
mentioned above. From the modified theorem, and 
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Fic. 3. Percent change of vertical cut-off rigidity for the centered 
dipole plus zonal quadrupole model. The dotted line is for g2°/m 
%. The curves a, b, c, d, are for values of g°/m=—1, —2, 
—3, —4% respectively. 


=—1.2 


from the 1945 computed value of the zonal quadrupole, 


we get for the vertical cut-off rigidity 
N'= 14.9 cos‘A[1+0.018 sind } Bv. 


We note that vertical here is the true geographic 
vertical, i.e., the line joining observer to the center of 
the earth. 

For convenience in discussing the physical meaning 
of the zonal effect, we introduce the percent change of 
vertical cut-off rigidity, (V’—N)/N. This is the cor- 
rection which must be added to the centered dipole 
vertical cutoff to account for the addition of the zonal 
quadrupole. (V’—N)/N is plotted as a function of 
latitude for several values of g2°/m in Fig. 3. The dotted 
curve corresponds to the value of g2°/m as computed 
from the 1945 survey. 

It is also convenient to introduce the quantity 
[N’(\)—N’(—A) ]/N (A). This is the north vertical cut- 
off minus the south vertical cutoff in percent. It is given 
in Table II. We would like to point out that (V’—N)/N 
is positive, which means that the northern hemisphere 
cutoff NV’ is greater (and hence the cosmic-ray intensity 


TABLE II. North vertical cutoff minus south 
vertical cutoff, in percent. 
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less) than the N’ at the corresponding latitude in the 
southern hemisphere. The result is that the intensity 
at a latitude just north of the centered dipole equator 
will be less than that at the equator, so that the 
minimum of the latitude curve is shifted northward. 
It is to be remembered that these results depend on 
gz’/m= —0.012. If g2° were positive instead of negative, 
for example, a southward shift of the cosmic-ray latitude 
curve would be predicted. 

There is a way of checking the validity of Table II. 
It is a computational check, that is, a test of the 
numerical work. The north vertical cutoff minus the 
south vertical cutoff in percent was found by starting 
with the model: dipole plus zonal quadrupole. In the 
next section, a closer approximation to the earth’s 
field is reviewed: the off-center dipole. Schmidt® has 
shown that the off-center dipole is equivalent to the 
centered dipole plus the zonal and tesseral quadrupoles. 
We expect, therefore, that the closer approximation 
will give roughly the same north minus south vertical 
cutoff as Table II, since it is mainly the zonal quad- 
rupole which causes a north-south asymmetry. In fact, 
the off-center dipole does give approximately the same 
north vertical cutoff minus south vertical cutoff, as 
shown in Fig. 7. 

A northern shift in the cosmic-ray latitude curve 
would be most easily observed with a neutron monitor, 
which is a latitude-sensitive and high-count rate de- 
tector.’ We consider the following experiment: A meas- 
urement of cosmic-ray intensity has been made at a 
given latitude in the northern hemisphere. Then at 
what southern latitude should the same intensity be 
expected? If corrections are made for time variations, 
the same intensity should be observed where the vertical 
cutoff rigidity is the same. Thus if the northern meas- 
urement is at 45 degrees, we would expect the same 
intensity at 44.2 degrees in the southern hemisphere, 
or a northward shift of 0.4 degree is predicted. In 
particular, the minimum is predicted to occur at lati- 
tude 0.6 degree north. The amount of the shift de- 
creases near the knee of the latitude curve. Such a shift 
is just at the threshold of observability now. If a 
secular change of the earth’s field were to bring about 
a zonal quadrupole two or three times greater, however, 
a north or south shift would probably be observable. 


Ill. OFF-CENTER DIPOLE 


The off-center dipole has been discussed extensively 
in the literature.*” The discussions have been based 
upon the magnetic survey of 1922, however, and it was 
felt worth while to calculate the magnetic center using 
the survey of 1945. The results of this calculation are 
given in this section together with a treatment of the 
vertical cut-off rigidities differing slightly from that 
given previously. 


® Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 
” T. H. Johnson, Revs. Modern Phys. 10, 193 (1938). 
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It is well known that the centered dipole and five 
quadrupole terms of the earth’s field can be replaced 
by a single dipole at the magnetic center having the 
same strength and direction, together with two quad- 
rupole terms specifying a sectorial quadrupole. The 
equations for the magnetic center have been derived 
by Schmidt.* He had calculated the magnetic center 
for the 1922 magnetic survey and several previous 
surveys. Using his method, we have calculated the 1945 
magnetic center and it is compared with the 1922 center 
in Table III. (See also Fig. 4.) 6 is the radius vector 
from the center of the earth to the magnetic center in 
units of earth radii; it is directed towards geographic 
latitude 14 N, geographic longitude 154 E. 

A result of the slow change in magnetic center is that 
a corresponding slow change in knee of the cosmic-ray 
latitude curve would be seen. In making measurements 
of the knee over periods of several years, one would like 
to know what maximum shift in off-center dipole lati- 
tude can be expected, at the present velocity of the 
magnetic center. The average velocity of the magnetic 
center from 1922 to 1945 is 4 km per year. In the lati- 
tude airborne flights of Simpson" in 1948 and Simpson 
and Meyer” in 1954, a northward shift of the knee of 


TABLE III. Off-center dipole. 








’ ‘ Distance 

Coordinates of magnetic center peg 

Toward é centered 

Along geographic 
90°E north 


dipole 
equator 


10kmS 
40 km N 


Distance to 
center of earth 


0.0536 =341 km 
0.0629 =400 km 


Along 
Epoch 0°E 


1922 —0.0509 
1945 —0.0549 





0.0061 
0.0152 


0.0168 
0.0267 








about 3 degrees is observed. A change in magnetic 
center can only account for at most } degree of shift 
between 1948 and 1954. 

It should be noted that the motion of a cosmic-ray 
particle can be referred to the case of the simple dipole 
provided the sectorial quadrupole is neglected and account 
is taken of the observer’s position relative to the off- 
center dipole. Thus, following previous treatments, it 
will be assumed here that the sectorial quadrupole is 
zero. In the next section, however, we will consider 
what the effects are of including a nonzero sectorial 
quadrupole. 

Vallarta has shown* that the effect upon cosmic-ray 
intensity of the off-center dipole is that a vertical cut- 
off is defined which depends upon longitude, thus 
qualitatively explaining the cosmic-ray longitude effect. 
It should be pointed out that vertical now refers to 
magnetic vertical, that is, the line between the observer 
and the magnetic center. Geographic vertical is the 
line between observer and the center of the earth and 
will therefore be different from the magnetic vertical. 
We introduce then the relative change: off-center dipole 


uJ. A. Simpson, Phys. Rev. 83, 1175 (1951). 
12 J. A. Simpson and P. Meyer (to be published). 
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Fic. 4. Position of the magnetic center for various epochs. 
The axes are geographic. 


cutoff minus centered dipole cutoff, or (V’—N)/N. In 
changing from a centered dipole to the off-centered 
dipole, there is a change in the radius vector, which is 
most important in the equatorial plane, and becomes 
less important at higher latitudes. There is also a change 
in latitude which is more prominent at higher latitudes. 


One finds 
N’—N 1 cosy’ 


N r’? cosh 





where r’ is the off-center radius vector in units of earth 
radii and X’ is the off-center latitude. (V’—N)/N is 
computed for several latitudes and is given in Figs. 5 
and 6. We notice that the northern and southern hemi- 
spheres are slightly different. As a measure of the 
north-south asymmetry, we consider the quantity 
[N’(A)—N’(—A)]/N. It is plotted as a function of 
latitude in Fig. 7 and it is seen that there is approximate 
agreement with the north-south asymmetry, obtained 
from the zonal quadrupole alone. That there is‘not an 
exact agreement is due to the fact that the magnetic 
vertical for the off-center dipole does not coincide with 
the geographic vertical. 





é 





x 
3° 


PER CENT CHANGE OF VERTICAL CUTOFF RIGIDITY 





i 


1 





| } 
T20W sow 
sow 60 


(S0E (206 
GEOMAGNETIC LONGITUDE. ¢ 


Fic. 5, Off-center vertical cutoff minus centered vertical cut- 
off in percent. The equatorial curve has its maximum at the point 
of nearest approach to the magnetic center which is approximately 
at 135 W magnetic longitude. 
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Fic. 6. Same as Fig. 5, but for the northern hemisphere. Except 
for the equator, the two hemispheres are different. 


IV. SECTORIAL QUADRUPOLE 


We would like to point out that up until now models 
of the earth’s field have been considered which either 
could be referred to the case of a single dipole, or else 
had axial symmetry. With the off-center dipole and 
sectorial quadrupole, however, there is no longer the 
possibility of referring to a single dipole, nor is there 
axial symmetry. 

A sectorial quadrupole can be represented by two 
equal and oppositely directed dipoles at an infinitesimal 
distance apart. The plane determined by the equal and 
opposite dipoles is perpendicular to the off-center dipole, 
as a consequence of the definition of magnetic center.® 
The cylindrical symmetry is destroyed (Fig. 8). The 
relative strength of the sectorial quadrupole to the 
dipole decreases with increasing distance from the earth. 
Stoermer’s theorem will still be approximately valid. 
The question is, “how valid?” 

Another way of stating the problem is as follows: 
Suppose we have a negative cosmic-ray particle leaving 
the earth and traveling out to some asymptotic latitude 
and longitude. (This is equivalent to a positive particle 
coming from infinity to the earth.) With the simple 
dipole, the position and velocity at every point along 





Fic. 7. The solid 
curves are the north- 
ern off-center verti- 
cal cutoff minus the 
southern off-center 
vertical cutoff. The 
dotted curve is north 
vertical cutoff minus 
south vertical cutoff 
for the centered di- 
pole plus zonal quad- 
rupole model. Curves 
A, B,C, D, E are for 
magnetic longitudes 
135 W, 90 W, 45 W, 
0 and 45 E respec- 
tively. 
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the trajectory will satisfy Stoermer’s theorem for a 
negatively charged particle. 


R cos\ cosw— (cos*d)/R= B. 


With the addition of the sectorial quadrupole, the 
effect upon the particle is that it will travel along a 
slightly different trajectory. If the coordinates of the 
particle along the new trajectory are denoted by a 
subscript g, they will satisfy the equation 


R, cos\, cosw,— (cos*A,)/R,= B+6B, 


where 6B is zero at the surface of the earth. 6B increases 
in magnitude as the particle travels away from the 
earth. The problem is, then, “to what magnitude does 
6B increase?” A few earth radii away, the sectorial 
effect drops off in importance and ordinary Stoermer 
theory applies, but with the changed impact parameter. 

We choose a system of coordinates with the magnetic 
center as the origin, the off-center dipole pointing down- 
wards along the negative z axis. Referring to Fig. 8, 
the g’=0 axis passes through the two north poles of 


z 
} 


Fic. 8. Illustration 
of the coordinates 
used for the off- 
center dipole, plus 
sectorial quadrupole 
model. 








the quadrupole couple. The magnetic potential, V’”’, of 
off-center dipole and sectorial quadrupole can be 
written 
— a'g.? 
V"'= P,°(cos6’) sie i cos2¢’ P:*(cos6’). 


r? 


By the method of Schmidt, g;? is found to be 208 10~ 
gauss and the g’=0 axis is directed toward 17° E 
geographic longitude. 

The equations of motion of a charged particle have 
been considered in this field and there are a few general 
statements that can be made about them. First, if the 
motion is entirely in the equatorial plane, we are re- 
duced to the dipole case, except that there is a slight 
acceleration in the z direction tending to deflect the 
particle out of the equatorial plane. Second, as with 
the simple dipole equations, there is no solution in 
terms of known functions. The solution could be ob- 
tained by numerical integration. Rather, an approach 
has been made via Stoermer’s theorem. In ordinary 
Stoermer theory, it is the equation containing the 
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second derivative of the longitude that is integrated to 
give Stoermer’s theorem. With the addition of a sec- 
torial quadrupole, only a part of the equation can be 
integrated, and the rest of it is left as an indefinite 
integral, multiplied by the ratio of sectorial quadrupole 
strength to dipole strength, g2?/m, which is 7%. It is the 
indefinite integral multiplied by g2*/m which we have 
called 6B. For two cases it has been evaluated by a 
first-order perturbation method. We have integrated 
two dipole orbits, that is, they are the unperturbed 
trajectories (q¢22=0). They are inserted in the integral 
and it is evaluated numerically giving us 6B to first 
order in g:?/m. 5B for the two cases is given in Fig. 9 
as a function of arc length (measured in units of earth 
radii). The two cases are negative particle orbits of 
magnetic rigidity 19 Bv and 6 Bv leaving a latitude of 
45 degrees vertically with respect to the off-center 
dipole. The initial geographic longitude is 73 W or near 
the eastern seaboard of the United States. 

It must be emphasized that we have started with a 
known orbit and have assumed that the perturbed orbit 
was in the neighborhood of the known orbit. In reality, 
it could happen that the perturbed orbit is quite differ- 
ent from the unperturbed. For example, the unper- 
turbed orbit might have a rigidity below the cutoff and 
hence return to the earth, whereas the addition of the 
sectorial quadrupole would perturb the orbit so that it 
could go on out to infinity. 

Returning to a more qualitative discussion, we expect 
the sectorial effect upon cosmic-ray intensity to show 
up more at middle to high latitudes rather than at the 
equator, first because 6B is in general larger for low 
energies, second because the equations revert essentially 
to the simple dipole case in the equatorial plane. The 
sectorial effect would be observed experimentally by a 
detector traveling around the earth at a constant 
middle geomagnetic latitude. The cosmic-ray intensity 
as a function of longitude would be a one-period sine 
curve due to the off-center dipole, and superimposed 
would be a two-period sine curve due to the sectorial 
quadrupole. 


V. CONCLUSIONS 


A study has been made of the motion of charged 
particles in the earth’s combined quadrupole and dipole 
magnetic fields. The influence upon cosmic-ray intensity 
of a quadrupole axially symmetric about the centered 
dipole, is to shift the latitude curve northward or 
southward. In particular, the results of the 1945 mag- 
netic survey indicate that the shift is northward, and 
such that the minimum in the cosmic-ray latitude curve 
should occur at 0.6 degree north of the centered dipole 





Fic. 9. Plot of 
the varying term 6B 
which must be added 
to Stoermer’s equa- 
tion in the off-center 
dipole plus sectorial 
quadrupole model. 
Curve a is for a 19- 
Bv orbit, curve 6 for 
a 6-Bv orbit. Arc 
length is in units of 
earth radii. 
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geomagnetic equator. The shift decreases to } degree 


near the knee of the cosmic-ray latitude curve. 

The distance of the magnetic center from the geo- 
graphic center is computed to be 0.0629 earth radii on 
the basis of the 1945 magnetic survey. This is compared 
to the 1922 value 0.0537. Cosmic-ray intensity in the 
off-center dipole field is taken into consideration by 
computing the off-center vertical cut-off rigidities for 
several geomagnetic latitudes. The expected longitude 
effect is larger in 1945 than in 1922. 

The trajectory of a charged particle in the earth’s 
sectorial quadrupole and off-center dipole field can be 
treated as a simple dipole trajectory which is perturbed 
by the asymmetric sectorial quadrupole. The effect of 
the sectorial quadrupole is described quantitatively by 
adding a new variable term to the impact parameter in 
Stoermer’s theorem. For two trajectories the magnitude 
of this term is calculated by a first-order perturbation 
method. The physical interpretation attached to the 
variable term is an uncertainty in the asymptotic lati- 
tude and longitude of the two trajectories. Qualitatively, 
the effect upon cosmic-ray intensity of the sectorial 
quadrupole is predicted to be a two-period sine curve 
in the longitude effect at intermediate latitudes. 
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It is shown that the principle of microscopic causality is sufficient and in general also necessary for the 
existence of dispersion relations for the derivatives of the no-spin-flip amplitude with respect to cos#, taken 
at zero angle. Physical dispersion relations are derived for these quantities, neglecting the nucleon recoil. 

The dispersion formulas for the first derivative reduce to the no-spin-flip parts of Low’s P-wave equations, 
if one neglects in addition to the recoil all inelastic processes and contributions from partial waves with />1. 
In combination with corresponding approximate relations, obtained from the exact dispersion formulas for 
the forward scattering amplitude, one can derive integral equations for S-waves only. The inhomogeneous 
terms of these equations contain the zero-energy scattering lengths. 

Finally, it is shown that in general one cannot derive normal dispersion relations for the amplitudes 


corresponding to individual angular momenta. 





INTRODUCTION 


N a preceding paper’ we have derived dispersion 

relations for the derivative of the spin-flip amplitude 
with respect to sind at zero angle. Corresponding equa- 
tions have been obtained for the no-spin-flip amplitude 
at zero angle, i.e., the forward scattering amplitude.” 
This paper deals essentially with dispersion relations 
for the derivatives of the no-spin-flip amplitude with 
respect to 1—cos#, taken at zero angle.‘ Whereas in 
the cases mentioned above it was possible to derive 
simple dispersion relations using exact relativistic ex- 
pressions, we will neglect here the recoil of the nucleon 
in order to obtain useful equations for the derivatives 


F™ (@)= {[0*F (@, cosd) ]/[0(1—cosd)" }}o-0 


of the no-spin-flip amplitude F(w, cos®). Although we 
can show, on the basis of the principle of microscopic 
causality, that the exact amplitudes F‘(w) may be 
continued analytically into the upper half of the 
complex w plane and that they have no essential singu- 
larities at infinity, the dispersive and absorptive parts 
of F(™(w) have no simple symmetry properties as 
functions of the pion energy w in the laboratory system. 
This lack of symmetry makes the exact physical dis- 
persion relations very involved. However, neglecting 
the recoil of the nucleon, we can easily express all 


*Supported by a grant from the U. S. Atomic Energy 
Commission. 

1R. Oehme, Phys. Rev. 100, 1503 (1955) ; hereafter referred to 
as Oe I. 

Note added in proof.—In Eq. (34) of this paper the factor yu?/g* 
inside the bracket must be replaced by the factor (— 1). Then one 
obtains in Eq. (34a) T'y=2f?(1—y?/4M?) and the constants I'y and 
I’, are exactly equal. The factor (1—*/4M?*) can be absorbed in 
the definition of the coupling constant f*. Furthermore in Eqs. (31) 
and (31a) a factor (1—?/2M*) has been omitted. The same factor 
appears in the dispersion relations for the forward scattering 
amplitude, and it also should be absorbed in en definition of f*. 

2M. L. Goldberger, Phys. Rev. 99, 979 (1955 

3 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

‘ The existence of dispersion relations for such derivatives has 
been suggested by _— Mann, Goldberger, and Thirring, Phys. 
Rev. 95, 1612 (1954). Y Nambu has obtained similar relations 
using a completely different approach: Y. Nambu (private 
communication). 


functions appearing in the dispersion relations by 
physically measurable quantities. 

The method employed in deriving the dispersion 
formulas is essentially the same as used in Oe I. We 
express the elastic pion-nucleon scattering amplitude 
by the boson field operators $3(«)=(1/v2)[¢1(x) 
+id2(x)] and ¢o(x) and show that the principle of 
microscopic causality is sufficient and in general also 
necessary for the existence of the dispersion relations. 
The important mathematical tools for this proof are 
the Titchmarch theorems about Hilbert transforms. 
The resulting integral relations are then converted into 
physical dispersion relations by use of the invariance of 
the theory under charge conjugation. Furthermore, we 
obtain a contribution due to the neutron as an inter- 
mediate state of the pion-proton system. 

If we neglect, in addition to the nucleon recoil, all 
inelastic processes and all contributions from partial 
waves with orbital angular momentum />1, we obtain 
from the dispersion relations for the first derivative 
Fw) the no-spin-flip parts of Low’s equations for 
P-wave pion nucleon scattering.* The spin-flip parts of 
these equations have already been obtained in Oe I 
from the corresponding exact dispersion relations. With 
the approximations listed above the exact dispersion 
formulas for the forward scattering amplitude reduce to 
relations containing S and P waves only, the P-wave 
parts being identical with the equations obtained from 
F®(@), Thus we find by subtraction approximate S- 
wave equations, whose inhomogeneous parts contain 
the two zero-energy scattering lengths. From the dis- 
persion relations for F® (w), we can derive approximate 
D-wave equations, but they are homogeneous because 
of the neglect of recoil. In the final section of this paper 
we show that in general there cannot exist dispersion 
relations for amplitudes corresponding to individual 
angular momenta. 


SE. C. Ee eee Integrals (Oxford University Press, 
New York, 1937), p 

°F. E. Low, Ph “4 “sd 97, 1392 (1955); G. F. Chew and F. E, 
Low, Phys. Rev. 101, 1570 (1956). 
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DISPERSION RELATIONS FOR PION SCATTERING 


I. DERIVATION OF THE DISPERSION RELATIONS 


We write the elastic pion-nucleon scattering ampli- 
tude in the form 


T (w,3,6) = F (w, cos?) +iG(w, cos?)o-qXk, (1) 


where q and k are the momenta of the incoming and the 
scattered pion, respectively. If 7} and 7; are the ampli- 
tudes for isotopic spin $ and 3 and if 7,+ and T,» denote 
the amplitudes for the reactions r++ p— p+7* and 
1+p— p+’, then we have 


Ty+=Ty, Tr-=3{T;4-27j}, T= ${2Ty+-Ty}. (2) 


We consider only the interaction due to nonelectro- 
magnetic forces, which shall be described by the 
current operators : 


ja(%) = —(Q—-v*)o2.(a), 
jo(x) = — (L)—#")¢0(z). 


As in Oe I, we assume for reasons of simplicity that the 
current operators do not depend on time derivatives of 
the pion field operators. On the basis of general prin- 
ciples’ we can express the no-spin-flip part F(w, cos#) 
of the scattering amplitude in the form 


+00 
F,+(, cosd)=i f dyorom ff siye oes 


2 


(3) 


x} Tr| (ve, cosd), po(w, cosd)|T(j.."(x,0), f(y.) 


0 
~8(y9)| e!(0), (90) 0M) . (4) 
OV 


Here we have already extracted the, function 2x 
X65(potk, —M—w) describing the conservation of 
energy, and we have restricted ourselves to the labora- 
tory system. The trace is to be taken with respect to 
the spin variables of the initial proton state |0,M) and 
the final state | p,po). A corresponding expression may 
be written down for F,». In the following, we omit the 
subscripts r+ and 2° wherever it is clear what has to 
be inserted for 7 and ¢ in order to obtain the special 
amplitudes. We want to derive dispersion relations for 
the functions 


(5) 


d"F (w, cos’) 
F™ (@)= (— ) : 
8(1—cosd)" J a0 


In order to achieve this, we would like to continue 
these functions analytically into the upper half w,plane. 
A priori, F (w) is only defined for real w >, and we 
continue g-"F (w) in the form 


1 /0"M (a, cos?) 
Mma) =—(——— ) 4 (6) 
g"\ d(1—cosd)” J 20 


7See Oe I for a detailed discussion as well as for references. 


where 


Mw, cosv) 


+00 
-if dyoe tm ff aPaatye- ee 


x} Tr} a(—y00 polLit(y,0), j(y.90) 10,31) 


eo) 
—i(y0)(p, o [ir =o 0) |. 


One can easily check that 


M (a, cos?) = F (w, cos?) for real w >, 


8 


(6a) 


(7) 


for instance by decomposition of the matrix elements 
appearing in Eqs. (4) and (6a) with respect to a com- 
plete set of positive energy states of the interacting 
system. It will be shown in the appendix that the 
complete relativistic function M“(w+iv) is analytic 
for v>0, provided the condition of microscopic causality 
holds, i.e., if 


[o*t(x),o(y)J=0 for (8) 


Assuming furthermore that M“(w) is L?(—»,4+0) 
[i.e., that Mw) is Lebesque square-integrable from 
—« to+ © ], it follows from the Titchmarch theorems 
that the relation 


(x—y)*?>0. 


1 + 1) (oy!) 
M“ (w) = —P f _ —do)' (9) 
wi J_, w'—w 


holds almost everywhere. We believe that Eq. (9) is 
true also for the higher derivatives Mw), but it has 
not been proven explicitly. We have already mentioned 
in the introduction that we cannot convert Eq. (9) in 
a simple way into physical dispersion relations because 
the real and imaginary parts of M‘" (w) have no simple 
evenness or oddness properties. These difficulties dis- 
appear if we neglect the recoil of the nucleon. In this 
case, we have instead of Eq. (6a) 


+o 
Mw, cosd)=i f dyortem ff dxatye i tgia-? 


x4 Tr{n(—y (P| Ct(x,0), (y.90) I] P) 


Op 
—i(y) P [imo (v0) P|, (10) 
Yo - 


and the M‘” (w) are defined as before. In Eq. (10), the 
state vector | P) describes a fixed proton; the bar shall 
indicate the neglect of recoil. By use of the invariance 
of the theory under space reflections, it follows that 
we can replace the factor exp(—ik-x+iq-y) by 

8 This function M (w, cos?) corresponds to Goldberger’s function 


M(w) in the case of the forward scattering amplitude; see ref- 
erence 2. 
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cos(k-x—q-y) or cos[g(x-x—m-y) ], where x and m are unit vectors in the directions k and q, respectively. 


After this replacement we find the relation 


M,+(—w, cosd)=M,**(w, cosd), 


(11) 


which will enable us later to convert Eq. (9) into physical dispersion relations. 
_ We will prove now that the causality condition (8) is sufficient and necessary for the validity of Eq. (9) for 
M“” (w), provided this function is sufficiently bounded for w—> ». For n=1, we find, by use of the relation 


1 2 (w, cos#) 


M (w)=-—- 
) ¢ \ d(1—cosd) 


that 


M%(w)=i f aye f f xy) a aL 


—. q 


00 ¢ 


1 [= (w, cos?) 


: (12) 
0 sin*d 8.0 


—(1-x) cosCa:(x—3)]| 


dg 
X4 Tr] (—)(PILAN%0),j(9.99]1P)— B90 P E 0); 55) py}. a 


Here we have introduced the unit vector l= nm where n sin? =m x. In order to apply the Tirchmarch theorems 


we have to show that the Fourier transform of M“ (w), 


+o 
MO (E)= [dae ei (W), 


(14) 


vanishes for all negative values of >. We insert Eq. (13) into Eq. (14) and interchange the space-time integration 
with the w integration. This interchange is certainly permitted if we assume that M(w) is L?(—2,+0). We 


obtain 


t 3 ae 
M (E) =i J dys f f dxd*y} Tr| (PIL; 0), 595-90 P)—8(0{ P [io ~,-s0| P| 


|x—y| <0 


+00 


—o 


xf daciet-to| PO nth LA (I-x)? cos[q: ay], (15) 


q 


where we have already used the causality condition. The integration can be easily performed and yields 





is ) sin{_(w*—*)'m- (x—y) ] ' for 
dwe* (vo-fo) = 
a (w*—y?)! 
and 
+20 
f dwe* (vo—€o) cos[_ (w*—”)'m- (x—y) ] 


0 for |yo—&|>|m-(x—y)| 


5—singularity at | yo— | = |m-(x—y)| 


mum: (x—y) 


i{Lm- (x—y) P— (yo— £0)*}? 





If <0, both integrals vanish for |yo| > |m-(x—y)]; 
therefore, because |x—y| >|m-(x—y)|, they are zero 
for the whole region of the space-time integration in 
Eq. (15). Thus we have 


MO(E)=0 for <0, 


and, together with the square integrability of M“ (w) 
on the real axis, this condition is necessary and suffi- 


J o{iv[(m- (x—y))?— (yo— Eo)" ]#} for 


1 s{iu[ (m- (x—y))?— (yo— £0)? 4} for 


| Yo fo] > |m- (x—y) | 


| yo— &o| <|m-(x—y)|, 
(16) 


| yo— &o| <|m-(x—y)|. 





cient for the validity of Eq. (9) for M(w). In case 
the commutators in Eq. (13) do not vanish for 
|yo|>|x—y|, then the Fourier transform Jt (&) is 
in general not zero for all <0. In this sense, the cau- 
sality condition is sufficient and necessary for the va- 
lidity of the dispersion relation. For »>1, the proof 
can be made along the same lines and thus we have for 
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all m>1 the relation 4 
1 tM, + (w’) 
M+ (w)=—P — de’. 


m1 4_, 


(17) 


’ 
@ —@ 


The corresponding equation can be obtained for 
Mow). 
II. PHYSICAL EQUATIONS 


In order to convert Eq. (17) into physical dispersion 
relations, we make use of Eq. (11), which implies that 


RS rane, (18) 
ImM ,+™ (—w)= —ImM,-™ (a). 
Using these properties, we find from the real part of 
Eq. (17), 
j Re( M+ (w) +i. (w)} 


2 o 4 Im{M + (w’)+M,-™ (w’)}o! 
of is 
0 





I 
T w’?— 


1 Re{M,+™ (w) —M,-™ (w)} 
2a 6° ELm( T+ (Mw!) 





du’, (19) 
r Yo w?— 


and for neutral mesons, correspondingly, 


ks 2 > Im{Mo™ (w’)}o’ 
Rell (a) =—P f dw’. 
mw Yo w’2— 





(19a) 


These integrals contain the imaginary or dispersive 
parts of the amplitudes only for positive real values of 
w. Thus, it remains to express the contributions from 
the region 0 <w <y by physically measurable quantities. 
By decomposition of M,+(w, cos#) with respect to a 
complete set of physical intermediate states |m) we 
find for the imaginary part 


ImM ,+(w, cos’) 
= Tr D {(P|ja!(k)|m)(m| jx (a) | P)x8 (on—w) 
— (P| jx(a)|m)(n| j21(k)| P)r5(on+e)}, 


where we have introduced the matrix element 


(20) 


(al j(q)|6)= f @Pxe'x-*(a| j(x,0) |). 


In the region 0<w<y, the only contribution to Eq. 
(20) comes from the physical neutron as a possible 
bound state of the interacting system. This contribu- 
tion appears at the energy w=w,=0. Because of the 
pseudoscalar properties of the pion the matrix element 
(N | 7_-(q)|_P) must be of the form 


(N | j-(q)| P)=iv2f(¢)(@-a/n), (21) 


where |) is the state vector of the fixed neutron. The 
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element (NV | 7;(q)|P) vanishes because of charge con- 
servation. Thus, we find, for the region 0<w <u, 
ImM ,+(w, cos?) = F2| f(¢*) |*[ (a: k)/u* 6), 
and, by use of Eq. (6), this leads to 


(22) 


1 
+2n| f(—n*)|*—3(w) for n=1, 
bu 


ImM ,+™ (w) = (23) 


0 for n>1. 
For neutral mesons, we obtain 
ImM,»™(w)=0, for n>0, (23a) 


Now we introduce Eqs. (23) and (23a) into the dis- 
persion relations (18) and find by use of M™(w) 
=¢"F) (w) for w > and the definitions 

D™ (w)=ReF™ (a), 

A™ (w)=ImFP™ (a), 
the physical dispersion formulas 

2(w*— py?) n 

De (w) + De (w)} = 


us 
a 4{A,+™ (w’)+A.-™ (w’)}o’ 
xP f 
“ (w?—p?)"(w?—w?) 


2w (uw — p?) n 
4{D,+™ (w)—D,-™ (w)} =— —— 





wy, 


Tv 


“HAs (w!)—A (w!)) 
xP f de! 


» ww 





2(w?— 7)” 0 A 7) (wey! 
pf i 
: (up) "(u— Wt) 


u 


du’. 


Dy (w) = 





Note that the low-energy behavior of the dispersive 
parts is given correctly by the factors (w’—,?)" in front 
of the integrals, because D‘"(w) contains only partial 
waves with angular momentum />n. The constant 
f?=|f(—w?)|? in the inhomogeneous term can be 
directly identified with the corresponding constant 
appearing in the dispersion relations for the forward- 
scattering amplitude,’ as well as with the constant in 
the spin-flip relations.! 

In the case when the amplitudes M™(w) are not 
sufficiently bounded on the real axis to make the 
integral in Eq. (9) convergent, we have to supply more 
powers of w in the denominator in order to derive dis- 
persion formulas. These relations will then contain 
additional inhomogeneous terms. [For an example of 
such equations in the case of the spin-flip amplitude, see 
Eqs. (36) in Oe I. ] 

If we now add and subtract the first two relations of 
Eq. (24), we obtain dispersion relations for the in- 
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dividual amplitudes D,+“™ and D,-“: 
(w*—p?)” « 
D,*+™ (w)=———_——-P — 
T “u (w’?— yp?) “s 
A,*™ (’) “| 2h? ww? 
ee me aie 
wo’ +w 
(w*—p?)™ 2 dy! 
rj 
(wo’2— 2)" 
A,-™(w') Az’) 2f? w—p? 
ere 


ae . 
wo’ +w we ow 


PRO Ty Tees ’ ’ 
, 9 
wo—-w we w 


D,-™ (w)= 





T u 





w’—w 
By use of the relation 
d"P;(cos#) (—1)" (+n)! 
eons 


, for l>n, 
d(1—cos#)” 2"! (i—n)! 
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we can easily express the derivatives FP (w)=D (w) 
+iA“)(w) in terms of phase shifts. For fixed isotopic 
spin 7, we find 


(—1)" * (+n)! 
2"! I=n (l—n)! 
X { (+1) dee, 214:1'(w) +1a2,, 1-1'(w)}, 


where the quantities dz,,2;' are given by 





FL (@)= 


(26) 


exp[ia2 1, oj! (w) ] sine, r, oj! (w) 

(e— yt 
If we now insert the expression (26) into the dispersion 
relations (25) for n= 1 and neglect all inelastic processes 
as well as all contributions from phase shifts with />1, 


then we find by use of Eqs. (2) the following approxi- 
mate P-wave equations: 


(27) 





Ger, 2j (w = 





, 


${2 sin2a33(w)+sin2a3;(w)} -‘pf 


g 


” =| 2 sin?as3(w’)+sin*as1 (w’) 


@o—-w® 





2 sin’as3(w’)+sin’as: (w’) +4 sin*a13(w’) +2 sin’as:(w’) af ¢ 
ss a Bid 


${2 sin2a33(w)+sin2a3:(w)+4 sin2a13(w)+2 sin2a1:(w)} 


? 
ww 


3(w’+w) 


(28) 





T q® 3(w’—w) 

These are just the no-spin-flip parts of Low’s equations.*® 
The spin-flip parts have already been obtained in Oe I 
from the dispersion relations for the derivative of the 
spin-flip amplitude with respect to sind at zero angle. 
Thus, we have shown that the Low equations are 
essentially a consequence of the principle of microscopic 
causality and can be obtained by certain approxima- 
tions from the more general dispersion relations. 

The dispersion formulas for the forward scattering 
amplitude reduce, when one neglects inelastic processes 
and contributions from />1, to approximate equations 
containing S and P waves. For fixed nucleons, the 
P-wave parts of these relations are identical with Eqs. 
(28) and therefore with the no-spin-flip parts of Low’s 
equations.’ Because we have obtained these relations 
separately and under the same approximations, we find 
by subtraction formulas which contain only S waves. 
They can be written as integral equations in the form 


a3(w) - (2+=)axt+ (1 ~~ Jou 


cf eric 
rl, 3w'tu) 


1 2w w 
ar(e)=>| (+= Jovan +2(1—“)ant) 


@ pda! \ar(w')|? | Alas(o’)|*—|ar(w') 
- 3(co’+w) 





w'—w—ie 





wr, 7 lw'—w-ie 


f. , dus’ | 2 sin?as3(w’)+sin’as;(w") +4 sin’a13(w’) +2 sin’an(w’) 2 sin’a33(w’)+sin’as; (w’) 2f° ¢ 


4 
ww 


w’+w 





where we have written a; for as,;° and a; for a;,;°; the 
constants a@3(u) and a;(u) are the two zero-energy 
scattering lengths. Note that the imaginary parts of 
Eq. (29) are identities. There are additional inhomo- 
geneous terms of the order 4/M which result from the 
neutron as an intermediate state of the system. These 
terms are proportional to g*/w* and they are probably 
not negligible at somewhat higher energies.? 

We may also derive approximate D-wave equations. 
The no-spin-flip parts are obtained from the dispersion 
relations (25) for the second derivative F,+®(w) and 
the spin-flip parts from the dispersion formulas for 


0G,+(w, —) 
I 


caym( 
d(1—cosd) 

provided we neglect in these dispersion relations, in 
addition to the nucleon recoil, all inelastic processes 
and the contributions from partial waves with />2. 
But it can be seen from Eqs. (25) that, because we 
neglect the recoil, these integral equations do not 
contain inhomogeneous terms. If we consider the solu- 
tion d2,,441°(@)=0 as the only physically reasonable 
one, then this would reflect the well known fact that 
the D-wave scattering is a relativistic correction to the 


9A discussion of these and other corrections of the order u/M 
will be possible in connection with a paper by Gell-Mann. Gold- 
berger, Nambu, and the author on dispersion relations for ampli- 
tudes with fixed momentum transfer. The solutions of the S-wave 
equations are being studied by M. L. Goldberger and the author. 
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P-wave scattering. This seems to be reasonable from 
the experimental point of view, because in the low- 
energy region (say up to 200 Mev) Fermi’s assumption” 
that the D waves give a negligible contribution to 
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scattering is probably quite good. But presumably there 
exist also other solutions of the homogeneous D-wave 
equations, which may contain an infinite number of 
adjustable parameters." 


Ill. AMPLITUDES FOR INDIVIDUAL ANGULAR MOMENTA 


In the preceding section, we have derived approximate equations for individual angular momentum amplitudes 
from general dispersion relations for the derivatives of the scattering amplitude with respect to angle. The question 
naturally arises whether one cannot find exact dispersion relations for the individual angular momentum ampli- 
tudes themselves, at least within the static model. In this section we will give an argument that the Fourier trans- 
forms Qt:(o) of these amplitudes do not vanish for all §)<0, even if the causality condition is valid. As an example 
we start from the expression for the no-spin-flip amplitude given in Eq. (10). Decomposition into partial waves 


leads to J Cea? a ry on 
x(w*®— J _ 
M(w)= é dx f dy(xy)'**(2x)8 f dye” 1(%,7,— Yo) ie. tat “ (30) 


[x(a [y(ur— 





where M;(w) is defined by 
(31) 


?) ; (32) 


where cosg= x: y/xy. The condition of microscopic causality demands that the commutators in Eq. (32) vanish 
for |yo| <|x—y]|. Therefore, x1(x,y,yo) is zero for |-yo| <|x—y| and the yo integration in Eq. (30) runs effectively 
only from yo > |x—y| to infinity. We now want to calculate the Fourier transform 


M (w, cos8) =D g?'M1(w) Pi(cosd). 
l=0 
The function x; is given by the integral 


21-+1. 
xu(%,9,Vo) = ; 1 


0d 
[iro cron] 
0 


icon dennat Tr (PILINGO), iy) P)—8 P 
Yo 


—1 


(33) 


+00 
MNi(é) = f dese-\*t0fT (ew). 


Assuming that M;(w) is sufficiently bounded, we can interchange the w integration with the space-time integration 


and find: 





saad J July 1 1 * 
f dwe'*® ‘vo-€o) 44 (9) 14409) =— f dg sin?+1y 
(xg)*4 (yg)*# 2" P(1+1)%0 
(0 for (vo—&)?>a*+’—2xy cosy 
[x2+ y’— 2xy cose— (yo— fo)? ]"” 


[x2+5°—2 pin (—1)'J Ciu[?+y"— 2xy cose— (yo— Eo)? }') 
x+y — 2xy cosy 





for (vo—&o)?<2°+y’—2xy cosy. (34) 
Introducing Eq. (34) into Eq. (33) yields, finally, 


Wie) : | ‘ie sint/+1y f ae f “dylay)* 
is ut T(l+1)4, 0 0 


(2%+-y2-27y cosy) t4+£o [ 
x f dyoxi(x,¥,— Yo) 


|z—y] 


«+ y"— xy cose— (yo— Eo)? }!? 
[a?-++-y’— 2xy cosy P+? 
X (—i) Jilin ?+9"— 2xy cosy— (‘yo Eo)? }*). 





(35) 


- Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952). 
1 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). The author wishes to thank Professor F. J. Dyson for sending him 


a preprint of this paper. 
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We can see that in general the Fourier transform does 
not vanish for all <0, provided the function x;(x,y,¥o) 
is not zero in the remaining region of integration. It 
seems very improbable that one can find physically 
reasonable interactions such that the matrix element of 
the commutator [j'(x,0), 7(y,¥o)] vanishes in the 
time-like region |x—y| <|yo| <|x|+]y|. Because the 
vanishing of the Fourier transform is necessary for the 
existence of relations like Eq. (9) for Mi(w), we cannot 
expect in general to obtain dispersion relations for the 
individual angular momentum amplitudes. Although we 
have restricted ourselves in the foregoing to the case of 
fixed nucleons, we believe that the same holds in the 
general relativistic case. 

If the pion-nucleon interaction should be such that it 
vanishes exactly outside a certain radius a, then we 
find from Eq. (35) that Dti(fo)=0 for &<—2a and 
we can derive dispersion relations for the function 
eM ,(w), where a> 2a." In this case, the amplitude 
M (w+ iv) itself has an essential singularity at infinity. 
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APPENDIX 


In this appendix, we will show that the Fourier 
transform §t“) (>) of the exact relativistic amplitude 
Mw) vanishes for all <0 as a consequence of the 
causality condition. The function M (w, cos?) given in 
Eq. (6) can be written in the form 


M (w, cosd)=i f dyin f dyes 
0 


xX} mr| (p,po|L71(0), i(y,— 40) ]|0,M) 


Op 
—5(vo Pol} 71(0), —(y,—vo0) }]0,M >;, (Al 
vw) vp [i0, =o | | (A) 


where we have omitted the factor (27)*s(p+k—q) 
describing the conservation of momentum. The total 
energy po of the recoil nucleon is given by 


po(w, cos?) =w+M 
(u?+ Mw) (wt+M)+¢@ cosd(M?—? sind)! 
(w+M)*—¢ cos*d 


12 Similar results have been obtained by N. G. van Kampen, 
Phys. Rev. 89, 1072 (1953), for the scattering of the electro- 
magnetic field by a fixed center. 
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For reasons of relativistic covariance the trace in Eq. 
(A1) must be a function of y*— yo, yo, po and p-y; this 
function will be denoted by G. By use of Eq. (12) we 
can now write down M“(w) in the form 


1 co) 
M® (w) = -f dyocen f d®ye*4 y 
¢ 0 lyl <vo 


ie = Yo", Yo;Po,P*Y) 
é sin’? 





where we have already employed the causality condi- 
tion, which guarantees, that G=0 for"space-like regions 
y’—yo?>0. From Eq. (A2), we find 


Opo d(p-y) 
( ) =0, ( : ) =—q(I-y), 
0 sin? so 0 sin? / 80 
(A4) 
( F*po ) Lp (=) 
asine/o.0 M asin’? Joo 


=(an(14+—), 


where | is the unit vector defined below Eq. (13). Per- 
forming now the differentiations in Eq. (A3), we obtain 


i « 
M® (w)= -f dyociem f dyeit-y 
7 0 lyl <vo 


¢ w 
x {xi yo) aely— set man(1+—) 


+eel7—92, weds}, (AS) 


0G 0G 
i= (—) ye (——) , 
Apo pO=M O(p-y) p=0 


ico? 
gk d(p-y)? nn 


In Eq. (A5) the w dependence is completely exhibited, 
and if we calculate the Fourier transform of M“ (w) we 
find easily that 


M (Eo) =0, (A6) 


Together with the assumption that Mw) is 
[?(—«,+) the condition (A6) is necessary and 
sufficient for Eq. (9) to hold almost everywhere, i.e., 
except possibly for a set of measure zero. 


where 


for <0. 
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Ferroelectricity in the Alums* 


Ray Pepinsky, FRANCO JoNA, AND GEN SHIRANET 


X-Ray and Crystal Analysis Laboratory, 
The Pensylvania State University, 
University Park, Pennsylvania 
(Received March 26, 1956) 


RANIER! has reported peaks in the curve of the 

dielectric constant versus temperature in 
ammonium iron alum (—180°C) and ammonium 
aluminum alum (—220°C). Extensive evidence of 
electronic transitions in these and other alums is 
available from paramagnetic resonance measurements ; 
these results have recently been summarized by Bowers 
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Fic. 1. Methylammonium aluminum alum, (NH;CH;)Al(SO,)2 
-12H:0: dielectric constant, measured along the cubic [111] 
direction, as a function of absolute temperature. 


and Owen.’ In a reinvestigation of the optical, dielectric, 
and structural properties of a large number of alums, 
we have discovered ferroelectric behavior in a number 
of these, and antiferroelectricity in others. 


154°K 163°K 
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The behavior of (CH;NH;)Al(SO,)2:12H,O, methyl- 
ammonium aluminum sulfate dodecahydrate (ab- 
breviated MASD), is typical of the ferroelectric 
compounds. Figure 1 shows the curve of the dielectric 
constant ¢, observed along the cubic [111] direction, 
as a function of temperature. The room-temperature 
value of ¢ is about 9; and it reaches a peak of about 
60 at the Curie point, at about 176°K. A plot of 1/e 
versus temperature reveals adherence to a Curie-Weiss 
law in a rather narrow temperature range (~25°) 
above the Curie point. The Curie constant C is about 
1000°. The dielectric peak is accompanied by a very 
sharp peak in the loss factor. At and just below the 
Curie point, characteristic hysteresis loops of polari- 
zation versus field are observed, as shown in Fig. 2 for 
four different temperatures. 

A striking property of these ferroelectrics is that the 
coercive field E, is unusually large, and increases 
rapidly with decreasing temperature. E, is of the order 
of magnitude of 5 kv/cm within two degrees below the 
Curie point, and rises to 15 kv/cm about 25° below 
the transition, for MASD. Saturated ferroelectric 
loops can consequently be observed only in a narrow 
range below the Curie point (about 20°). The value of 
the spontaneous polarization P, of MASD at 166°K is 
approximately 0.6 microcoulomb/cm*—which is 2 or 
3 times higher than that for Rochelle salt at 0°C. 

Urea chromium alum has a Curie point at 160°K, 
and a P, value of approximately 0.1 microcoulomb/cm’. 

We have prepared a large number of substituted- 
ammonium alums, most of which show crystal transi- 
tions above liquid nitrogen temperature. We have also 
examined a large number of alums with K or NH, as 
monovalent and Al, Cr, Fe, Ce, and In as trivalent 
ions ; and we have investigated the effects of deuteration, 
and of substitution of SeO, and S.03 for SO, ions. 
Some of these crystals have transition points below 
77°K, and some indicate antiferroelectric behavior. 
Details of these and other observations will be reported 
subsequently. 

It is interesting that we have been able to prepare 
guanidinium aluminum sulfate and the corresponding 
chromium salt as alums. Guanidinium aluminum alum 
has a transition immediately above liquid nitrogen 
temperature. Normal preparation of the guanidinium 


171°K 177°K 


Fic. 2. Hysteresis loops of methylammonium aluminum alum, (NH;CH3;)A1(SO,)2:12H,0, at four different temperatures. 
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salts leads to the hexagonal hexahydrates, the ferro- 
electric behavior of which has been reported by Holden, 
Matthias, Merz, and Remeika.* 

* Research supported by Air Force Office of Scientific Research 
and Signal Corps Engineering Laboratories. 

t Now at Brookhaven National Laboratory, Upton, New York. 

1J. Granier, Les Diélectriques (Dunod, Paris, 1948). 

2K. D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 305 
(1955). 

* Holden, Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
(1955). 


Resistivity Increase in Water-Quenched 
Gold* 


J. E. Baverte, C. E. KLaBunpe, AND J. S. KozHLER 
University of Illinois, Urbana, Illinois 
(Received April 2, 1956)- . 


PON quenching into water from a high tempera- 

ture (650-950°C) an increase in the resistivity 
of gold wires (99.999% pure, 16 and 30 mil diameter) 
has been observed. The increase is describable by an 
equation of the form Ap=Ae~**/*?, where Ap is the 
increase in resistivity, A is a constant, T is the absolute 
temperature from which the quench is made, and Er 
is the energy of formation of the defects responsible 
for the resistivity increase. It is found that Ep 
= (1,02+0.06) ev, and that for a quench from 800°C, 
Ap=1.2X10-* ohm-cm. Sample results are shown in 
Fig. 1. All measurements were made at liquid-nitrogen 
temperature. The total time required to quench to 
room temperature ranged from 20 to 50 milliseconds. 


T(t) 


© Specimen*2, E,=0.98ev 
© Specimen*6, E,70.99ev 
x Specimen” 6, slow quench 


SAMPLE QUENCH DATA 





i 
a, mo 105 
107’) 

Fic. 1. The dependence of the quenched-in resistivity on the 
quenching temperature. Note that slow quenches indicated by x 
give points falling below the expected exponential dependence, 
particularly at high temperatures. 
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If too slow a quench is used, deviations occur at the 
higher temperatures as shown by the points marked x 
for specimen number 6. Experiments using other 
liquid quenching media indicate that the results are 
independent of the liquid used. 

At least 90% of the quenched-in resistance anneals 
out at room temperature, and isothermal annealing 
measurements yield an energy of motion of (0.66+0.06) 
ev for the defects. This agrees with the previous work 
of Kauffman and Koehler,’ who reported a value of 
Eu= (0.68+0.03) ev. The initial part of the annealing 
curve deviates somewhat from that for a second-order 
process. For a quench from 800°C with no deformation 
present, approximately 70 hours are required for half 
of the quenched-in resistance to anneal out at 30°C. 
Quenches involving small amounts of deformation 
from below 950°C give the same value of Ap/p as those 
in which no deformation occurred. The rate of annealing 
and the energy of motion were, however, strongly 
affected by deformation. The rate increased on de- 
formation by at least an order of magnitude and the 
apparent energy of motion was decreased in some cases 
to less than half the value found when deformation is 
not present. The annealing behavior was used as a 
sensitive test for any deformation which might occur 
during the quench. 

Assuming that the defects involved are vacancies, 
the activation energy for self-diffusion in gold is found 
to be Q= Er+Ey=(1.68+0.12) ev, which compares 
favorably with Q=1.70 ev found by Okkerse? using 
tracer techniques. 

Further measurements on gold, and also on silver 
and copper are in progress. 

* Supported in part by the Office of Ordnance Research. 


1J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955). 
? B. Okkerse, Bull. Am. Phys. Soc. Ser. II, 1, 149 (1956). 


Mass of B** from the Nuclear Reaction 
Li’ (Li’,p)B* 

S. K. Attison, P. G. Murpny, AND E. NorBEck, Jr.* 
The Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Iliinois 
(Received March 28, 1956) 


T has been predicted that the nuclear species ;B" 
will be found to be stable with respect to disinte- 
gration into heavy charged particles,' and Snell? has 
suggested that it may, by analogy with N!’, be a de- 
layed-neutron emitter. The delayed neutrons have been 
searched for in fission and spallation fragments with 
negative results? We have found that B® may be 
prepared by means of the reaction Li’ (Li’,p) B®. 
A 2-Mev Van de Graaff accelerator has been con- 
verted to the acceleration of Li ions, obtained by 
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evaporation from a hot filament coated with lithium 
salts. A 90° electrostatic analyzer selects a beam 
homogeneous in energy within 1.0% and the lithium 
isotopes are then separated by a 22.5° magnetic deflec- 
tion. The experiments were conducted at a beam energy 
of 1.61+0.02 Mev, and beam currents in the range 
0.5 to 1 microampere. 

Observation of the particles emitted at 90° to the 
beam when the Li’ beam impinged on a LiF target 
disclosed a group of particles of approximately 50-cm 
range in air. Using other targets of separated lithium 
isotopes, a study of the numerous reactions produced 
by either the Li® or the Li’ beam showed that the group 
arose from the Li’—Li’ combination. The detector was 
a CsI(TI) scintillating crystal 0.5 mm thick attached to 
a photomultiplier tube, and ranges were studied by 
inserting aluminum foils between target chamber 
window and crystal detector. Pulse heights were re- 
corded on a 6-channel analyzer. The yield of these 
protons was about 28 per unit solid angle at 90° in the 
laboratory system, per microcoulomb of Li’ ions on a 
thick target of LiF. 

The entire target chamber and its rigidly attached 
crystal-photomultiplier assembly could be removed and 
attached to our Cockcroft-Walton accelerator. Thus 
the new group was compared with a 58-cm proton group 
from B'"(d,p)B", whose energy, at 90° from a 400-kev 
deuteron beam, is known® to be 6.802+0.008 Mev. 
Portions of the range-energy curves for both proton 
groups were constructed by plotting pulse height versus 
mg/cm? of aluminum inserted. The identity in slope of 
the new curve with that of the known protons from 
boron shows that the new particles from Li are protons. 
The two curves were displaced by 12.35--0.4 mg/cm? 
of Al, or 8.35+0.3 cm air, and using the slope of the 
proton range—energy curve in this region we find 
6.23+0.03 Mev for the energy of the new proton group. 

Using published mass values,® it results that the 
Q-value of the new Li’(Li’,p)B® reaction is 5.97+0.03 
Mev, giving B", presumably in its ground state, a value 
of (M—A) equal to 20.39+0.03 Mev, or a physical 
atomic weight of 13.02190+0.00003. This agrees with 
the value of 19+2 Mev for (M—A) predicted by 
Barkas.? 

A search for the 8 activity and possible delayed 
neutrons will be made. Thanks are due Walter Manka- 
wich for careful construction of the electrostatic 
analyzer and I. S. Iwaoka for operation of the Van de 
Graaff accelerator. 


* This work supported in part by the U. S. Atomic Energy 
Commission. 

1W. H. Barkas, Phys. Rev. 55, 691 (1939). 

2A. H. Snell, Science 108, 172 (1948). 

3 Hubbard, Ruby, and Stebbins, Phys. Rev. 92, 1494 (1953). 

4R. K. Sheline, Phys. Rev. 87, 557 (1952). 

5 Energy analysis by magnetic deviation has shown that the Q 
of this group is 7.097+-0.009 Mev. Van Patter, Buechner, and 
Sperduto, Phys. Rev. 82, 248 (1951). 

6 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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Ultrasonic Saturation of Nuclear Magnetic 
Energy Levels* 


W. G. Proctorf AND W. A. RoBinson 
Department of Physics, University of Washington, 
Seattle, Washington 
(Received February 23, 1956) 


ECENTLY, Proctor and Tanttila have described 
an experiment in which pure nuclear electric 
quadrupole energy levels were saturated by ultrasonic 
excitation at the pure quadrupole transition frequency.! 
In a similar experiment we have observed a change 
in the population of the nuclear magnetic energy levels 
of Na” in a single crystal of NaCl as a result of ultra- 
sonic excitation. The cubic symmetry of the NaCl 
crystal is removed by the sound, causing time varying 
electric field gradients at the Na” nuclei which interact 
with their quadrupole moment. This may induce 
transitions corresponding to m changes of both +1 and 
+2. In our experiment, the sound frequency was twice 
the magnetic resonance transition frequency, which 
corresponds to Am= +2. Our experiment was performed 
in a steady magnetic field of 4220 oersteds, under which 
conditions the nuclear magnetic resonance occurred at 
a frequency of 4.75 Mc/sec. We measured the thermal 
relaxation time to be 8 seconds at room temperature. 
In a magnetic field, Na* has four nuclear magnetic 
energy levels corresponding to m values of —$, —3, 
+43, and +%. There are 3 transitions between these 
and they are at identical frequencies in ideal NaCl 
crystals. In this experiment the population difference 
between the m=+4 and m= — levels was measured 
by the amplitude of the nuclear induction signal that 
followed a short pulse of radio-frequency magnetic 
field at the Larmor frequency.’ The nuclear signal was 
induced in a receiver coil oriented perpendicular to the 
transmitter coil and containing the NaCl crystal 
sample. The sample was a cylinder of halite 1.5 cm 
in diameter and 3 cm long. It was cemented to an 
identical crystal which in turn was cemented to an 
X-cut quartz transducer. The quartz had a broad 
resonance centered at 9.5 Mc/sec when loaded and 
was driven by a variable frequency oscillator. This 
oscillator was turned on for a period of 8 seconds; 
then after a delay of 0.03 sec the +3, —$ population 
difference was measured. This cycle was repeated 
every 17 seconds. We assume that the sound generated 
by the quartz was scattered into an isotropic distri- 
bution at the free end of the halite sample since this 
end had been made irregular. The magnetic fields 
generated by currents in the ultrasonic system, a 
possible source of difficulty in the experiment of Proctor 
and Tanttila, could not affect the population since they 
were at twice the Larmor frequency. 
We observed a decrease in the m=+3, m=—} 
population difference for a small range of ultrasonic 
frequencies centered exactly at twice the nuclear 
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frequency. With 1.2 watts of radio-frequency power 
delivered to the quartz transducer the population 
difference could be reduced to 26% of its equilibrium 
value. The difference of frequency values for which 
the population decrease was 4 of the maximum decrease 
was found to be 4 kc/sec. The 4-kc/sec width of this 
effect is to be compared to the nuclear magnetic 
resonance line width of 2.3 kc/sec.? The difference in 
these widths can be explained in terms of imperfections 
in the crystal lattice giving rise to random but 
permanent electric field gradients. These gradients 
cause the Am=+2 transitions to be spread by the 
quadrupole interaction.‘ In nuclear magnetic resonance 
two transitions are of the type m=} to m= 3 and these 
will be spread by the same amount as the Am=+2 
transitions. The m=4 to m=—} transition, however, 
will have only dipolar broadening and will weight the 
nuclear magnetic resonance line toward the center 
frequency. 

Measurements are now under way to examine the 
quantitative and directional properties of this phe- 
nomenon. It is hoped that the thermal relaxation 
mechanism proposed by van Kranendonk® can be 
studied in this way. 

* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

t On leave at the University of Basel, Basel, Switzerland. 

1 W. G. Proctor and W. H. Tanttila, Phys. Rev. 98, 1854 (1955). 

2. L. Hahn, Phys. Rev. 77, 297 (1949). 

3 R, Schumacher, private communications. 


*G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 
5 J. van Kranendonk, Physica 20, 781 (1954). 


Associated Production and the Lifetimes 
of the A° and 06° Particles* 


H. BLUMENFELD, E. T. Bootn, ANp L. M. LEDERMAN, 
Columbia University, New York, New York 


AND 
W. Curnowsky, Brookhaven National Laboratory, 
Upton, New York 
(Received March 22, 1956) 


PRELIMINARY report is presented here of 

the observations on heavy unstable particles in 
the Columbia 36-in. diameter magnet cloud chamber at 
the Brookhaven Cosmotron.! The particles are produced 
by 1.9-Bev negative pions incident upon }-in. thick 
lead and 3-in. thick carbon plates inside the chamber. A 
total of 95 A° and 29 @ decays has been analyzed. The 
particles are identified by Q-values determined from the 
measured momenta and included angle of the decay 
tracks. Confirmation of these identifications is provided 
by ionization estimates and the observed angles of the 
decay tracks with the lines of flight of the neutral un- 
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stable particle. The mean Q-value of the A° events is 
36+1 Mev with an average error in a single determina- 
tion of +6 Mev. The mean @ Q-value is 200+10 Mev, 
with a mean individual error of +60 Mev. 

We have collected 65 As satisfying criteria of (1) 
vertex >2 mm from the nearest plate and (2) positive 
prong ionization >2X minimum. For these events the 
decay times and the potential times of flight are deter- 
mined, using fiducial planes parallel to and located 1.0 
cm from vertical bounding surfaces and 2.5 cm from 
horizontal boundaries. These planes insure sufficient 
track length to establish identification, since the 
vertical surfaces are thin plates which rarely stop decay 
products. Following the procedure of Bartlett,? we 
obtain, for the mean life, 


TAo= (2.8_o,4*-5) x 10~” sec. 


To eliminate possible errors of misidentification of the 
origins of events, each region between successive plates 
is treated as a separate chamber. The mean potential 
time of flight is 12X10~ sec and the potential time 
correction to the mean life amounted to 18%. The stated 
error includes a small contribution due to average mo- 
mentum uncertainties. This result is somewhat lower 
than, but not in disagreement with, most of the earlier 
cosmic-ray determinations.’ It should be noted that 
this measurement differs from those previously made in 
that observations are made closer to the birthplace, the 
mean “dead time” being only ~6X10~" sec. 

A similar analysis of the @° decays, excluding four 
possible cases of anomalous V° events, yields 


79°= (0.8_0.2*°*) K 10- sec. 


Inclusion of the events with low Q-values does not 
alter this result. Here the potential path correction is 
~20%. Since the identification of #°’s is less certain than 
that of As, and the errors in individual Q-values are 
rather large, we consider this determination more 
subject to the inclusion of wrong particles. 

We have selected a set of events out of the data such 
that (i) a A° is associated with an incoming pion that 
stops in a plate, and (ii) either no charged particle 
emerges from the production point or only very heavily 
ionizing, straight tracks emerge. We believe these 
criteria exclude, with high probability, the possibility of 
associated K+ mesons or of #°-meson decays, inside the 
plate, into charged pions. Twenty-eight such events 
have been observed. These include only seven events 
which have an observed, associated @° decay. Any 
observational inefficiency in this number involves 
failure to detect a 6° after having found a A° decay and 
should be very small. 

The known lifetime and distribution of potential 
paths permit an evaluation of the number of associated 
—+-+2~ events which take place outside the cham- 
ber, This is 1_,**, where the errors are limiting uncer- 
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tainties. Thus 20_,*+' events cannot be accounted for 
upon the hypothesis of associated production unless 


(1) the @ can decay into two r° mesons and hence 
has even parity, and/or 

(2) the associated neutral partner of the A° is a differ- 
ent particle with either a neutral decay mode or a long 
lifetime (2 10~* sec), e.g., 7°, 02°.4 


Since evidence favoring the hypothesis of associated 
production is very strong,>~’ either process (1) or (2) or 
both must exist. This conclusion, stated earlier,! may 
be weakened if the distribution of 6s has a strong com- 
ponent at 90° to the pion beam as a result of either its 
production or subsequent nuclear scattering. Both 
possibilities appear remote, in view of what is already 
known about these particles. A very crude estimate of 
the branching ratio, R, of the process #—a++27 to 
process (1) and/or (2) may be obtained from the above 
data. This is R~3. 

Because of the low average energy of the As and 
their decay products, the probability of complete 
absorption within the production plate is not small. In 
addition, single 6° events may be accompanied by @. 
It is therefore not possible to apply the foregoing 
argument to A° decay. 

* Supported by the U. S. Atomic Energy Commission and the 
joint program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

1 Blumenfeld, Booth, Lederman, and Chinowsky, Bull. Am. 
Phys. Soc. Ser. II, 1, 63 (1956). 

#M. S. Bartlett, Phil. Mag. 44, 249 (1953). 

3 See, for example, D. I. Page and J. A. Newth, Phil. Mag. 45, 
44 (1954). 

4M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

5 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 861 
(1953). 


6 J. Hornbostel and E. O. Salant, Phys. Rev. 98, 218 (1955). 
7S. L. Ridgway and G. B. Collins, Phys. Rev. 98, 247 (A) (1955). 


Angular Distribution of Neutrons from the 
Be®(y,n)Be® Reaction 


W. Czyz 


Physical Institute, Jagiellonian University, Cracow, Poland 
(Received September 27, 1955) 


HE angular distribution for the Be®(y,n)Be® 

reaction was calculated by Guth and Mullin! 
with the assumption of the m+Be* model for the Be® 
nucleus. The dominant transitions are the electric 
dipole transitions : P3/2—Ds/2, P32D3)2, and P32 S 2. 
In reference 1 the angular distributions of these three 
transitions are added incoherently. This is not justified, 
since the interference terms are omitted. The ap- 
plication of time-dependent perturbation theory for 
the calculation of the angular distribution in photo- 
disintegration’ yields nonvanishing interference terms. 
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Following references 2 and 3, we may write: 


da~{ 


f [2(2,5/2,m; 1,3/2,m)We(2,5/2,m) 





+2(2,3/2,m; 1,3/2,m)y2(2,3/2,m) 


9 


>». (1) 


where Wz(/,j,m) is the internal wave function of the 
n+Be® system in the continuum, E is the energy, 
l,j, and m are quantum numbers defined in reference 1, 
and 


+2(0,1/2,m; 1,3/2,m)~e2(0,1/2,m) dE 





z(1,j,m; l',7’,m) = [vit mavd.imddr. 


(-++) denotes averaging over magnetic quantum 
numbers m and the directions of polarization of the 
incident quantum . On evaluating (1), we obtain 


do~Rpp?(2/225)(17+12 sin’) + (1/9)Rps? 
+ Rpp?(1/25)[3 sin?@— 1] 
— RppRps(2/9) cos(d2—4o)[4 sin?@— 1], (2) 


where @ is the angle between the direction of the incident 
quantum y and the direction of the emerging neutron. 
Rpp, Res, 52, and 8» are defined in reference 1. 

I wish to thank Mr. J. Sawicki for checking the 
calculations. 

1. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 

2H. Bethe, Ann. Physik 4, 443 (1930). 


3H. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 1, p. 482. 






Ratios of Decay Modes of K+ Mesons 
Produced by the Cosmotron* 


T. F. Hoane,f M. F. Kapton, ano G. Yexutreit 
University of Rochester, Rochester, New York 
(Received March 28, 1956) 


STACK of Ilford G-5 stripped emulsions was 
exposed to the K+-meson beam of the Brookhaven 
Cosmotron. The K+ mesons were produced by the 
2.9-Bev internal proton beam incident on a Cu target; 
a pair of strong-focusing magnets at 60° with respect 
to the incident proton beam, followed by a bending 
magnet, produced a beam of K+ mesons with mo- 
mentum 270+10 Mev/c at the detector, 3.52 meters 
from the target. The mean time of flight of the K* 
mesons (in their rest frame) before coming to rest in 
the emulsion was 2.16 10-* sec. 
The K*+ mesons were selected on the basis of a 
systematic scan in the emulsion by selecting at 1 cm 
from the entrance edge all tracks satisfying certain 
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geometrical criteria and having an ionization in an 
appropriate range. They were then followed until they 
came to rest (or had exceeded the expected range for 
K* mesons by 1.5 cm) and each ending was inspected 
under high magnification for a decay track. In this 
way 164 cases of K+ decay to single charged secondaries 
and 9 cases of r+-meson decay were found. The K* 
decays to single secondaries are arbitrarily divided into 
two classes on the basis of ionization (all our ionization 
measurements are made with respect to 1.5 Bev a 
mesons cross-irradiating the emulsions): (i) Kz, for 
which 9< 1.3, comprises the K,2, Ky2, K.3 and a fraction 
of the K,; decay modes,!? and (ii) Ke, for which 
g>1.3, contains K,; (presumably the alternate decay 
of the 7* into 24°+7*) and the low-energy end of the 
K,s spectrum. The reason for this delineation is that, 
except for the line corresponding to the K,2, in terms 
of known decay schemes, any secondary with g<1.3 
is either a » meson or an electron. In Fig. 1, we present 
our calibration curve of g vs pBc for the emulsions of 
this experiment; the circles represent the weighted 
mean of the measured ionization for a given class at 
the a priori value of p8c and the x’s the weighted 
average of 8c measurements on flat secondaries (dip 
angle less than 7°). Ionization measurements were 
carried out on all secondaries with dip angle less than 
15°. The efficiency for observing light secondaries was 
tested by inspecting the angular distribution for the 
Ky decays and was found to be >85% under the 
assumption that these are emitted isotropically in the 
rest frame of the stopped K meson. The detection 
efficiency for secondaries from Ke (and also r mesons) 
is 100%. 

In our sample of 164 K*+ mesons decaying to one 
charged secondary, 152 cases are classified as Kz 
(this is visual in a large number of cases) and 12 as 
Kg. These 12 cases were identified as a mixture of 6 K,; 
and 6 K,3; decay modes; all 6 of the K,; and 5 of the 
K,3 were positively identified by observing the stopped 
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Fic. 1. Ionization (blob density) 2s p8c for the emulsions of this 
experiment. The measured ionization values for the line spectrum 
or the upper limit of a continuum are indicated in the figure at the 
a priori value of p8c. The crosses represent the weighted mean of 
pBc for the Kg and Kye obtained in this experiment. 
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Taste I. Observed branching ratios for decays 
of K* mesons produced by 2.9-Bev protons. 








Decay mode Upper limit Lower limit Most probable* 


Kys 65% 
Kr2 24% 
T 

Kxs ~~ 
Cus 9% 
Ke 1 1% 











*® This is the geometric mean of the upper and lower limits. 

b This lower limit arises from the observation of two additional Kes decays 
giving rise to very low energy secondaries which did not satisfy our basic 
acceptance criteria. 


secondary, and the other K,3; was identified by 9 vs 
pBc. We find then that the ratio K,3/K ==6/173=3.5% 
and a lower limit for the ratio K,3/K of 6/173=3.5%: 
the ratio r/K =9/173=5.2%. 

In the group of 152 secondaries visually classified as 
Kz, 42 had dip angles less than 15° and allowed a 
precision ionization measurement (the standard error 
on each track being less than 6%). The results are 
shown in the histogram of Fig. 2. (The skewness 
toward lower g can be understood as arising from the 
presence of tracks with a finite dip angle.) The 42 light 
secondaries fall into two groups; 31 of them have 
9 <1.08 (group I) and thus comprise Kys+Kest/Kus 
(where f depends on the shape of the spectrum) and 
the remaining 11 have 1.08<g<1.3 (group II) and 
thus comprise Ky2+/’K,s. The fact that in the latter 
group the K,; window is empty suggests that the 
relative frequency of this mode in the Ky, is rather 
small and that the Ky, class is mainly populated by 
the Ky. and Ky: decay modes. We can thus obtain 
upper limits on the frequency of these two modes by 
considering all those with g < 1.08 as K,»2 and those with 
g>1.08 as Kye and obtain Ky: < (31/42)(152/173) 
=65% and Ky2< (11/42) (152/173)=24%. We can 
obtain some information on the number of K,; and 
Ku; i. the Ky, class by using the observed values of 
pBc oj tained from the very flat tracks. In group I, 
there vere 12 flat secondaries, of which two were 
identif ed as electrons with energies of 120+10 and 
85+10 Mev; all the others had p8c>200 Mev with an 
average of 21946 Mev. Since the maximum value of 
pBc for « w from Kys—u+n°+~7(or v) is 193 Mev, it 
seems resonable to conclude that they contribute 
negligibl’- to group I. In addition, more than 90% of 
the elec rons from the K.3; mode will fall in this region 
(9 for a.\ electron is 1.03); if their spectrum (which is 
known to extend as high as 250 Mev)’ is a normal one, 
and has m maximum near the upper end, then most 
probably all the remaining 10 K, should be assigned to 
the Kye class. We then have from this group of 12 
decays, Ky2=(10/12)(31/42)(152/173)=54% and 
K.s~11%. Five of the secondaries in group II were 
sufficiently flat for a determination of pc. One was 
identified as a u meson with pBc=120+15 Mev, which 
assigns it to Kys, and the other four were individually 
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TABLE II. Comparison of observed branching ratios for decay of 
K* mesons produced and observed under different conditions. 








Rochester 


Observer (this exp’t) Berkeley* Paris> 





Mean moderation 
~5 X107" sec 
6.2-Bev protons 
(local production) 


time 2.1 X10-8 sec 1.5 X107 sec 
Production mode 2.9-Bev protons 6.2-Bev protons 
(focused K* of 
330 Mev/c at 90°) 
59 57 
21 29% 
7.5% 


Decay mode 


Re 


4 5. % 

3 3. 2 

“ 6 2% 
5 2% 


xe 








* D. M. Ritson et al., Phys, Rev. 101, 1085 (1956). 
> J. Crussard et al., Nuovo cimento (to be published). 


consistent with K,2 and gave a mean of 163+7 Mev 
for pBc. We have then K,2= (4/5)(11/42) (152/173) 
= 18%. As for the population of K,3, we have 6 cases 
from the Kg class (their energies are 47, 35, 30, 24, 17, 
and 15 Mev, respectively) and one from the Ky, class. 
The lower limit for K,s is then 7/173=4%. If we prorate 
the K,3 in group II according to the one found among 
the flat cases, there should have been a total of two in 
the 11 cases of this category. If we further assume that 
the spectrum of the u is given by phase space considera- 
tions, we find that 65% of all K,3 secondaries should 
fall in the Kz class; then, according to the number found 
in the Kg class, we should have been able to identify 
one among the K, class with our acceptance criteria. 
Our observation of one is thus consistent with the phase 
space assumption. In fact, assuming that the spectrum 
is of this form and using only those in the Kg class, 
we find the proportion of K,3;=17/173=10%. Our 
final results are tabulated in Table I. 

It is of interest to compare our results with those 
obtained at other laboratories under different conditions 
of exposure. This comparison is made in Table II, in 
which the conditions of production, mean moderation 
times of K mesons (in their rest frame) and ratios of 
various decay modes are given. Though in each instance 
the data are statistically not very good, especially for 
the Kys, K.3, Kx3, and 7 modes, the inference seems to 
be that the observed ratios of K+ decay modes (particu- 
larly K,2 and K,2) are relatively independent of the 
production mechanism and the moderation times, at 
least for times as short as 10~ sec. This suggests that, 
if indeed the K+ meson class is a mixture of two basic 


Fic. 2. Histogram of 
distribution of ionization 
(blob density) for the class 
of light secondaries (Kz) 
having dip angles less than 
15". 
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types, one decaying to the other as suggested by Lee 
and Orear,’ the lifetime for this decay must be signifi- 
cantly less than 10~” sec. 

We wish to express our thanks to Dr. G. B. Collins 
and Dr. R. Adair of Brookhaven National Laboratory 
and to Dr. G. Harris of Columbia University for their 
cooperation and assistance in obtaining the exposures, 
and to Dr. J. Blum for the preparation and processing 
of the emulsions. In addition, we acknowledge with 
pleasure the aid of Mrs. V. Miller, Mrs. P. Rutherford, 
and Mrs. B. Sherwood in scanning the plates. 


* This research supported in part by the U. S. Atomic Energy 
Commission and the Office of Scientific Research of the U. S. Air 


Force. 
tOn leave from Laboratoire Leprince-Ringuet, L’Ecole 


Polytechnique, Paris, France. 

t Present address: Weizmann Institute of Science, Rehovoth, 
Israel. 

1For a delineation of the various decay modes and their 
energetics, see M. F. Kaplon et al., Phys. Rev. 99, 1528 (1955). 

2 T. F. Hoang et al., Phys. Rev. 101, 1834 (1956); evidence is 
presented here for the decay Kygt—ut+7°+~7 (or v); Ey+(max) 
= 133 Mev (Bmax =0.898). 

3T. D. Lee and J. Orear, Phys. Rev. 100, 932 (1955)., 


Decay Modes of Negative K-Mesons* 


A. Gésta Exsponct AND GERSON GOLDHABER 
Radiation Laboratory, Department of Physics, 
University of California, Berkeley, California 

(Received March 26, 1956) 


S is well known, when negative K-mesons are 

brought to rest they undergo capture in the 
atomic orbits and finally nuclear absorption. The 
competition between nuclear absorption and decay 
from the atomic orbits appears to be in favor of the 
absorption process. To study the decay modes of 
negative K-mesons it is thus necessary to observe 
decays in flight. In a study of negative K-meson 
interaction and lifetime,'’? we have observed four 
decays in flight in nuclear emulsions. In two of these 
cases, it was possible to establish the nature of the 
decay scheme. In the other two, the secondary particles 
were emitted with large dip angles, and such an analysis 
was thus not possible. One of the two cases analyzed is 
consistent with the decay K~ — +7, and the other 
with the decay K~ — e~+2 neutral particles. 

The first case consisted of a K-meson track (as 
determined from multiple scattering and ionization 
measurements), that gave rise to a secondary emitted 
at 96.7°+0.2°. The decay occurred at a velocity of 
Bxr=0.383+0.013, as determined from ionization 
measurements (the normalized gap coefficient is 
g*=4.25+0.19 at 1.4 mm from the decay point). The 
secondary particle had a dip angle of 13.5° and left 
the stack after an observed range of 4.9 cm. Scattering 
and blob-density measurements on the secondary in 
two different parts of the track are shown in Fig. 1. 
In the same figure are shown blob-density measure- 
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ments on a calibration track, known to be a #~ meson 
(as it gives rise to a o star), for which p8 has been 
deduced from its range. Known systematic errors— 
noise, effect of dip angle, and distortion—-have been 
corrected for. These observations give the mass of the 
secondary as m= (265+30)m, and thus it was most 
probably a x meson. At the point of decay the mo- 
mentum of the secondary, now considered as a x meson, 
was p=170+9 Mev/c. The transformed momentum 
in the rest system of the K-meson was found to be 
p* =202+12 Mev/c. This value is consistent with that 
observed in the decay at rest of positive K,2:-mesons 
(p*=205 Mev/c.). This fact suggests that the decay 
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Fic. 1. Blob density versus 8 for the secondary particle (case I). 


scheme was K-—2~+7°. Assuming this to be the 
correct decay scheme, we obtain the mass of the 
negative K-meson as mx=(957+40)m,, which is in 
good agreement with other measurements.* 

Figure 2 shows the expected momentum of the 
secondary particle, (in the laboratory system) as a 
function of the K-meson momentum (assuming 
mx~=m,*=965m,). The experimental point (full circle) 
again shows good agreement with the K,2-mode. If 
we omit the evidence on the mass of the secondary, 
shown in Fig. 1, and make the assumption that the 
secondary was a wu meson (triangle in Fig. 2), the 
Ky-mode can be definitely ruled out for this case. 
However, the K,3-decay mode is a dynamically possible 
one, contradicted only by the observed mass of the 
secondary particle. 

In the second case the K-meson had a momentum of 
p=3502425 Mev/c at the decay point. The secondary 
particle was emitted at an angle of 79.6°. The measured 
relative ionization was, from blob density g/gmin 
=1.04+0.05. Multiple-scattering measurements gave 
pB=37+4 Mev/c over the first 3.5 mm of track, and 
pB=25+4 Mev/c over the following 2 mm. From these 
observations we concluded that the secondary particle 
was an electron of about 30-Mev energy. A trans- 
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Fic. 2. Computed curves for the momentum of the secondary 
particle (in the laboratory system, for 96.7° emission angle) as a 
function of K-meson momentum (case I). The experimental point 
is plotted for the assumptions (a) that the secondary is a x (circle), 
(hy) that the secondary is a u (triangle). 


formation to the rest system of the K-meson leaves 
the energy of the electron practically unaltered. This 
case is thus consistent with the decay mode K.3-—e~+2 
neutral particles.‘ 

The two cases discussed above showed no evidence 
of any blobs, which implies that we are dealing with 
decays in flight rather than nuclear interactions. As 
discussed previously,’ there is an upper limit of 15% to 
the number of apparent decays in flight that could 
actually be interactions in flight. 

It may thus be noted that negative K-meson decay 
modes so far observed include the K,:-, K.3~, and 7 
(the last was established in cloud-chamber work. ) 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

tT On leave of absence from the University of Uppsala, Uppsala, 
Sweden. Supported by a grant from Atomkommittén, Sweden. 
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